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PREFACE TO THE FOURTH EDITION. 

The " two Chapters of Arithmetic " of the original edition 
appear as Chapters I. and VI. of the present volume. These 
two Chapters (together with a considerable part of Chapter 
IX.) will be intelligible to a reader who has no knowledge 
of mathematics, and will put him into possession of the 
principles upon which simple questions of probability are 
determined. 

The other Chapters assume a knowledge of Algebra. 
Questions requiring the application of the Integral Calculus 
are not included in the book, which only fulfils its title to be 
an Elementary Treatise. 

Important additions have been made since the publication 
of the third edition. I refer especially to the discussion of 
conditions of precedence in Chapter V. (the substance of 
which I published in the Messenger of Mathematics in 1878), 
and the interesting propositions L. and Li. which connect the 
average frequency of an event, with the probability of its 
happening in a given period. 



IV PEEFACE, 

I have given at pages 168 and 194 somewhat fuller hints 
as to the application of the theory of Chance to questions 
of expectation of life ; not attempting to furnish the Actuary 
with the apparatus of his craft, but endeavouring rather to 
exhibit and illustrate the principles which must justify his 
rules. 

I have increased the number . of exercises at the end of 
the Volume from 300 to 640, and I am preparing solutions 
of the whole series for immediate publication. 



St John's Vioabaqe, 
Hammersmith, 
24 July, 1886. 
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CHAPTER I. 

THE THEORY OF PERMUTATIONS AND COMBINATIONS TREATED 
ARITHMETICALLY. 

We have continually to make our choice among different 
courses of action open to us, and upon the discretion with 
which we make it, much may depend. Of this discretion a 
higher philosophy must treat, and it is not to be supposed that 
Arithmetic has anything to do with it ; but it is the province 
of Arithmetic, under given circumstances, to measure the 
choice which we have to exercise, or to determine precisely 
the number of courses open to us. 

Suppose, for instance, that a member is to be returned to 
parliament for a certain borough, and that four candidates 
present themselves. Arithmetic has nothing to do with the 
manner in which we shall exercise our privilege as a voter, 
which depends on our discretion in judging the qualifications 
of the different candidates ; but it belongs to Arithmetic, as 
the science of counting and calculation, to tell us that the 
number of ways in which Cif we vote at all) we can exercise 
our choice, is four. 

w. 1 
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The operation is, indeed, in this case so simple that we 
scarcely recognise its arithmetical character at all; but if we 
pass on to a more complicated case, we shall observe that 
some thought or calculation is required to determine the 
number of courses open to us: and thought about numbers is 
Arithmetic. 

Suppose, then, that the borough has to return two mem- 
bers instead of one. And still suppose that we have the 
same four candidates, whom we will distinguish by names, 
as A, B, C, B. If we try to note down all the ways in which 
it is possible for us to vote, we shall find them to be six in 
number; thus we may vote for any of the following : — 

A and B, 

A and C, B and C, 

A and D, B and D, C and D. 

But we can hardly make this experiment without perceiving 
that the resulting number, six, must in some way depend 
arithmetically upon the number of candidates and the 
number of members to be returned, or without suspecting 
that on some of the principles of arithmetic we ought to be 
able to arrive at that result without the labour of noting all 
the possible courses open to us, and then counting them 
up; a labour which we may observe would be very great 
if ten or twelve candidates offered themselves, instead of 
four. 

In the present chapter we shall establish and explain 
the principles upon which such calculations are made arith- 
metically. It will be found that they are very simple in 
nature as well as few in number. In the next four chap- 
ters we shall treat the subject somewhat more largely by 
algebraical methods; but the reader who is unacquainted with 
algebra may pass over those chapters, and proceed with the 
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first chapter on Chance (Chap, VI.), in which he will find the 
principles of Choice applied arithmetically to the solutions 
of problems in Probability, a subject of great interest and 
some practical importance. 

We found, by experiment or trial, that there were six 
ways of voting for two out of four candidates. So we may 
say that, out of any four given articles, six selections of two 
articles may be made. But we call special attention to the 
sense in which we use the words "six selections." We do 
not mean that a man can select two articles, and having 
taken them can select two more, and then two more, and so 
on till he has made six selections altogether ; for it is obvious , 
that the four articles would be exhausted by the second 
selection; but when we speak of six selections being possible, 
we mean that there are six different ways of making one 
selection, just as among four candidates there are six ways of 
selecting two to vote for. 

This language may appear at first to be arbitrary and 
unnecessary, but as we proceed with the subject we shall 
find that it simplifies the expression of many of our results. 

In making the selection of two candidates out of four, in 
the case just considered, it was immaterial which of the two 
selected ones we took first ; the selection of A first, and then 
B, was to every intent and purpose the same thing as the 
selection of B first, and then A. 

But if we alter the question a little, and ask in how 
many ways a society can select a president and vice-president 
out of four candidates for office, the order of selection be- 
comes of importance. To elect A and B as president and 
vice-president respectively, is not the same thing as to elect 
B and A for those two offices respectively. Hence there 
are twice as many ways as before of making the election, 
viz. — 

1—2 
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A and B, 

A and G, B and C, 

A and D, B and B, G and -D, 

B and ,4, 

(7 and A, G and 5, 

D and A, D and 5, D and (7. 

So if four articles of any kind are given us, there will be twelve 

ways of choosing two of them in a particular order ; or, as we 

may more briefly express it, out of four given articles, twelve 

arrangements of two articles can be made. But it must be 

observed that the same remarks apply here, which we made 

on the use of the phrase " six selections " lon p. 3. We do 

not mean that twelve arrangements or six selections can be 

successively made; but that if one arrangement or one 

selection of two articles have to be made out of the four 

given articles, we have the choice of twelve ways of making 

the arrangement, and of six ways of making the selection. 

We may give the following formal definitions of the words 
selection and arrangement, in the sense in which we have 
used them : — 

Def. I. — A selection (or combination) of any number of 
articles, means a parcel of that number of articles classed 
together, but not regarded as having any particular order 
among themselves. 

Def. II. — An arrangement (or permutation) of any 
number of articles, means a group of that number of articles, 
not only classed together, but regarded as having a parti- 
cular order among themselves. 
Thus the six groups, — 

ABG, BGA, GAB, 

AGB, BAG, GBA, 

are all the same selection (or combination) of three letters. 
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but they are all different arrangements (or permutations) of 
three letters. 

So, out of the four letters A, B, C, D, we can make four 
selections of three letters, viz. — 

BCD, 
CD A, 
BAB, 
ABC; 

but out of the same four letters we can make twenty-four 
arrangements of three letters, viz. — 

BCD, BDG, GDB, GBD, DBG, DGB, 

GDA, GAD, DAG, DGA, AGD, ADG, 

DAB, DBA, ABD, ADB, BDA, BAD, 

ABG, AGB, BGA, BAG, GAB, GBA. 

It should be noticed that the results which we have just 
stated are often enunciated in slightly different phraseology. 
There is no difference of meaning whether we say 

(1) The number of selections (or combinations) of 
3 things out of 4 ; 

or (2) The number of ways of selecting 3 things out 
of 4; 

or (3) The number of combinations of 4 things taken 3 

at a time (or taken 3 together). 

Similarly we may speak indifferently of 

(1) The number of arrangements of 3 things out 
of 4; 

or (2) The number of orders of arranging 3 things out 

of 4; 

or (3) The number of permutations (or arrangements) 

of 4 things taken 3 at a time (or taken 3 together). 
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Having thus explained the language we shall have to 
employ, we may now proceed to establish the principles on 
which all calculations of choice must be founded. 

The great principle upon which we shall base all our 
reasoning may be stated as follows : — 

If one thing cam, he done in a given number of different 
ways, and then another thing in another given number of 
different ways, the number of different ways in which both 
things can be done is obtained by multiplying together the two 
given numbers. 

"We shall first illustrate this principle, and then proceed 
to prove it. 

Suppose we have a box containing five capital letters, 
A, B, G, D, E, and three small letters, x, y, z. 



A B ' G B E 

X y z 



The number of ways in which we can select a capital letter 
out of the box is jive ; the number of ways in which we can 
select a small letter is three ; therefore, by the principle we 
have just stated, the number of different ways in which we 
can select a capital letter and a small one is fifteen, which 
we find on trial to be correct, all the possible selections being 
as follows : — 



Ax, 


Bx, 


Gx, 


Bx, 


Ex, 


Ay, 


By, 


Oy, 


Dy, 


Ey, 


As, 


Bz, 


Gz, 


Bz, 


Ez. 



Again, suppose there are four paths to the top of a 
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mountain, the principle asserts that we have the choice of 
sixteen ways of ascending and descending. For there are 

4 ways up, 

4 ways down, 
and 4 X 4 = 16. 

We can verify this : for if P, Q, E, 8 be the names of 
the four paths, we can make our choice among the following 
sixteen plans, the first-mentioned path being the way up, 
and the second the way down : — 



P and P, 


P and Q, 


P and R, ■ 


P and S, 


Q and P, 


Q and Q, 


Q and R, 


Q and S, 


R and P, 


R and Q, 


R and R, 


B and 8, 


S and P, 


S and Q, 


S and R, 


8 and 8. 



Or, if we had desired to ascertain what choice we had of 
going up and down by different paths, we might still have 
applied the principle, reasoning thus : 

There are four ways of going up, and when we are at the 
top we have the choice of three ways of descending (since we 
are not to come down by the same path that brought us up). 
Hence the number of ways of ascending and descending is 
4 X 3, or twelve. 

These twelve ways will be obtained from the sixteen de- 
scribed in the former case, by omitting the four ineligible ways, 

P and P, Q and Q, R and R, 8 and 8. 

The foregoing examples will suffice to illustrate the 
meaning and application of our fundamental proposition. 
We will now give a formal proof of it. We shall henceforth 
refer to it as Rule I. 
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RULE I. 



If one thing can he dam in a given number of different 
ways, and (when it is done in any way) another thing can be 
done in another given number of different ways, then the 
number of different ways in which the two things can he done 
is the product of the two given numbers. 

For let A, B, G, D, E, &c. represent the different ways 
in which the first thing can be done (taking as many letters 
as may be necessary to represent all the different ways), and 
similarly let a, h, c, d, &c. represent the different ways of 
doing the second thing. Then, if we form a table as below, 
having the letters A, B, G, D, E, &c. at the head of the 
several columns, and the letters a, h, c, d, &c. at the end of 
the several horizontal rows, we may regard each square in 
the table as representing the case, in which the first thing is 





WATS OF DOING THE FIB3T THINS. 




A 


B 


G 


D 


E 


F 


G 
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done in the way marked at the head of the column in which 
the square is taken, and the second thing in the way 
marked at the end of the row. 

Thus the square marked with the asterisk (*) will denote 
the case in which the first thing is done in the way which 
we called 0, and the second thing in the way which we called 
b I and the square marked with the dagger ("I-) will denote 
the case in which the first thing is done in the way E, and 
the second in the way c ; and so on. 

Now it will be readily seen that all the squares represent 
different cases, and that every case is represented by some 
square or other. Hence the number of possible cases is the 
same as the number of squares. But there are as many 
columns as there are ways of doing the first thing, and each 
column contains as many squares as there are ways of doing 
the second thing. Therefore the number of squares is the 
product of the number of ways of doing the two several 
things, and therefore this product expresses also the whole 
number of possible cases, or the whole number of ways in 
which the two events can be done. 

This proves the rule. 

Question 1. A cabinet-maker has twelve patterns of 
chairs and five patterns of tables. In how many ways can he 
make a chair and a table ? 

Answer. The pattern for the chair can be chosen in 
twelve ways, and the pattern for the table in five ways : 
therefore both together can be chosen in 12 x 5 ways. 

Question 2. A friend shews me five Latin books, and 
seven Greek books, and allows me to choose one of each. 
What choice have I ? 

Answer. 5 x 7 = 35. 
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Question 3. If a halfpenny and a penny be tossed, in 
how many ways can they fall ? 

Answer. The halfpenny can fall in two ways, and the 
penny in two ways, and 2x2 = 4; therefore they can fall in 
four ways. 

The four ways, of course, are as follows : — 

(1) both heads. 

(2) both tails. 

(3) halfpenny head and penny tail. 

(4) halfpenny tail and penny head. 

Question 4. If two dice be thrown together, in how 
many ways can they fall ? 

Answer. The first can fall in six ways, and the second 
in six ways, and 6 x 6 = 36 ; therefore there are thirty-six 
ways in which the two dice can fall. 

The thirty-six ways may be represented as follows : — 
1 and 1, 1 and 2, 1 and 3, 1 and 4, 1 and 5, 1 and 6, 



2 and 1, 


2 and 2, 


2 and 3, 


2 and '4, 


2 and 5, 


2 and 6, 


3 and 1, 


3 and 2, 


3 and 3, 


3 and 4, 


3 and 5, 


3 and 6, 


4 and 1, 


4 and 2, 


4 and 3, 


4 and 4, 


4 and 5, 


4 and 6, 


5 and 1, 


5 and 2, 


5 and 3, 


5 and 4, 


5 and 5, 


5 and 6, 


6 and 1, 


6 and 2, 


6 and 3, 


6 and 4, 


6 and 5, 


6 and 6. 



Question 5. In how many ways can two prizes be given 
to a class of ten boys, without giving both to the same boy ? 

Answer. The first prize can be given in ten ways, and 
when it is given the second can be given in nine ways, and 
10 X 9 = 90 ; therefore we have the choice of ninety ways of 
giving the two prizes. 

Question 6. In how many ways can two prizes be given 
to a class of ten boys, it being permitted to give both to the 
same boy ? 

Answer. The first prize can be given in ten ways, and 
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when it is given the second can be given in ten ways ; there- 
fore both can be given in 10 x 10, or 100 ways. 

Question 7. A friend shews me five Latin books, seven 
Greek books, and ten French books, and allows me to choose 
two books, on the condition that they must not be both of 
the same language. Of how many selections have I choice ? 

Answer. I can choose a Latin and a Greek book in 
5 X 7 = 35 ways, a Greek and a French book in 7 x 10 = 70 
ways, a French and a Latin book in 10 x 5 = 50 ways. 
Therefore I have the choice of 35 + 70 + 50 = 155 ways. ^ '<- 

Question 8. Out of nine different pairs of gloves, in how 
many ways could I choose a right-hand glove and a left- 
hand glove, which should not form a pair ? 

Answer. I can choose a right-hand glove in nine ways, 
and a left-hand glove in nine ways, and therefore both in 
81 ways, but nine of these ways would be the selection of 
the^nine pairs; these must^be rejected, and there remain 72 
ways. \a,'' \^</; ^^'''''^ 

Or thus. I can choose a right-hand glove in nine ways, 
and when it is chosen there are eight left-hand gloves from 
which I may choose without getting a pair, therefore my 
choice is 9 x 8 = 72 ways. 

Qtiestion 9. Two persons get into a railway carriage 
where there are six vacant seats. In how many different 
ways can they seat themselves ? 

Answer. The first persou can take any of the vacant 
seats ; therefore he can seat himself in six different ways. 
Then there are five seats left, and therefore the other person 
has the choice of five different ways of seating himself. 
Hence there are 6 x 5, or 30 different ways in which they 
can take their seats. 

Question 10. In how many ways can we make a two- 
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lettered word out of an alphabet of twenty-six letters, the 
two letters in the word being different ? 

Answer. We can choose our first letter in twenty-six 
ways, and when it is chosen we can choose the second in 
twenty-five ways. Therefore we have the choice of 26 x 25, 
or 650 ways. 

Question 11. In how many ways can we select a conso- 
nant and a vowel out of an alphabet of twenty consonants 
and six vowels ? 

Answer. We can choose the consonant in twenty ways, 
the vowel in six ways, both in one hundred and twenty ways. 

Question 12. In how many ways can we make a two 
lettered word, consisting of one consonant and one vowel ? 

Answer. ' By the last answer, we can choose our two 
letters in one hundred and twenty ways, and when we have 
chosen them we can arrange them in two ways. Hence we 
can make the word in 120 x 2, or 240 different ways. 

Question 13. There are twelve ladies and ten gentlemen, 
of whom three ladies and two gentlemen are sisters and 
brothers, the rest being unrelated : in how many ways might 
a marriage be effected ? 

Answer. If all were unrelated we might make the 
match in 12 x 10, or 120 ways; but this will include the 
3 X 2, or 6 ways in which the selected lady and gentleman 
are sister and brother. Therefore the number of eligible 
ways is 120 — 6, or 114. 

Question 14. In how many ways can the following letters 
be arranged in a row : ^ , 

fc, jf.y, (i, f, ijt, a, I, i? 

Answer. First write down* the seven letters that are 
alike, with space between each, thus : 

a a a a a a a 
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Then there are six spaces, and we have to place b either in 
one of the spaces or else at one end of the row, i. e. we have 
the choice of eight ways of placing b. When b is placed, there 
are tten eight letters in the row with seven spaces between 
them, and we have the choice of these seven spaces, and the 
two ends in placing c. Hence c can be placed in nine ways. 
Therefore there are 8 x 9 or 72 ways of placing b and c in a 
row with the seven a's, or of arranging the nine letters in 
a row. 

RULE II. 

If a series of things can be done successively in given 
numbers of ways, the number of ways in which all the things 
can be done is the continued product of all the given numbers. 

This rule is only an extension of the former one, and 
needs not a separate 'proof. Its correctness will be su£B- 
ciently evident from considering an example. 

Suppose the first thing can be done in four ways, and 
the second in three, then the first and second together form 
an event or operation, which can happen (by Rule I.) in 
4 X 3, or 12 ways. Now suppose the third thing can be done 
in five ways. Then, since the first and second together can 
happen in twelve ways, and the third in five ways, it follows 
from Rule I. that the first and second and the third can be 
done in 12 x 5, or 60 ways ; that is, all three can be done in 
4x3x5 ways. 

So if a fourth thing can be done in seven ways, then, 
since the first three can be done in sixty ways, and the fourth 
in seven ways, the first three and the fourth can be done (by 
Rule I.) in 60 X 7, or 420 ways ; that is, all four can be done 
in 4x3x5x7 ways. And so on, however many things 
there may be. 
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Question 15. The House of Commons formerly consisted 
of 489 English Members, 60 Scotch, and 103 Irish. In how 
many ways was it possible to choose a committee of three 
members representing the three nationalities ? 

Answer. 489 x 60 x 103 = 3022020. 

Question 16. Twenty competitors run a race for three 
prizes; in how many different ways is it possible that the 
prizes may be given ? 

Answer. The first prize can be given in twenty ways ; 
when it is given, the second may be given in nineteen ; then 
the third can be given in eighteen ways. Hence the whole 
number of ways of giving the three prizes is 20 x 19 x 18, or 
6840. 

Question 17. In how many ways can four letters be put 
into four envelopes, one into each ? 

Answer. For the first envelope we have the choice of 
all the letters, or there are four ways of filling the first 
envelope ; then there are three letters left, and therefore 
three ways of filling the second envelope; then there are 
two letters left, or two ways of filling the third envelope ; so 
there is only one way of filling the last. Hence there are 

4x3x2x1, 
or 24 ways of doing the whole. 

/ Question 18. How many different sun^s may be formed 
/with a sovereign, a half-sovereign, a crown, a half-crown, a 
shilling, a sixpence, a penny, and a halfpenny ? 

Answer. Each coin may be either taken or left, that is, 
it may be disposed of in two ways, and there are eight coins. 
Hence (by Rule II.) all may be disposed of in 

2x2x2x2x2x2x2x2, or 256 
ways. One of these ways would, however, consist in the 
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rejection of all the coins, which would not\ be a way of 
taking any sum. Therefore the number of different sums 
that can be made is 255. 

Question 19. There are twenty candidates fpf an office, 
and seven electors. In how many ways can the votes, be 
given ? 

Answer. Each man can vote in twenty ways, and there 
are seven men to vote. Therefore all the votes can be given 
(by Rule II.) in 

20 X 20 X 20 X 20 X 20 X 20 X 20 or 1280000000 
different ways. 

Question 20. I have six letters to be delivered in differ- 
ent parts of the town, and two boys offer their services to 
deliver them ; in how many different ways have I the choice 
of sending the letters ? 

Answer. The first letter may be sent in either of two 
ways ; so may the second ; so may the third ; and so on. 
Hence the whole number of ways is, by the rule, 
2x2x2x2x2x2 or 64. 

Question 21. In how many ways can six different things 
be divided between two boys ? 

Answer. This question will be seen to be almost identi- 
cal with the last. The only difference is, that among the 64 
ways of sending the notes were included the two ways in 
which either boy carried them all. Now six things cannot 
be said to be divided among two boys if they all are given to 
one. Hence these two ways must be rejected, and there will 
only be 62 ways of dividing six things between two boys. 

Question 22. In how many ways can six different things 
be divided into two parcels ? 

Answer. This question seems at first to be identical 
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with the last. But, on consideration, we observe that if 
a, b, c, d, e, f represent the six things, one of the ways of 
dividing them between the two boys would be to give 

a, b, to the first boy, 

c, d, e,/to the second; 
and another different way would be to give 

a, b, to the second boy, 

c, d, e,f, to the^^rs^; 
but if the question be merely of dividing the six things 
into two parcels, with no distinction between them, we have 
now corresponding to the two ways noted for the previous 
question, only the one way, viz., to put 

a, b into one parcel, 

c, d, e, f into the other. 
Thus for every two ways of dividing the things between 
two different boys, there is only one way of dividing them 
into two indifferent parcels ; and, therefore, we have the 
choice in this last case of only thirty-one ways. 

The relation of these two results may be more clearly 
understood by the following consideration. We have in 
Question 21 six articles to divide between two boys. We may 
resolve the operation into the two operations of (1) dividing 
the articles into two parcels, and (2) when these parcels are 
made, giving them to the two boys. Now we can form our 
two parcels in thirty-one ways, and when the two parcels are 
made, we can give them, one to each boy, in two ways ; 
hence by Kule I. we can make the parcels and dispense 
them in 31 X 2 or 62 ways. 

Question 23. In how many ways can the following letters 
be divided between two persons : — 

a, a, a, a, b, b, b, c,c,dl 
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Answer. Of the a, a, a, a, the first person can take 
either none, or one, or two, or three, or four. That is, the 
a, a, a, a can be divided in five different ways ; so also the 
6, b, h can be divided in four ways ; the c, c in three ways ; 
and the d can be disposed of in two ways. Hence (by 
Rule II.) the whole division can be made in 

5 X 4 X 3 X 2, or 120 
different ways, including, however, the ways in which either 
person gets none and the other gets all. Excluding these 
two ways, the number of eligible ways is 118. 

Question 24!. In the ordinary system of notation, how 
many numbers are there which consist of five digits ? 

Answer. The first digit may be any of the ten except 0. 
We have, therefore, the choice of nine ways of assigning this 
digit. Each of the other four digits may be any whatever, 
and therefore there are ten ways of assigning each of them. 
Hence, altogether (by Rule II.) the number can be formed in 

9 X 10 X 10 X 10 X 10, or 90000 
different ways ; or 90000 different numbers can be thus 
formed. 

Of course these are all the numbers from 10000 to 99999 
inclusive. 

Question 25. The cylinder of a letter-lock contains four 
rings, each marked with twenty-six different letters; how 
many different attempts to open the lock may be made by a 
person ignorant of the key-word ? 

Answer. The first ring can be placed in twenty-six 
different positions; so may the second; so may the third; so 
may the fourth. Hence (by Rule II.) there are 

26 X 26 X 26 X 26, or 456976 
different positions possible, and one of these is the right one. 
Hence it is possible to make 456975 unsuccessful trials, 
w. 2 
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EULE III. 

The nwmher of ways in which a given number of things 
can he arranged is the continued product of the given number, 
a/nd all whole nwmhers less than it. 

Thus, three things can be arranged in 3 x 2 x 1, or 
6 ways ; four things in 4 x 3 x 2 x 1, or 24 ways ; five things 
in 5 X 4 X 3 X 2 X 1, or 120 ways. 

It will be sufficient to shew the reason of this rule in a 
particular case. The reasoning will be of a sufficiently 
general character to apply to any other case. 

Take for example the case of five things. We have 
then a choice of five ways of filling the first place in order. 
When that place is filled there remain four things, and there- 
fore we have a choice of four ways of filling the second place. 
Then there are three things left, and we can fill the third 
place in three ways. So we can fill the fourth place in two 
ways, and the last place in only one way, since we must give 
to it the one thing that is now left. Hence (by Rule II.) all 
the places can be filled in 5x4x3x2x1 ways, or the 
whole set of five things can be arranged in 5x4x3x2x1 
ways, which shews that Rule III. is true in this case. 

By exactly similar reasoning, we can shew that the rule 
is true in any other case. Hence we may accept it universally. 

Note. It is usual to put the mark I round a number 
to denote the continued product of that number and all lesser 
numbers. Thus — 

12 denotes 2 x 1, or 2; 

13 denotes 3 x 2 x 1, or 6 ; 

14 denotes 4 x 3 x 2 x 1, or 24; 

|5 denotes 5x4x3x2x1, or 120; 

|6 denotes 6x5x4x3x2x1, or 720; and so on. 
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Question 26. la how many ways can we arrange six 
statues in six niches, one in each ? 

Answer. It might seem, at first sight, that as the statues 
and the niches can each of them separately be taken in any 
order, we should have to consider the order of both to deter- 
mine what choice of arrangement we have. 

But, even though we take the niches in a stated order, 
any possible result whatsoever may be attained by vary- 
ing the order of the statues. We may, in fact, regard the 
niches as forming a row in fixed order, and we have only to 
consider in how many difierent orders the six statues may 
be taken so as to fill the six niches in order. Consequently, 
the number of ways in which it is possible to arrange the six 
statues in the six niches is the same as the number of orders 
in which the six statues can themselves be taken, which by 
the rule is |6, or 720. 

This explanation will be the better understood by com- 
paring the next two questions. 

Question 27. In how many ways can twelve ladies and 
twelve gentlemen form themselves into couples for a dance ? 

Answer. 112. For the first gentleman can choose a 
partner in twelve ways; then the second has choice of eleven; 
the third has choice of ten, and so on. Therefore they can 
take partners altogether in' 

12.11.10.9.8.7.6.5.4.3.2.1, or [12 
ways. 

Question 28. There are twelve ladies and twelve gentle- 
men in a ball-room ; in how many ways can they take their 
places for a contre-danse ? 

Answer. The couples can be formed in 112 ways (last 

' The full point is used for the sign of multipUoatlon. 

2—2 
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question), and when formed, the couples can be arranged 
in |12 different orders (Rule III.). Therefore the twelve 
ladies and twelve gentlemen can arrange themselves in 
[12 X |12 different ways. 

Or we may reason thus : 

The ladies can take their places in 112 different ways (by 
Rule III.), and so the gentlemen can take theirs in 112 differ- 
ent ways. Therefore (by Rule I.) the ladies and gentlemen 
can arrange themselves in 112 x 112 different ways, aa before. 

Question 29. In how many different orders can the 
letters a, h, c, d, e, f be arranged so as to begin with ah ? 

Answer. 24. For our only choice lies in the arrangement 
of the remaining four letters, which can be put in 14 or 24 
different orders (by Rule III.). 

Question 30. A shelf contains five volumes of Latin, six 
of Greek, and eight of English. In how many ways can the 
nineteen books be arranged, keeping all the Latin together, 
all the Greek together, and all the English together ? 

Answer. The volumes of Latin can be arranged among 
themselves (by Rule III.) in 15 ways, the volumes of Greek 
among themselves in 16 ways, and the volumes of English 
among themselves in 18 ways. Also, when each set is thus 
prepared, the three sets can be placed on the shelf in 13 dif- 
ferent orders. Therefore, by Rule II., the number of ways 
in which the whole can be done is 

[5 X [6 X [8 X |3, or 20901888000. 

Question 31. In how many ways could the same books 
;be arranged indiscriminately on the shelf ? 

Answer. |19, or 121645100408832000 ways. 
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It often requires considerable thought to determine what 
is meant by "different ways" of forming a ring. The next 
three questions suggest three meanings which the words in 
several circumstances will bear. It will be well to consider 
them, and compare them carefully, that the distinctions 
among them may be thoroughly recognised. 

Question 32. A table being laid for eight persons, in how 
many ways can they take their places ? 

Answer. By Kule III., the number of ways is 18 or 40320. 

Qtiestion 33. In how many ways can eight children form 
themselves into a ring, to dance round a may-pole ? 

Answer. In this case we have not to assign the eight 
children to particular places absolutely, but only to arrange 
them relatively to one another. We may, in fact, make all 
possible arrangements, by placing the first child. A, in any 
fixed position, and disposing the others, B, G, D, E, F, G, H, 
in different ways with respect to him. Thus there is no 
essential difference between the first three of the following 
arrangements — 



AB 


CD 


DE 


AH 


H G 


B E 


C ^ P 


B G 


G * D 


A * P 


B * G 


C * P 


FE 


HG 


AH 


DE 



but the fourth (in which the circular order is reversed) is in 
the meaning of the present question an essentially different 
arrangement; and any other essentially different arrange- 
ment might be obtained without disturbing A, since abso- 
lute position is not taken into account. Now the seven 
children B, G, B, E, F, G, H can be arranged, by Eule III., 
in 17 or 5040 ways. This, therefore, is the whole number of 
ways in which such a ring can be formed. 
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Question 34. Iq how many ways can eight beads be 
strung on an elastic band to form a bracelet ? 

Answer. This question is not equivalent to the preced- 
ing one, for if we examine the first and fourth of the arrange- 
ments, which we marked down as examples of the different 
ways in which the ring could be made, we shall observe that 
though they would count as different arrangements of 
children round a may-pole, they would count as the same 
arrangement of beads in a bracelet, presenting only opposite 
views of the same bracelet; each being, in fact, the arrange- 
ment that would be presented by turning the other com- 
pletely over. So the 5040 arrangements which we could 
make according to the last question, might be disposed into 
2520 pairs, each pair presenting only opposite views of the 
same ring, and not representing more than one essentially 
different arrangement. Hence the answer is in this case 
only 2520. 

Note. Numbers are called successive when they pro- 
ceed in order, each one differing from the preceding one 
by imity. The numbers are said to be descending when 
they commence with the greatest and continually decrease ; 
they are said to be ascending when they commence with 
the least and continually increase; and such a series of 
numbers is said to ascend or descend (as the case may be) 
from the first number of the series. 

Thus 17, 18, 19 are successive numbers ascending 
from 17. 

So, 17, 16, 15, 14 are successive numbers descending 
from 17. 

And [5 might be described as the continued product 
of five successive numbers, ascending from unity (or descend- 
ing from 5) ; [7, a,s the continued product of seven sue- 
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cessive numbers ascending from unity (or descending from 
7), and so on. 



RULE IV. 

Out of a given number of things, 

the number of tvays in which an arrangement of two 
things can be made is the product of the given number and 
the next lesser number ; 

the number of ways in which an arrangement of three 
things can be made is the continued product of three successive 
numbers descending from the given number ; 

the number of ways in which an arrangement of four 
things can be made is the continued product of four successive 
numbers descending from the given number ; 

and so on. 

In other words : 

If an arrangement have to be made consisting of an 
assigned (smaller) number of things chosen out of a given 
(larger) number of things, the number of ways is the continued 
product of the assigned smaller number of successive numbers, 
descending from the given larger number. 

The reason of this rule will be seen at once. For 
suppose we have seventeen given things ; then, if we wish 
to make an arrangement of two things, we have the choice 
of seventeen things to place first; then there are six- 
teen things left, out of which we have to choose one to 
place second, and complete our arrangement. Hence, by 
Rule I., the number of ways in which we can make an 
arrangement of two things, is 17.16. 
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So if we wish to make an arrangement of three things, 
we can place the first two in 17.16 ways ; and we then 
have fifteen things left, out of which to , choose one to 
come third, and complete our arrangement; therefore, by 
Rule I., the number of ways in which we can make an 
arrangement of three things is the product of 17.16 and 15 
or 17.16.15 : and so on. 

Many questions which might be considered under Rule 
II. may be answered directly by this rule. Thus — 

Question 35. How many three-lettered words could be 
made out of an alphabet of twenty-six letters, not using any 
letter more than once ? 

Answer. 26.25.24 = 15600. 

Question 36. How many four-lettered words ? 
Answer. 26.25.24.23 = 358800. 
Question 37. How many eight-lettered words ? 
Answer. 26.25.24.23.22.21.20.19 = 62990928000. 

Question 38. Four flags are to be hoisted on one mast, 
and there are twenrty different flags to choose from: what 
choice have we ? 

Answer. By Rule IV. we have the choice of 
20.19.18.17, or 116280 
different ways. 

The answer would evidently be the same if the flags 
were to be hoisted on different masts, for so long as there 
are four different positions to be occupied, the operation 
consists in the arrangement in these positions of four out 
of the twenty flags. 

Question 39. An eight-oared boat has to be manned out 
of a club consisting of fifty rowing members. In how many 
ways can the crew be arranged ? 
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Answer. "We have simply to arrange eight men in order 
out of fifty men. Therefore Rule IV. applies, and the num- 
ber of ways is 

50.49.48.47.46.45.44.43, or 21646947168000. 



RULE V. 

The number of ways in which twenty things can he divided 
into two classes of twelve and eight respectively, is 

120 



112. 18' 



and similarly for any other numbers. 

Suppose that twenty persons have to take their places 
in twelve front seats and eight back seats. By Rule III., 
since there are 20 people and 20 seats, they can be arranged 
altogether in 120 ways. But the operation of arranging 
them may be resolved into the following three operations: — 

(1) The operation of dividing the twenty into two 
classes of twelve and eight. 

(2) The operation of arranging the class of twelve in 
the twelve front seats. 

(3) The operation of arranging the class of eight 
in the eight back seats.- 

Hence, by Rule II. 120 is the product of the number 
of ways in which these three several operations can be 
performed. But by Rule III. the second can be performed 
in 112 ways, and the third in [8 ways ; therefore it follows 
that the first can be performed in 
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120 



|12.[8 

ways. This, therefore, expresses the number of ways in 
which twenty things can be divided into two classes, of 
which the first shall contain twelve things, and the second 
shall contain eight. 

And it will be observed that our reasoning throughout 
is perfectly general, and would equally apply if, instead of 
the number twenty divided into the parts twelve and eight, 
we had any other number divided into any two assigned 
parts whatever. 

Hence we can write down on the same plan the number 
of ways in which any given number of things can be divided 
into two classes, with a given number in each. 

Question 40. In how' maaiy ways can two men divide 
30 different books between them, one to have twice as many 
as the other ? 

Answer. The 30 books have to be divided into two 
classes of 20 and 10. This can be done in 

130 



1 20. 1 10 
ways, or 30045015 ways. 

Question 41. Eight men are to take their places in 
an eight-oared boat; but two of them can only row on 
stroke side, and one of them only on bow side ; the others 
can row on either side. In how many ways can the men be 
arranged ? 

Answer. The operation of arranging the men may b© 
resolved into the following three simple and successive ope- 
rations, viz., 
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(1) To divide the five men who can row on either 
side into two parties of two and three, to complete 
stroke side and bow side respectively. 

(2) To arrange stroke side when it is thus com- 
pleted ; and 

(3) To arrange bow side. 

The five men who can row on either side can be divided 
into two parties of tvfo and three respectively, in 

15 
-i=-,orlO 

|3.[2 

ways, by Rule V. And when this is done, stroke side, con- 
sisting of four men, can be arranged in 14 or twenty-four 
different ways (Rule III.) ; and likewise bow side in twenty- 
four ways. Hence the whole arrangement can be made 
in 10 X 24 X 24, or 5760 ways. 



RULE VI. 

The number of ways in which twenty things can he 
divided into three classes of five, seven, and eight, respec- 
tively, is 

120 



^.L7.|8' 
and similarly for any other numbers. 

For, by Rule V., the twenty things can be divided into 
two classes of twelve and eight in 

|20 
112.18 



28 CHOICE. 



different ways, and, when this is done, the class of twelve 
can be divided into two classes of five and seven in 



112 



ways. Hence, by Rule I., both these can be done in 

120 112 [20 

or 



different ways. 

That is, twenty things can be divided into three classes 
of five, seven and eight severally, in 

120 



|5.|7.[8 

different ways ; and since our reasoning is perfectly general, 
a similar result may be written down when the numbers are 
any other. 

And it is easily seen that the reasoning may be ex- 
tended, in the same manner, to the case of more than three 
classes. 

Question 42. In how many ways can three boys divide 
twelve oranges, each taking four, the oranges being all of 
different sizes ? 

Answer. By Rule VI. the number of different ways 
in which twelve things can be divided into three classes of 
four each, is 

112 

— ^— , or 34650. 

|4.[4.[4 

Question 4.3. In how many ways can they divide them, 
so that the eldest gets five, the next four, and the youngest 
three ? 
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Answer. By Rule VI. the number of different ways is 

112 
— = — , or 27720. 

|3.|4.|5 

Question 44'. If there be fifteen apples all alike, twenty 
pears all alike, and twenty-five oranges all alike, in how 
many ways can sixty boys take one each ? 

Answer. The boys have, in fact, to form themselves into 
a party of fifteen for the apples, a party of twenty for the 
pears, and a party of twenty-five for the oranges. They can 
therefore do it by Rule VI. in 

160 



^.^.)25 
different ways. 

Question 45. In how many ways can two sixes, three 
fives, and an ace be thrown with six dice ? 

Answer. The six dice have to be divided into three 
sets, containing 2, 3, 1 severally, of which the first set are 
to be placed with six upwards; the sfecond set with five 
upwards ; and the third set with ace upwards. By Rule VI. 
it can be done in 

, or 60 

|3.^.[1 

different ways. 

Questiqn 46. In how many ways may fifty-two cards 
be divided amongst four players, so that each may have 
thirteen ? 

Answer. By Rule VI., 

152 



|13.|13.|13.|13 
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When a number of things have to be divided into equal 
groups, special care is needed to consider the circumstances 
of the case so as to determine whether the groups are 
different or indifferent, that is to say, -whether a new 
distribution will or will not be arrived at by taking two 
whole groups and interchanging them. There is no difficulty 
when the number of things to be assigned to the different 
groups is different, as this difference of number itself suffices 
to make the groups different; and then Eules V. and VI. 
are applicable without modification. But when the groups 
are equal, it may happen that they are indifferent, and 
Rules V. and VI. will not give the true result. 

For example, if 22 boys have to arrange themselves into 
two groups of 10 and 12 respectively to play a match, the 
number of ways in which they can be divided is 

122 



|10.[12 
But if they are to form two elevens, the number of 



ways IS 



|22 J |22 

not — ^ — , but 



[11. |U ^lll-ljj: 

since putting a, b, c, d, e, f, g, h, j, k, I into one group, and 
m, n, 0, p, q, r, s, t, u, v, w into the other, is the same 
arrangement as if these were reversed, and m, n, o, p, q, r, s, 
t, u, V, w put into the first group, and the rest left for the 

122 



other. Consequently if we took as the result given 

by Rule V., every arrangement would be counted twice over, 
and the true result will therefore be obtained by dividing by 
2. If however the two sides into which the boys are to be 
divided are to be distinguished by two names, if one is a 
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" First Eleven " and the other a " Second Eleven/' or if one 
side are to wear blue uniform and the other red, if there 
is in fact anything to mark them as two different classes, 
Eule V. will apply and the result will be 

122 



111.111 



Whenever the groups are indifferent, Eule V. or VI. 
gives each arrangement repeated as many times as the 
groups could be permuted among themselves, i.e. [2 times 
when there are 2 groups, 13 times when there are 3 groups, 
and so on. Hence we have to divide the result of Eule VI. 
by |2 or |3 or |4 or &c., according to the number of groups. 

Question 47. In how many ways can 52 different cards 
be divided into four parcels of 13 each ? 

Answer. This question differs from Question 46 only by 
the parcels being indifferent. The result in that question 
must be divided by 14 and will give 

152 



|4.[13.|13.|13.[13 

Question 48. In how many ways can 12 different books 
be put into three parcels, one of which is to hold 3, another 
4, and the other 5 ? 

112 
Answer. — — — =27720. 

^.|4.^ 

It ought to be clearly seen that in such cases as this 
what constitutes the parcels different, is that they are neces- 
sarily to have different numbers 3, 4, 5 assigned to them. 
In Question 22 the mere fact of our putting two things into 
one parcel and four into another did not constitute the 
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parcels different, for there was nothing in the question 
to make one parcel always have two and another always 
four; each parcel might have any number so long as they 
together contained six. 

It must be observed that there is some ambiguity in 
the manner in which the words sort and class are sometimes 
used, especially when we describe collections of articles as 
of different sorts or of the same sort, or of different classes 
or of the same class. 

Thus, if letters have been spoken of as consonants and 
vowels, we may describe the alphabet as containing twenty 
letters of one sort, and six letters of the other sort ; yet if 
we regard the individual character of each letter, we shall 
speak of a printer's fount as containing twenty-six different 
sorts of letters. Plainly, there are either two classes or 
twenty-six classes, according to the character "adopted as the 
criterion of class. / 

For instance, we may describe the letters^r 
a, a, a, x, x, y 
as three of one sort and two of another sort. But the letters 
a, e, i, X, z, 

regarded as vowels and consonants, might also be described 
as three of one sort and two of anothev sort. 

Suppose now we are asked in how many different orders 
we can write down five different letters, of which three are 
of one sort and two of another sort, the answer will depend 
entirely on the sense in which " sort " is understood. If we 
suppose the letters to be such as 

a, a, a, x, x, 
where those of the same sort are absolutely identical with 
one another, having no personal individuality (so to speak), 
the answer will be 
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13.12 



(by Rule V.), since our only choice lies in dividing the five 
places into two sets of three and two, for the a, a, a, and 
SB, X. But if the given letters be such as 

where the three, a, e, i, are of one sort as vowels, but each 
has an individual character of its own, and the two, x, z, are 
of one sort as consonants, but these also (like the vowels) 
distinct in their identity, then the answer becomes [5, by 
Rule III., since the five letters are for the purposes of arrange- 
ment all different. 

We shall avoid this ambiguity as much as possible, 
by speaking of things as of one sort, when there is no 
individual distinction amongst them, and of one class when 
they are united by a common characteristic, but capable, 
at the same time, of distinction one from another. 
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The number of orders in which twenty letters can be 
arranged, of which four are of one sort {a, a, a, a, suppose), 
five of another sort (b, b, b, b, b, suppose), two of another sort 
(c, c, suppose), and the remaining nine all different, is 

[20 

and similarly for any other numbers. 

For the operation of arranging the letters in order may 
be resolved into the following : — 

W. 3 
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(1) To divide the twenty places into four sets, of four, 
five, two, nine, respectively. 

, (2) To place the a, a, a, a, in the set of four places. 

(3) To place the h, h, h, b, b, in the set of five places. 

(4) To place the c, c in the set of two places. 

(5) To arrange the nine remaining letters in the set 
of nine places. 

Now by Rule VI., the operation (1) can be done in 

120 



j4.15.|2.|9 
different ways. 

The operation (2) can be done in only one way, since the 
letters are all alike. 

So the operations (3) (4) can be done in only one way 
each. 

And the operation (5) can be performed in j9 ways by 

Rule III. 

Therefore by Rule II. the whole complex operation can 
be performed in 

120 120 



X 19, or 



\i.\5, [2.|9 I-'" |4.|5.|2 
different ways. 

And in the same way we can reason about any other 
case. Hence in any case, to find the number of orders in 
which a series of letters can be arranged which are not all 
alike, we have only to write down the fraction, having in the 
numerator the total number of the letters, and in the' deno- 
minator the numbers of letters of the several sorts ; each, 
number being enclosed in the mark I . 
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Question 49. In how many orders can we arrange the 
letters of the word in0Py'^P^Mt^? 

114 
Amwer. — = 14.13.12.11.10.9.8.7 = 121080960. 

Question 50. In how many orders can we arrange the 
letters of the -word 0,f/-flfl^lepip^(^'? 

114 
Answer. ^^ = 201801600. 

|3 . |3 . |3 . |2 

Question 51. In how many orders can we arrange the 
letters of the ■woid^tldTi^p/^t'^'ii ? 
Answer. 75600. 



KULE VIII. 

Out of twenty things, a selection of twelve things can be 
made in the same number of ways as a selection of eight 
things (where 12 + 8 = 20) ; and the number of ways is 

120 



[12. [8' 
and similarly for other numbers of things. 

For the selection of twelve (or eight) things out of twenty, 
consists of the operation of dividing the twenty things into 
two sets of twelve and eight, and rejecting one of the sets. 
Therefore by Rule V., whichever set be rejected, the opera- 
tion can be performed in 

120 



|12.|8 
different ways. 



3—2 
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Question 52. Out of one hundred things, in how many 
ways can three things be selected ? 
Answer. By Rule VIII., 

1100 



or striking out from the numerator and the denominator all 
the successive factors from 1 to 97, 
100.99.98 

^' 

We observe that the numerator 100.99.98 expresses (Rule 
V.) the number of ways in which an arrangement of three 
things might be made out of one hundred things. 

This suggests the following rule for the number of ways 
of selecting any number of things out of a larger number, 
which will often be found more convenient than Rule VIII., 
although both of course lead to the same result. 



RULE IX. 

Out of any given number of. things, 

the number of selections of two things may , he obtained 
from the number of arrangements of two things, by dividing 

the number of selections of three things may be obtained 
from the number of arrangements of three things, by dividing 

the number of selections of four things may be obtained 
from the number of arrangements of four things, by dividing 
by |4; 
and so on. 



SELECTIONS OR COMBINATIONS. 37 

It will be sufficient to shew the reason of this rule in any 
particular case. 

Suppose we have to make a selection of three things 
out of a given number of things ; what is our choice in this 
case, compared with our choice in making an arrangement of 
three things ? 

The operation of making an arrangement of three things 
may be resolved into the two operations following, viz. — 

(1) To make a selection of three things out of the 
given things. 

(2) To arrange in order the three selected things. 

Therefore, by Rule I., the number of ways of making an 
arrangement of three things is equal to the number of ways 
of making a selection of three things, multiplied by the num- 
ber of ways of arranging the three selected things. 

But by Rule III., three things can be arranged in 13 
different ways. 

Hence, the number of arrangements of three things, out 
of a greater, number, is equal to the number of selections 
multiplied by 1 3. 

Or, the number of selections of three things is equal to the 
number of arrangements divided by 13. 

And the same reasoning would apply if the number of 
things to be selected were any other instead of 3. Therefore 
the rule is true always. 

The student being in possession of the two rules (VIII. 
and IX.) for writing down the number of ways in which any 
number of things can be selected out of a larger number, 
will, in any particular case, use the rule which may seem the 
more convenient. It will be observed that Rule VIII. gives 
the result in the more concise form when the number of 
things to be selected is a high number; but the fraction 
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thus written down, though more concisely expressed, is not 
in such low terms as that which would be written down by 
Eule IX. Consequently, when the actual numerical value 
of the result is required, Rule IX. leaves the less work to be 
done, in cancelling out common factors from the numerator 
and the denominator. In many cases, it is simplest to take 
advantage of the principle of Rule VIII., that out of twenty 
things (suppose) the number of ways in which seventeen 
things can be selected is the same as the number of ways 
in which 20 — 17 or three things can be selected, and then 
to apply Rule IX. For, comparing the different forms of 
the result in this case, we observe that Rule VIII. gives 

[20 

|17. |3 
while Rule IX. gives 

20.19.18.17.16.15.1413.12.11.10.9.8.7.6.5.4 
1.2.3.4..5.6.7.8.9.10.11.12.13.14.15.16.17 
which might be simplified by dividing the numerator and 
denominator by the factors 

4.5.6.7.8.9.10.11.12.13.14.15.16.17. 
But if we recognise the teaching of Rule VIII., that the 
number of ways of selecting seventeen things is the same as 
the number of ways of selecting three things, and then apply 
Rule IX. to find the number of ways of selecting three 
things, we can at once write down the result in the simple 
form 

20.19.18 
1.2.3 ■ 

Question 53. Out of a basket of twenty pears at three 
a penny, how many ways are there of selecting six penny- 
worth ? 



, or 171 
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Answer. By Eule VIII., we can select eighteen out of 
twenty in as many ways as we can select two ; and, by Rule 
IX., this can be done in 

20.19 ,-. 
^^, or 190 

ways. 

Question 54. In how many ways can the same choice be 
exercised so as to include the largest pear ? 

Answer. Taking the largest pear first, our only choice 
now lies in selecting seventeen out of the remaining nine- 
teen, which can be done (Rules VIII. and IX.) in 

19.18 
1.2 
ways. 

Question 55. In how many ways can the same choice be 
exercised without taking the smallest pear ? 

Answer. We have now to select eighteen pears out of 
nineteen. Therefore (Rules VIII. and IX.) our choice can 
be exercised in nineteen ways. 

QuLestion 56. In how many ways can the same choice 
be exercised so as to include the largest, and not to include 
the smallest pear ? 

Answer. Taking the largest pear first, we have then to 
choose seventeen more out of eighteen, which can be done 
(Rules VIII. and IX.) in eighteen ways. 

Question 57. Out of forty-two radicals and fifty reformers, 
what choice is there in selecting a committee consisting of 
four radicals and four reformers ? 

Answer. The radical committee-men can be chosen (by 
Rule VIII.) in 
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42.41.40.39 



1.2.3.4 '-1^1^^^ 

different ways, and the -reformers in 

50.49.48^47 ^^,30300 
1.2.3.4 

different ways. Hence (by Rule I.) the whole choice can 
be exercised in 

111930 X 230300, or 25777479000 
different ways. 

Question 58. A company of volunteers consists of a 
captain, a lieutenant, an ensign, and eighty rank and file. 
In how many ways can ten men be selected so as to include 
the captain ? 

Answer. Since the captain is to be one of the ten, the 
only choice lies in the selection of nine men out of the 
remaining eighty-two, which can be done (Rule VIII. or IX.) 
in 

182 



|9.|73 
82.81.80.79.78.77.76.75.74 

»' 1 

different ways. 

Question 59. In how many ways can ten men be selected 
so as to include at least one officer ? 

Answer. By Rule VIII., ten men can be selected out of 
the whole company in 

183 



[10.173 
ways altogether. But the number of different ways that will 
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include no officer will be the number of ways in which ten 
can be selected out of the eighty rank and file, that is (by 
Rule VIII.), 

|80 

|IoT|70' 

These must be subtracted from the whole number of ways in 
which ten men might be selected, and the remainder 
183 180 



[10.(73 |10.|70 

will be the number of ways in which they may be selected 
so as to include at least one oflScer. 

Question 60. In how many ways can ten men be selected 
so as to include exactly one officer ? 

Answer. The nine rank and file can be selected in 
[80 

[9. [71 
ways, and the one officer in three ways. Therefore the ten 
can be selected in 

3x 180 



(9.(71 
different ways. 

Question 61. There are fifteen candidates for admission 
into a society which has two vacancies. There are seven 
electors, and each can either vote for two candidates, or 
plump for one. In how many ways can the votes be given ? 

Answer. Each voter can plump in fifteen ways, and 
can vote for two candidates in 

15.14 __, 
■^ 2 ' °^ ^^^ 
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ways (Rule IX.), Therefore each elector can vote altogether 
in 120 ways. And there are seven electors.; therefore all 
the votes can be given (by Rule II.) in 

120 X 120 X 120 X 120 x 120 x 120 x 120, 
or 358318080000000 different ways. 

It will be well to notice particularly the points which 
distinguish the next three examples. 

In all of them we suppose twenty things of one class and 
six things of another- class set before us, the individuals of 
each class being distinct ; and in all of them a selection has 
to be made of three things out of each class. But while the 
first is a case of simple selection, in the second each set of 
three things has separately to be arranged in order, and in 
the third the whole six selected things have to be together 
arranged in order. 

Question 62. Out of twenty men and six women, what 
choice have we in selecting three men and three women ? 
Answer. The men can be selected in 

20.19.18 



1.2.3 



or 1140 



different ways (Rule IX.), and the women in 
6.5.4 „. 
17273'°^^^ 

different ways. Therefore, we have the choice of 

1140 X 20, or 22800 
different ways of making our selection. 

Question 63. Out of twenty men and six women, what 
choice have we in filling up six different offices, three of 
which must be filled by men, and the other three by women ? 

Answer, We can allot the first three offices to three men 
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in 20 . 19 . 18 or 6840 different ways (Eule IV.) ; and we can 
allot tte other three offices to three women in 6 . 5 . 4 or 120 
different ways. Therefore, we have the choice of 

6840 X 120, or 820800 
different ways of making our arrangement. 

Question 64. Out of twenty consonants and six vowels, 
in how many ways can we make a word, consisting of three 
different consonants, and three different vowels ? 

Answer. We can select three consonants in 

20.19.18 ^^,. 
1.2.3 '°^"^° 

different ways, and three vowels in 

6 . .5 . 4 „- 
-, or 20 



1.2.3' 

different ways. Therefore (by Eule I.), the six letters can 
be selected in 

1140 X 20, or 22800 

different ways ; and when they are so selected, they can 
be arranged (by Eule III.), in 16 or 720 different orders. 
Hence (by Eule I), there are 22800 x 720, or 16416000 
different ways of making the word. 

Question 65. Out of the twenty-six letters of the 
alphabet, in how many ways can we make a word con- 
sisting of four different letters, one of which must be 
always a ? 

Answer. Since we are always to use a, we must choose 
three letters out of the remaining twenty-five. This can be 
done in 

25 . 24 . 23 



1.2.3 



-, or 2300 



44 CHOICE. 

ways. Then the whole set of four letters can be aiTanged in 
14 or 24 different orders. Hence we have the choice of 

2300 X 24, or 55200 

different ways of making the word. 

The last answer might have been arrived at in another 
way, as follows : — 

Without the limitation, we could make a word of four 
different letters in 26.25.24.23, or 358800 different ways. 
The question is how many of these will contain a. Now if 
all the »3 58800 words were written down on paper, since each 
is made of four letters, our paper would contain 358800 x 4, 
or 1435200 letters. And since no letter of the alphabet has 
been used with more favour than any other, it follows that 
each would occur 1435200 -r- 26, or 55200 times. Therefore a 
must occur 55200 times ; and since no word contains a more 
than once, 55200 words must contain a. That is, the 
number of words formed of four different letters of which a 
is one is 55200, as before. 

Question 66. Out of the twenty-six letters of the alpha- 
bet, in how many ways can we make a word consisting of 
four different letters, two of which must be a and 6 ? 

Answer. We can choose the other two letters out of the 
remaining twenty-four in 

24.23 



1.2 



or 276 



ways, and then we can arrange the whole set of four letters in 
1 4 or 24 different orders. Hence we have the choice of 

276 X 24, or 6624 
different ways of making the word. 
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Question 67. Out of twenty consonants and six vowels, 
in how many ways can we make a word consisting of three 
diiferent vowels and two different consonants, one of the 
vowels being always a ? 

Answer. We can choose the other two vowels in 

^torlO 



ways, and the two consonants in 
20.19 



1.2 



, or 190 



ways ; hence our letters can be selected in 1900 ways, and 
when they are selected the set of five can be arranged in 
15 or 120 ways. Hence the whole number of ways of making 
the word is 

1900 X 120, or 228000. 

Question 68. There are ten different situations vacant, 
of which four must be held by men, and three by women ; 
the remaining three may be held by either men or women. 
If twenty male and six female candidates present themselves, 
in how many ways can we fill up the situations ? 

Answer. The men's situations can be filled up in 
20 . 19 . 18 . 17 or 116280 different ways, and the women's in 
6 . 5 . 4 or 120 different ways. When this is done, there are 
nineteen persons left, all of whom are eligible for the other 
three situations. Hence these three can be filled up in 
19 . 18 . 17 or 5814 different ways. Therefore, the whole 
election can be made in 

116280 X 120 X 5814, or 81126230400 
different ways. 
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RULE X. 



Out of any nv/mher of things, the number of ways of 
selecting 5 things when repetitions are allowed is the same 
as if there were 5 — 1, or 4 more things to he selected from, 
without repetitions ; and so for any other number. 

A selection of 5 letters out of the alphabet when re- 
petitions are allowed will include such selections as aaaaa, 
aabcc, abbbc, as well as those like abcde, afghk, which are 
alone valid when repetitions are not allowed. 

The rule states that, repetitions being allowed, the number 
of selections of 5 letters out of (say) the 26 letters of the 
alphabet, is the same as the number of selections of 5 things 
out of 30 without repetitions, that is, -7 / "^ 

26 ■ 27 . 28 . 29 . 30 \6^ 

1.2.3.4.5 ■ -^p 

Suppose the selections were all written down, add to 
each of them the whole alphabet. 

Then each selection becomes a selection of 31 letters, 
in which each letter of the alphabet occurs at least once; and 
we have thus all possible selections of 31 letters, subject to 
the condition that each appears at least once. 

By trying to construct these selections of 31 letters by 
another process, we shall find how many of them there are. 

To construct such a selection, since the order of the 
letters is immaterial, we are introducing no new limit if we 
determine to arrange the letters of each selection in any 
order ; say, in alphabetical order. 

Let us mark 31 places for the 31 letters in the selection, 
thus: 
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We have to fill one or more of these places with a's, then one 
or more with 6's, and so on. Now there are 30 spaces 
between the 31 places, and (when the 26 sorts of letter are 
put in) there will be 25 spaces between a's and 6's, between 
&'s and c's, and so on, and the remaining 5 spaces will be 
between repeated letters. All our choice resolves itself 
therefore into the number of ways in which we can choose 
5 spaces out of 30 to come between the repeated letters. 

Therefore the choice of selecting 5 out of 26 with re- 
petitions is the same as the choice of selecting 5 out of 30 
without repetitions. And the same argument would hold 
for any numbers, therefore the rule is true. 

Question 69. Out of a large number of pennies, half- 
pennies, and farthings, in how many ways can one select 
four coins ? 

Answer. The choice of selecting four coins out of the 
three with repetitions is the same as the choice of selecting 
four out of 3 + 4 — 1, or 6, without repetitions : it is therefore 

6.5.4.3 J. -/( '' 

1727374 '°'i^- 

Thfe fifteen selections are as follows : I \^ 

pppp, pphh, phhh, pfff, hhff, 
ppph, pphf, phhf, hhhh, hfff, 
PPPf, VPff' P^ff' hhhf, ffff. 

Question 70. In how many ways can three glasses be 
filled without mixing, if we have five sorts of wine ? 

Answer. To select three out of five, repetitions being 
permitted, is the same as to select three out of 5 + 3 — 1=7 
without repetitions. The number of ways is therefore 

7.6.5 „, 
r , or 35. 




1.2.3 
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If a, e, i, 0, u represent the five sorts of wine, the 35 ways 
are as follows ; 



a a a, 


ae e, 


ai 0, 


ee e, 


ei 0, 


%% %, 


%uu, 


a a e, 


a e i,- 


a i u, 


e e i, 


eiu, 


i i 0, 


0, 


a a i. 


a e 0,^ 


a 0, 


e e 0, 


e 0, 


i i u, 


ou, 


a a 0, 


a eu,^ 


a u, 


e eu, 


e u, 


i 0, 


ouu, 


a a u, 


a i i. 


a WW, 


e i i. 


euu, 


i u, 


UU V. 



It is understood that the glasses are all alike, so that the 
arrangement a e iis the same as e a i or e i a. If the glasses 
be different then each can be filled in 5 ways, and all three 
in 125 ways. 

Question 71. In how many ways can a dozen marbles 
be selected at a shop where they sell 5 kinds of marbles ? 

Answer. The choice will be the same as in selecting 
12 out of 12 + 5 — 1 = 16, without repetitions ; 

---- = xs.a. 

Question 72. Hoiw many dqminoes are there in a set 
numbered from double blank to double nine ? 

Answer. Each domino is made by a selection of two 
numbers out of the ten 0, 1, 2, 3, 4, 5, 6, 7, 8, 9; and 
repetitions are allowed {i.e. the two numbers on a domino 
may be alike). Therefore the number is the same as the 
number of selections of two out of 10 + 2 — 1 = 11, without 
repetitions, that is 

1-1^ = 55 
1.2 ^^- 
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ARRANGEMENTS OUT OF A NUMBER OF THINGS NOT ALL 
DIFFERENT. 

We considered under Rule VII. the modifications of the 
case of Rule III., when the things out of which the arrange- 
ment is to be made are not all different. The corresponding 
modifications of Rule IV. are too intricate to be brought 
under general rules by arithmetical methods ; but each case, 
as it arises, may be resolved into cases to which the pre- 
ceding rules will apply. The manner of proceeding will be 
sufficiently illustrated by the following questions. 

When however the number of things of each sort is 
not less than the whole number of things to be chosen, the 
problem resolves itself into the case of arrangements when 
repetitions are allowed, and comes under a very simple rule, 
to be presently given (Rule XI.). 

Question 73. In how many ways can an arrangement of 
four letters be made out of the letters of the words choice 
and chance? 

Answer. There are fifteen letters altogether, of eight 
different sorts, viz., c, c, c, c; h, h; a, a; n, n; e, e; o ; i; d. 
The different ways of selecting the four letters may, there- 
fore, be classified as follows : 

(1) all four aKke, 

(2) three alike and one different, 

(3) two alike and two others alike, 

(4) two alike and the other two different, 

(5) all four different. 

Now, the selection (1) can be made in only one way (viz. 
by selecting c, c, c, c), and when this selection of letters is 
made they can be arranged in only one order ; 

therefore (1) gives rise to only one arrangement, 
w. - ^ 4 
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The selection (2) can be made in seven ways, for three 
letters alike can be selected in only one way (viz. c, c, c), and 
one different one in seven ways (a, e, i, o, h, n, d). And 
when this selection of letters is made, they can be arranged 
in four ways (Rule VII.) ; 

therefore (2) gives rise to 7 x 4, or 28 arrangements. 

5 4 
The selection (3) can be made in :j — ^ , or 10 ways 

(Rule IX.), since we have to select two out of the five 
pairs, cc, hh, aa, nn, ee. And when this selection of let- 

ters is made, they can be arranged in , or 6 ways 

If -l^ 
(Rule VII.) ; 

therefore (3) gives rise to 10 x 6, or 60 arrangements. 

The selection (4) can be made in 5 x 21, or 105 
ways, for we can select one of the five pairs, cc, hh, aa, 
nn, ee in five ways, and two out of the seven different 

sorts of letters that will then be left, in t-~o' or 21 

ways (Rule IX.); and when this selection of letters is 

|4 
made, they can be arranged in — , or 12 ways (Rule VII.); 

therefore (4) gives rise to 105 x 12, or 1260 arrange- 
ments. 

The selection (5) of four different letters must be made 
out of the eight, c, h, a, n, e, o,i,d; therefore the number 
of arrangements which will come from such a selection must 
be 8 . 7 . 6 . 5 or 1680. 

Hence, the whole number of arrangements of four letters 
out of the fifteen given letters is 

1 + 28 + 60 -(- 1260 + 1680, or 3029. 
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Question 74. In how many ways can an arrangement 
of three things be m£ide out of fifteen things, of which five 
are of one sort, four of another sort, three of another sort, 
and the remaining three of another sort ? 

Answer. The three selected things may be either — 
(1) all three alike, 
or (2) two alike and one different, 
or (3) all different. 

Now, the selection of all three alike can be made in 
4 ways, since we can take one of the four different sorts. 
And when this selection is made, the selected things' can be 
arranged in only one order ; 

therefore (1) gives rise to only four arrangements. 

The selection of two aUke and one different can be 
made in 4x3, or 12 ways (Rule I.) ; for the two alike 
can be of any of the four sorts, and the one different 
of any one of the remaining three sorts. And when 
this selection is made, the things selected can be arranged 

in — , or three ways (Rule VII.) ; 

'- 

therefore (2) gives rise to 12 x 3, or 36 arrangements. 

And if all three selected things are to be different we 
shall have 4 . 3 . 2, or 24 arrangements (Rule IV.). 

Hence, the whole number of arrangements of three things 
out of ihe fifteen given things is 

4 + 36 + 24, or 64. 



75. In how many ways can an arrangement 
of five things be made out of the fifteen things given in the 
last question ? 

Answer. The different ways of selecting five things may 
be classified as follows : — 

4—2 
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(1) all five alike, 

(2) four alike and one different, 

(3) three alike and two others alike, 

(4) three alike and two different, 

(5) two alike, two others alike, and one different, 

(6) two alike land three different. 

Now by the application of Rules II., VII., IX., as in the 
preceding questions, it will be easily seen that 

the selection (1) can be made in one way, and leads to 
one arraingement : 

the selection (2) can be made in six ways, and leads 
to 6 X 5 or 30 arrangements : 

the selection (3) can be made in twelve ways, and leads 
to 12 X 10 or 120 aiTangements : 

the selection (4) can be made in twelve ways, and leads 
to 12 X 20 or 240 arrangements : 

the selection (5) can be made in twelve ways, and leads 
to 12 X 30 or 360 arrangements : 

the selection (6) can be made in four ways, and leads 
to 4 X 60 or 240 arrangements. 

Hence the whole number of different arrangements is 
1 + 30 + 120 + 240 + 360 + 240, or 991. 

RULE XI. 

Out of 12 things, the number of arrangements of 5 
things when repetitions are allowed, is the continued product 
o/"12 written down 5 times = 12 x 12 x 12 x 12 x 12, and so 
for any other nwmhers. 

For in making an arrangement of 5 things, we have 
the choice of 12 things to place first : and when the first 
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place is filled we have still the choice of 12 things for the 
second place (since we are at liberty to repeat in the second 
place the same thing which we assigned to the first place). 
And when these two places are filled we have still the choice 
of 12 things for the third place, and so on. Therefore 
by Eule II. our whole choice is 12 x 12 x 12 x 12 x 12. 
Q. E. D. 

Question 76. In how many ways could a four-lettered 
word be made of an alphabet of 20 letters, repetitions being 
allowed ? 

Answer. 20 x 20 x 20 x 20 = 160000. 

Question 77. How many five-lettered words could be 
made of the five vowels, repetitions allowed ? 
Answer. 5x5x. 5x5x5 = 3125. 

Question 78. With 10 figures, how many numbers can 
be made consisting of not more than 6 figures 1 

Answer. We may suppose all the required numbers 
to be written with six figures, because if we have less than 
six we may insert cyphers at the beginning. Thus 473 
may be written 000473. Hence every possible arrange- 
ment of 6 figures out of the ten will give the required set 
of numbers, except OOOOOO, which must be struck out. The 
number of numbers is therefore 

10 X 10 X 10 X 10 X 10 X 10- 1 =999999. 



RULE XII. 

The whole number of ways in which a person can select 
some or all (as many as he pleases) of a given number of 
things, is one less than the continued product of 2 repeated the 
given number of times. 
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For since he is at liberty to take none or all or as 
many as he pleases of the different things, he can dis- 
pose of each thing in two ways, for he can either take it 
or leave it. Now suppose there are five things, then he can 
act altogether in 

2x2x2x2x2 

different ways. But if he is not to reject all the things, 
the number of courses open to him will be one less than 
this, or 

2x2x2x2x2-1. 

And the same reasoning would apply if the number of things 
were any other number instead of five. Hence, the rule will 
be true always. 

Question 79. One of the stalls in a bazaar contains 
twenty-seven articles exposed for sale. What choice has 
a purchaser ? 

Answer. He may buy either one thing or more, and 
there are twenty-seven things : therefore (by Kule X.), the 
number of courses open to him is one less than the continued 
product of twenty-seven Iavos, or 134217727. 

Question 80. What is the greatest number of different 
amounts that can be made up by selection from five given 
weights ? 

Answ^. By Kule XII., 2x2x2x2x2-1 or 31. 

The different selections will not always produce different 
sums. Hence, we cannot always make thirty-one different 
sums. But under favourable circumstances, as, for instance, 
when the weights are 1 lb., 2 lbs., 4 lbs., 8 lbs., 16 lbs., all the 
different selections will produce different sums, and then the 
number of different sums is thirty-one. Hence, thirty-one 
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is the greatest number of different weights that can be made 
by a selection from five given weights. 

In the case of the five weights, 1 lb., 2 lbs., 4 lbs., 8 lbs., 
16 lbs., the thirty-one different amounts that can be weighed 
consist of every integral number of pounds from one to 
thirty-one. 

Thus, with single weights, we can weigh the follow- 
ing numbers of pounds, viz., 1, 2, 4, 8, 16; and then we 
have 

7 = 1+2+ 4, 15 = 1 + 2 + 4+ 8, 

11 = 1 + 2+ 8, 23 = 1 + 2 + 4 + 16, 

13 = 1+4+ 8, 27 = 1 + 2 + 8 + 16, 

14 = 2 + 4+ 8, 29 = 1 + 4 + 8 + 16, 
19 = 1 + 2 + 16, 30 = 2 + 4 + 8 + 16, 

21 = 1 + 4 + 16, 

22 = 2 + 4 + 16, 31 = 1 + 2 + 4 + 8 + 16. 

25 = 1 + 8 + 16, 

26 = 2+8 + 16, 
28 = 4 + 8 + 16, 

It may be observed that, if we had a 32 lbs. weight, 
by adding it to each of the sets already obtained, we 
should get all the numbers from 33 to 63 inclusive ; hence 
all the weights 

lib. 2 lbs. 4 lbs. 8 lbs. 16 lbs. 32 lbs. 
would enable us to weigh any number of pounds from 1 
to 63. 

Then the addition of a 64 lbs. weight would enable us 
to weigh any number up to 127, and so on. 

Question 81. What is the greatest number of different 
amounts that can be weighed with five weights, when each 
weight may be put into either scale ? 

ATiswer. This is not a direct example of our rule, but it 



3: 


= 1+2, 


5: 


= 1+4, 


6: 


= 2+4, 


9: 


= 1+8, 


10 = 


= 2+8, 


12 = 


= 4+ 8, 


17 = 


= 1 + 16, 


18 = 


= 2 + 16, 


20 = 


= 4 + 16, 


24 = 


= 8 + 16, 
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may be solved on a like principle to that by which the rule 
itself was established. 

Each weight can be disposed of in three ways, that 
is, it can be placed either in the weight-pan, or in the 
pan with the substance to be weighed, or it can be left 
out altogether. Hence, all the weights can be disposed in 
3x3x3x3x3, or 243 ways (Eule II.). But ' one of 
these ways would consist in rejecting all the weights ; this 
must be cast out, and then there remain 242 ways. But 
in the most favourable case, half of these ways would con- 
sist in placing a less weight in the weight-pan than in the 
other, and these must be cast out. Hence there remain 
121 different amounts that can be weighed under the 
most favourable circumstances with five weights, when it 
is permitted to place weights in the pan with the substance 
to be weighed. 

The weights 1 lb., 3 lbs., 9 lbs., 27 lbs., 81 lbs., will afford an 
instance of the most favourable case. In this instance, the 
121 amounts that can be weighed consist of every integral 
number of pounds from 1 to 121. Thus — 

15 = 27 - 9 - 3, 

16 = 27-9-34-1, 

17 = 27 - 9 - 1, 

18 = 27 - 9, 

19 = 27.- 9 -hi, 

20 = 27 - 9 + 3 - 1, 

21 = 27 - 9 -f 3, 

22 = 27 - 9 -f 3 -h 1, 

23 = 27 - 3 - 1, 

24 = 27 - 3, 
14 = 27 - 9 - 3 - 1, &c. 



2 = 


3-1, 


4 = 


3-H, 


5 = 


9-3-1, 


6 = 


9-3, 


7 = 


9-3+1, 


8 = 


9-1, 


10 = 


9-f-l, 


11 = 


9 + 3-1, 


12 = 


9 + 3, 


13 = 


9 + 3 + 1, 
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RULE XIII. 

The whole wumber of ways in which a person can 
select some or all (as many as he pleases) out of a number 
of things which are not all different, is one less than the 
continued product of the series of numbers formed by in- 
creasing by unity the several numbers of things of the several 
sorts. 

Thus, suppose we have the letters — 
a, a, a, a, a, 
b, b, b, 

Cj C; C, C) 

d, 
e, 

viz., five of one sort, three of another, four of a third sort, 
one of a fourth sort, and one of a fifth. 

The numbers of letters in the several classes are 5, 3, 4, 
1, 1, and these, severally increased by unity, give the new 
series of numbers 6, 4, 5, 2, 2. The rule states that the 
whole number of ways in which a person may take some 
or all (as many as he pleases) of the given letters, is 

6x4x5x2x2-1, or 479. 

The reason of the rule will be seen from the following 
considerations. Suppose the person were at liberty to take 
none, or all, or as many as he pleased of the letters. He 
could then dispose of the five a, a, a, a, a in six different 
ways, for he might take 5 or 4 or 3 or 2 or 1 or none 
of them. So he could dispose of the three b, b, b in four 
ways, for be might take 3 or 2 or 1 or none of them. Simi- 
larly he could dispose of the c, c, c, c in five ways, and of the 
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d in tmjo ways, and of the e in two ways. Hence he might 
act altogether, in 

6x4x5x2x2 

different ways (Rule II.). But if he is not to reject all the 
things, the number of courses open to him will be one less 
than this, or 

6x4x5x2x2-1. 

And the same reasoning would apply to any other case. 
Hence we may accept the rule as true always. 

(Question 82. In how many ways can two booksellers 
divide between them 200 copies of one book, 250 of another, 
150 of a third, and 100 of a fourth ? 

Answer. Either man can take any number of books, 
but not either none or all. Therefore, the number of ways 
is one less than that given by the rule : i.e., the division can 
be made in 

201 X 251 X 151 X 101 - 2 

different ways ; or in 

769428201 - 2, or 769428199 
different ways. 

The student who is unfamiliar with algebraical processes 
may omit the next four chapters. K he has thoroughly 
mastered the present chapter, he will have no difficulty 
in proceeding at once with the theory of Chance which is 
treated arithmetically in Chapter VI. 



CHAPTER II. 

THE THEORY OF PEEMUTATIONS AND COMBINATIONS 
TEEATED ALGEBEAICALLT. 

We shall now exhibit with the advantage of algebraical 
notation the principles which we established by purely arith- 
metical methods in the previous chapter. The "Propositions" 
of Chapter II. correspond seriatim to the "Rules" of 
Chapter I. 

PROPOSITION I. 

If one operation can be performed in m ways, and (when 
it has been performed in any way) a second operation can 
then be performed in n ways, there will be mn ways of per- 
forming the two operations. 

For if we confine our attention to the case in which the 
former operation is performed in its first vra,j, we can 
associate with this way any of the n ways of performing the 
latter operation : and thus we shall have n ways of perform- 
ing the two operations, without recognising more than the 
first way of performing the former one. 

Then, if we consider the second way of performing the 
former operation, we can associate with this way any of 
the n ways of performing the latter operation : and thus we 
shall have n ways of performing the two operations, using 
only the second way of performing the former one. 
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And so, corresponding to each of the m ways of perform- 
ing the former operation, we shall have n ways of perfonn- 
ing the two operations. 

Hence, altogether we shall have m times n, or mn ways 
of performing the two operations. Q. E. D. 



PKOPOSITION II. 

If one operation can be performed in m ways, and then 
a second cam, be performed in n ways, and then a third 
in r ways, and then a fourth in s ways (and so on), the 
Kwmber of ways of performing all the operations will be 
m X nx r X sx &c. 

For by Prop. I., the first and second can be performed in 
mn ways. 

Then if we treat these two as forming one complete 
operation, and associate with it the third operation (which 
can be performed in r ways), it follows again from Prop. I., 
that both these can be performed in mn x r different ways. 
That is, the first, second, and third of the original operations 
can be performed in mnr ways. 

Again, if we treat these three as forming one complete 
operation, and associate with it the fourth operation (which 
can be performed in s ways), it follows again from Prop. I. 
that both these can be performed in mnr x s different ways. 
That is, the first, second, third, and fourth operations can be 
performed in mnrs ways, and so on. Q. E. D. 

CoROLLiBT. If there be x operation^ which can be 
performed successively in m ways each, then all can be per- 
formed in m'' ways. 

This follows from the proposition, by considering the 
particular case in which m, n, r, s, &c. are all equal. 
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Examples. If there are p candidates for the office of 
president, s candidates for that of secretary, and t candidates 
for that of treasurer, the election of the three officers can be 
made in pst different ways. 

If a telegraph has m arms, and each arm is capable of n 
different positions, including the position of rest, the number 
of signals that can be made is m"* — 1. 

If there be x things to be given to n persons, n" will 
represent the whole number of different ways in which they 
may be given. 

PROPOSITION III. 

The nvmiber of different orders in which n different things 
can he arranged is 

m (w - 1) (w - 2) 3.2.1. 

For, having to arrange the n things, we may arrive at any 
possible arrangement, by taking them one by one, and placing 
them in the n places in order. 

The first place may be filled up by any of the n things : 
that is, it may be filled up in n different ways. 

Then the second place may be filled up by any of the 
n — 1 things that are left : that is, it may be filled up in ra — 1 
different ways. 

Then the third place may be fiUed up by any of the 
n — 2 things that are now left : that is, it may be fiUed up in 
n — 2 different ways. 

Similarly the fourth place may be filled up in n. — 3 ways, 
the fifth inn— 4! ways, and so on ; and ultimately the last 
place may be filled up in only one way. 

Hence (Prop. II.) the whole number of ways of filling up 
all the places, or making the whole arrangement, is the con- 
tinued product of all these numbers, or 

n{n-l){n-2) 3.2.1. 
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Corollary. If n given things have to be devoted to n 
given objects, one to each, the distribution can bejnade in \n 

ways. 

Examples. The number of ways in which n persons can 
stand in a row is Ira. The number of ways in which they 
can form a ring is \n — 1. (See page 21.) 

The number of ways in which m ladies and m gentlemen 
can form a ring, no two ladies being, together, is Im . |m — 1, 
or {Iml^-^-m. 

PROPOSITION IV. 

Out of n dif event things, the number of ways in which an 
arrangement of r things can be made is 

n (n — 1) (w — 2) to r factors, 

or n{n — l)(n — 2) (n — r+l). 

For we have to fill up r different places in order with 
some of the n given things. As in the last proposition, the 
first place can be filled up in n ways, the second in «-l 
ways, the third in n — 2 ways ; and so on for all the r places. 
Hence the whole number of ways of filling up all the r 
places, or making the required arrangement, is 

w (w — 1) (n — 2) to r factors. 

Or, observing that the 
1st factor is n, 
2nd „ n — 1, 
3rd „ n-2, 
&c. &c. 

rth „ n — (r — l) or n — r+1, 
we may write the result, — 

n{n-l)(n-2).,....(n-r+ 1). 
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Example. The number of times a company of mn men 
can form a rectangular column, having m men in front, so as 
to present a different front each time, is 

mn{mn — V)(mn— 2) (mw — m+ 1). 

PROPOSITION V. 

The nv/mher of ways in which x + y things can he divided 
into two classes, so that one may contain x and the other y 
things, is 



For suppose N represents the number of ways in which 
the division could be made ; then the things in the first class 
can be arranged in l« different orders (Prop. III.), and the 
things in the second class in \y different orders, and there- 
fore the whole set oi x + y things can be arranged in x places 
of one class, and y places of another class, in. N Ax Ay differ- 
•ent ways (Prop. II.). But this must be the same as the 
number of ways in which the whole set oi x + y things can 
be arranged into any x + y different places, which, by Prop. 
III., is \x + y. Hence we have the equation 
]!f.\x.\y = \ x + y , 

or -^ = T=r- 

If |y 

That is, the number of ways in which the required division 

■can be made is 

|a: + y 

If |y ' 

■which was to be proved. 
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PROPOSITION VI. 

The number of ways in which x + y + z things can be 
divided into three classes, so that they may contain x, y, and z 
things severally, is 

\x + y + z 

\x \y_\z_ 

For, by Prop. V., the x + y + z things can be divided 
into two classes, containing x and y + z things in 

\x-\-y + z 

\«>\ y + z 

vidiys ; and then the class oi y+z things can be subdivided 
into two classes, containing y and z things in 

Therefore the three classes of x, y, z things can be made in 

\x + y + z \y + z \x + y + z 

^^^^^=^ X , or '■ 

|« \y + z \y \z_ \x \y \z 

ways (Prop. I.), which was to be proved. 

Corollary. We might similarly extend the reasoning 
if there were any more classes. Thus, the numier of ways 
in which v + w + x+y + z things can be divided into Jive 
classes, containing respectively v, w, x, y, z things, is 
Iv + w + x + y + z 



\v \w \x \y \z 

Example. The number of ways in which mn things can 
be equally divided among n persons, is 

\mn ■¥ (Im)". 
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PROPOSITION VII. 

The number of different orders in which n things can he 
arranged, whereof p are all alike {of one sort), q all alike 
{of another sort), r all alike {of another sort) ; and the rest 
all different, is 

|p|£[r' 

For the operation of making this arrangement may be 
resolved into the several operations following : — 

(1) to divide the n places which have to be filled up 
into sets of p places, q places, r places, and n—p — q—r 
places respectively : 

(2) to place the p things all alike in the set of p 
places, the q things all alike in the set of q places, the r 
things all alike in the set of r places : 

(3) to arrange the remaining n—p — q — r things 
which are all different in the remaining set of n—p — q — r 
places. 

Now the operation (1) can be performed, by Prop. VI., 



|F \q\^^n—p — q—r 

different ways : the operation (2) can be performed in only 
one way: the operation (3), by Prop. III., in in—p — q — r 
ways. 

Hence, (Prop. II.) the whole operation can be performed 

in 

1m [w 
— X \n —p — q — r, or 

\p \q\r\n- p — q — r [p |9 I*" 

different ways. Q. e. d. 

w. 5 
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Corollary. The same argument would apply if the 
number of sets of things alike were any other than three. 
Thus, for instance, the number of orders in which n things 
can he arramged, whereof p are alike, q others alike, r others 
alike, s others alike, and t others alike, is 



\p \q\r [£ |«_ 

Example. If there be m copies of each of n dififerent 
volu'meSj the number of different orders in which they can be 
arranged on one shelf is 

\mn 



(^r 



PROPOSITION VIII. 



Out of n different things, the number of different ways 
in which a selection of r things can he made, is the same as 
the number of different ways in which a selection of n — r 
things cam, be made, and is 



\r \n — r 



For either operation simply requires the n things to be 
divided into two sets of r and n — r things respectively, 
whereof one set is to be taken and the other left. 

Therefore (by the last proposition) whichever set be re- 
jected, the operation can be performed in 



\r In — r 
different ways. 
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t 

The expression may be written 

\r\n — r 



n( n-l){n-2) 3.2.1 

\r.(n-r){n-r-l)...B.2.1 

or, dividing the numerator and denominator of the fraction 
by all the successive integers from 1 to n — r, 

n(n-l)(n-2) ... (to - r + 1) 



This result might have been obtained quite independently, 
as foUows : 



PROPOSITION VIII (bis). 

To shew that the number of ways of selecting r things out 
of n is 

n{n—l){n — 2)...{n-r + 1) 



Let X represent the number of ways of making a selec- 
tion of r things out of n things. The r things thus selected 
might be arranged (Prop. III.) in |r different orders. There- 
fore (Prop. I.) a; X Ir is the number of ways in which r things 
can be selected out of n things, and arranged in order. But 
by Prop. IV. this can be done in n(n — l)(n — 2)...{n — r + l) 
different ways. Therefore we have the equation 

a: X h- = n(n — V)(n — 2)...(n — r + l), 

which gives us 

_ n{n-l){n-2) ... (n-r + 1) 

^ \ * 

\r 

the required expression. 
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Examples. The number of ways in which a committee 
of p reformers and q radicals can be selected out oi m+p 
reformers and n + q radicals, is 



m \p \n \q 

If there be w — 1 sets containing 2m, 3m, 4m, . . . (w — 1) m 
things respectively, the number of ways in which a selection 
can be made, consisting of m things out of each set, is 

|2m 1 3m |4m Wnn \mn 



\m \m |2m Im |3m Im |(n — l)m|m (|?w)" 



PROPOSITION IX. 

The number of ways of selecting r things out of n when 
repetiticyas are allowed is the same as the number of ways 
of selecting r things out ofn + r — 1 without repetitions. 

By adding all the ,n things to each selection of r out of n, 
we shaU get a selection of r* + m things subject to the con- 
dition that each thing appears at least once in every selection. 

Hence the number of ways required is the same as the 
number of ways of selecting n+r things subject to this con- 
dition. 

To make a selection oi n + r things subject to this con- 
dition we may take n + r blank places. Put the things into 
any defined order, and fill up one or more of the first places 
with the first thing; then one or more of the next places 
with the next thing, and so on. In passing from one place 
to the next we shall always either repeat the thing we last 
assigned or cha'rige to the next. Altogether in going from 
one end of the row to the other we make n + r — \ steps, of 
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which n—1 must be changes, and r must be repetitions. 
Our only choice is to select r out of the n + r — 1 steps for 
our r repetitions. Therefore the choice required is the choice 
of r things out of w + r — 1. Q. E. D. 

Note. The number of ways may be written thus : 

l^ + ^-l _^ w(« + l)(w + 2)...(w + r--l) 
\n-l\r 1.2.3...r 

Examples. The number of dominoes in a set which 
goes from double blank to double n will be 

(w + l)(w + 2) 

2 ■ ■ 

The number of homogeneous products of r dimensions 
that can be made out of n letters is 

n{n+l)(n + 2) ... {n + r - 1) -i- \r. 

Corollary. The number of combinations of r things 
out of n when repetitions are permitted and r>n, subject to 
the condition that all the n things appear in each combination, 
is the same as the number of ways of selecting r— n things 
out of r — 1 things without repetitions. 

Notation. 

We shall use the symbol P" to denote the number of 
permutations of n things taken r at a time, i.e., the number 
of ways in which an arrangement of r things can be made 
out of n things, as in Prop. IV. 

We shall use the symbol G" to denote the number of 
combinations of n things taken r at a time, i.e., the number 
of ways of selecting r things out of n things, as in Prop. VIII. 

And we shall use the symbol B^ to denote the number of 
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ways of selecting r things out of n when repetitions are 
allowed as in Prop. IX. 
Remember that 

p» = re(«-l) (?i-2)... {n-r + i), 
_ n{n-l)(n-2)...{ji-r + 1) 
\.'2,.Z...r 
P„_ w(w + 1) (w + 2) ...(w + r-1) 
^'~ 1.2.3...r- 

Also r: = G",'-'-\ 

\n 

And c: = c:_=- 



\r \n — r 

It is convenient to consider that the full symbol for the 
number of combinations oi x + y things taken x together or 
y together, or for the number of ways of dividing x + y 
things into a set of x and a set of y things is G'*^. But as 
the affix in this symbol is always the sum of the two suffixes, 
it is only necessary to write two of the three. Thus we may 
write indiflferently 

Cr, C'l^", or G^„ 
and again 

a:, o» , or a „ ,. 

vJ n—T T, n — T 

It is convenient to notice that 





C'to+I. „-1 ^ 


+ 1 


Cm; nJ 




and, therefore, 










G G 

TO' n ^TO+1' n-i 


m — n+1 

TO+1 


c„,, 


_ TO - 71 + 1 

' TO+n+l "'+'' 


and, as a particular 


case, 










- 1 r 

-' n + l " 


1' m ~ 


20„,„ 


2^«+l' n+r 


Also that 


^n' »-l = 


iO^: 


> n" 
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PEOPOSITION X. 

Out of n different things, when each may he repeated as 
often as we please, the number of ways in which an arrange- 
ment of r things can be made is rJ. 

For the first place can be filled up in n ways, and when 
it is filled up the second place can also be filled up in n ways 
(since we are not now precluded from repeating the selection 
already made) ; and so the third can be filled up in n ways, 
and so on, for all the r places. 

Hence (Prop. II., Cor.) all the r places can be filled up, 
or the whole arrangement can be made, in w' different ways. 
Q. E. D. 

PROPOSITION XI. 

The whole number of ways in which a selection can he 
made out of n different things is 2" — 1. 

For each thing can be either taken or left ; that is, it 
can be disposed of in two ways. Therefore (Prop. II., Cor.) 
all the things can be disposed of in 2" ways. This, however, 
includes the case in which all the things are rejected, which 
is inadmissible ; therefore the whole number of admissible 
ways is 2" — 1. Q. E. D. 

CoEOLLAKT. Since the total number of selections must 
be made up of the combinations taken one at a time, two 
together, three together, &c. and n together, we must have 

0^+C?+CS+... + C^ = 2»-l, 
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PKOPOSITION XII. 

The whole number of ways in which a selection can be 
made out of p + q + r + <Ssc., things, whereof p are all alike 
(of one sort), q all alike (of another sort), r all alike {of ano- 
ther sort), tfcc, is 

(p + l)(g + l)(r + l)...&c.-l. 

For, of the set of p things all alike, we may take either 
or 1 or 2 or 3 or &c. or p, and reject all the rest ; that is, 
the p things can be disposed of in jp + 1 ways. Similarly, 
the q things can be disposed of in g' + 1 ways, the r things 
in r + 1 ways, and so on. Hence (Prop. II.) all the things 
can be disposed of in (p-\-\){q + \){r +\)...yr&ys. This, 
however, includes the case in which all the things are re- 
jected, which is inadmissible ; therefore the whole number 
of admissible ways is 

(^ + l)(g + l)(r- + l)...&c.-l. 
Q. E. D. 

Examples. If there be m sorts of things and n things of 
each sort, the number of ways in which a selection can be 
made from them is {n + 1)"" — 1. 

If there be m sorts of things, and one thing of the first 
sort, two of the second, three of the third, and so on, the 
number of ways in which a selection can be made from them 
is Im + 1 — 1. 

PROPOSITION XIII. 

To prove that if x and y be positive integers 
3!"+ C^a;"-'2/ + C^a;"-Y+ ■•■+ C>'-'-/+ ...+/=(« + y)". 

Suppose we have n things to give to x men and y women 
without any restriction as to the number given to each. 
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Since there are « + y persons, we may give the things in 
{oB + yf ways. 

But we may classify these ways according to the number 
of things given to men and women respectively. If we give 
n — r things to men and r things to women, we may select 
the r things for the women in 0^ ways, and then assign the 
remaining n — r things to the men, and the selected r to the 
women, in af^'y" ways. Thus we get O^x"'" y" different dis- 
positions of the things. And r may have all values from 
to n. 

Giving r all these values in succession we get « + 1 sets 
of ways of disposing of the things, which together must be 
the total number of ways (x + ^)" which we obtained at 
first. Thus we have 
a;" + Glx'-'^y + Glap-^f + ... + G^.aP-^if + ... + j/" = (a; + y)". 

Corollary. The proposition must also be true when 
X and y are not positive integers. For the result of the 
continued multiplication of a; + y by itself must be the same 
in form whatever x and y may represent. Therefore always, 
if m be a positive integer, 

(^ + 2/)" = ^" + f ^-'y + '^^^«'""2/' + • • ■ 

This formula for the expansion of (x + y)" is called the 
Binomial Theorem. 

PROPOSITION XIV. 

If there he N sets of lettei~s^, and if out of r assigned 
letters a, j8, 7 ... each letter such as a. occur in N^ sets; each 

1 It should be observed that the sets may be parcels or groups, selections 
or arrangements, with or without repetitions, and they will not neceesarily 
all contain the same number of letters. 
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combination of two letters {such as a, /3) in N^ sets; each com- 
bination of three letters (such as a, /3, j) occur in N^ sets; a/nd- 
so on; and finally all the r letters occur in N^ sets, then the 
number of sets free from all the letters will be 

the coefficients following the law of the Binomial Theorem. 

The number of sets free from a is N — N^ 

Among these, jS is found in If^ — N^ 

.'. (by Subtraction) the number of sets 

free from a or /3 is N—^N^ + N^ 

Among these, 7 is found in N^ — 2N.^ + N^ 

(for, if we had introduced from the be- 
ginning the condition that 7 be present 
we should have had throughout N^, N^, 
iVj for N, N^, N^, respectively.) 

.". (by Subtraction) the number of sets 

free from a, /3, or 7 is N -^N^-\-ZN^- N^ 

Among these S is found in N,-^N^ + ^N^- N^ 

(for if we had introduced from the be- 
ginning the condition that S be always 
present we should have had N^, N^, N^ 
... for N, N^, N^... respectively.) 
.'. (by Subtraction) the number of sets 
free from a, /8, 7 or S, is iV-4iV, -1- QN^-'^N^ + N^ 

And so on. 

Now we may observe that the successive operations per- 
formed at the right-hand side of the page are identical with 
the operation of constantly multiplying by 1 — i\r except that 
we have N,N^, N^ N^... in place of 1, N, N'\ N\.. respec- 
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tively. Therefore the coefficients must be the same as in 
the involution of 1 — N, i.e. they must follow the law of the 
Binomial Theorom. 

Therefore we have (after r operations), the number of 
sets free from any of the r letters, viz.: 

,_ r T,r r(r — 1) „ r(r — 1) (r — 2) ,^ „ ,^ 

-^~ 1 -^^ + 1.2 ^'~ 1.2.3 -^s + &c. ...±N^. 

Q. E. D. 

Corollary I. If all the sets must contain some of the 
letters the expression just found must be zero, and therefore 
we find -N in terms of N^, N^, N^, &c. ; thus 

,-. r ,-r r(r— 1) ,^ r (r — 1) (r- — 2) ,^ „ _ „ 

■^^T-^'" T72"^^-^''+ 1.2.3 ^s- &<>■■■■ +K- 

Corollary II. Suppose the N sets of letters are the 
combinations of m letters taken w at a time. The number 
free from any of r assigned letters will be (7""''. And we 
have 

N = C™ N^ = GZ:l, N, = GZll and so on. 

Therefore 

O™-' =GZ-Gl (7™V + Gl (7™t - &c. + GZ:;. 
In the particular case when w = m — r we get 
1 = 6^r - CT'' Gl + CT'' Gl - &c. to (r + 1) terms. 

CoEOLLARY III. Our reasoning being perfectly general 
we may enunciate our proposition more generally as follows. 

If there he N events w operations and if {out of r possible 
conditions a, /8, 7,...) every one condition {such as a) be ful- 
filled in iVj of the events ; and enery combination of two simul- 
taneous conditions {such as a, /8) be fulfilled in N^ of the 
events ; and every combination of three simultaneous conditions 
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(such as a, y8, 7; he fulfilled in JV, of the events ; and so on ; 
and finally all the r conditions he simultaneously fulfilled 
im N^of the events ; then the number of events free from all 
these conditions is 

N-tN^ + '-^^. - - (7\)(7^) i^, + &c.... ± if,. 

Example. A symmetrical function of a, h, c, d has one 
term without any of these letters; a is found. in 9 terms, 
ah in 5 terms, ahc in 3 terms, and abed in 2 terms. How 
many terms are there altogether ? 

Here we have JV; = 9,N^ = 5, N^ =3,^^= 2, and 

1 = if - 4if, + 6if,- 4if, + if^ 

or l=Jf-36 + 30-12 + 2; 

.■.N=17. 

N.B. The seventeen terms may be such as 

l + a^+h^ + c^ + d'' + hcd + acd + ahd+ ahc + ahcd + a^¥ 

+ <?d^ + aV + ¥d^ + aW.+ 6V + a'Vc^d?. 



EXCURSUS 

ON CERTAIN SERIES. 

1. The theory of Choice may often be applied to obtain 
the sum of Algebraical Series. Examples of such summation 
have already been given in Prop. XI., Cor., Prop. XIII., Cor., 
Prop. XIV., Cor. ii. In the present Excursus we give some 
further examples. 

2. Consider the selection of r letters out of m letters. 
Let the m letters be a, /8, y, /*. 

The number of selections must be the sum of those con- 
taining a and those not containing a. Therefore 

Again the number of selections may be classified as 

(1) those containing a, /8, 

(2) those containing one of the letters a, j8, 

(3) those free from a, /8. 
Therefore 

Or = CT-"/ + 2 cr_? + 0^-". 

Again we may classify them as those containing 

(1) all the three letters a, ,8, 7, 

(2) two of the letters a, /3, 7, 

(3) one of the letters a, /8, 7, 

(4) none of the letters a, /8, 7. 
Therefore 

Q^ = or_f + 3 a™-/ + 3 G^:^ + c;*-'. 

And so on. Hence generally {m>r>n) 

or = GT-: + Gi G^::^, + gi or„%, + &c. 

to (w + 1) terms, the last term being (7™"". 
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3. Again the selections of r letters out of m may be 
obtained by taking 

(1) those which contain a, 

(2) all of the rest which contain /3, 

(3) all of the rest which contain 7, and so on until 
only r — 1 letters remain. 

Hence 

(7r = O'^ll + 0:^1' + G'^-.l + tom-r+l terms, 

the last term being O^lJ or unity. 

Writing n ior m — r and reversing the series, we get 

1 + Gi, + c;Ji + 0:-^, + ... + G:;:^-' = c:^ 

or, (which is the same thing) 

i + g;-\- C'r-' + cr' + ...+0;+^-'=C'r. 

4. When repetitions are allowed (Prop. IX.) the selections 
of r letters out of m letters may be classified according as a is 
used 0, 1, 2, 3... or r times. Hence 

J?™ = ^-^ + ^_-i + E™-/ +. ..+ B^-' + 1, 

or 0^-^= cr^-=+o:!+'-'' + (7::^-*+...+ cr' + i. 

Writing w + 2 for m, and reversing the series, 

1 + or' + g;^ + Gf +. . .+ a:r^ = CT^\ 

the same result as in Art. 3, with w + 1 for r, and r for n. 

5. By Art. 3 or 4 we have 

1 + G^^+ 01^^+0;^+. ..ton terms = G'„% 
or 1 + ar' + G;-^ + Cr' +. . .to n terms = C,f • 

Multiplying throughout by Ir we get 

P:: + P^' + P:""' +• ■ -to M terms = ^^ . 

r + I 
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Giving r the values 1, 2, 3... in succession, we get the 
following series each summed to n terms, 
1+2 + 3+.. . =in(n+l), 

1.2 + 2. 3 + 3.4+... =Jw(w+l)(« + 2), 

1.2. 3 +2. 3. 4 +3. 4.5+... =in(n + 1) (n+ 2) (w + 3). 

6. Suppose we have to choose n persons out of n men 
and n women. The number of selections is 0^. 

We may classify these selections according to the number 
of men in each, observing that the number containing r men 
and n — r women is C" . C"_ or (C")^ 

Thus we find 

{.Off + {CXf^■{Gtf +...+ ((?:)= = (7^- 

7. In the last article, if there had been x men and y 
women, x and y being each greater than n, we should have 
found 

Gl + GU G{ + OU Gl+...+ Gl= GT- 

8. The symbol S placed before a function of a variable 
{x suppose) will denote the sum of the different values 
which the function takes, when x has successive integral 
values between stated limits. The limiting values of x are 
generally marked above and below the S. 

Thus the results of the foregoing articles may be concisely 
written 

t-{GT-']=G^. 

Vn-1 f p»'+*l -*- -pr-\^ 

—0 I »• J ~ ^ + 1 • -^'■+1' 
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9. To shew that 

lm + n— I 

m— 1 n—1 



By Prop. IX. the number of combinations of n things out 
of TO, repetitions being allowed, is G'^'\ We may classify 
these according as 1, 2, 3... or w of the to things be used. 

If « things be used, they can be selected in C" ways; and 
a combination of n things (using all the x things) can be made 
in Cl:l ways (Prop. IX. Cor.)'.. 

Therefore the whole number of combinations using exactly 
aJthingsisOrO^i 

Giving a; all values from 1 to w we shall get all the com- 
binations. Therefore 

But G:-l = -Gl., = -G:. 

Hence 

|m + w — 1 
%l{xG':Gl]=nGT""' = 



Ito — 1 |?i — 1 ' 
or 

TO w to(to — 1) n{n — l) 

T'l"'' iT2 • 1.2 



„ TO (to -1) (to -2] n (n - \) {n - 2) . 
+ ^ 17273 ■ 17273 +*'■ 



to n terms if w < to | |to + w — 1 
to m terms if to < w 



^ I |to + w — 1 
■ i Ito - 1 Iw — 1 



10. If there be in a bag to black balls and n white balls 
they can be drawn out, one by one, in (7"'^ orders. 

Let us classify these orders according to the number of 
white balls drawn before the A'" black ball. 
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If X white balls be drawn before the k^ black one the 
x + k—1 balls can be drawn in 0***"' orders and the subse- 
quent balls in G'^'"-' orders. 

And X may have any value from to n. Therefore 

V« {rlx+k-\ flm+n-k-x') _^ rim+n 

({x + k — llm + n — k — x^ \m + n 

or -S?j ' ' W=- 

\^\x\k—\\n — x\m — k) \m\n 

Therefore 

(W]x + h--l\m + n — k — x'\ {m + n) \m — k\k — \ 



^»{oi?}= 



~kGf- 



Writing pioxm + n—1 and g' for A; — 1, 



•^0 






n n{n — V) 
!_ 1 1.2 1 _j) + l 1 

11. In the last article, we had 
writing p for m + w — Z; we get 

or Cr; + f C-1 + ^^ Gl-.\ + ... + ar- = or*. 

12. In Prop. XIII. we proved the Binomial Theorem for 
a positive integral exponent. We must refer to Treatises on 
Algebra for the proof that it is true whatever the exponent 
be ; so that always 

w. 6 
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/I . \n -I w wCn — 1") „ n(n — l)(n — 2)^ „ 
{l + xy = l + ^x+ \2 ''+ 1.2.3 ^^ +'^c. 

the series stopping at the (m + l)th term when w is a positive' 
integer but going on ad infinitum when n is fractional or 
negative. 

The following are some important examples, which we 
shall have to refer to hereafter. > 

(1 -4«)-*= 1 + Glx + G^a? + Clx^ + &c. 
(1 - 4«;)* = 1 - 2x - 2CJ I' - 20^ ^ - 2C1 |V &c. 

13. Since the product of (1 — 4a;)* and- (1 — 4*)"* is 
unity, the coefficient of «"■" in the product of their expan- 
sions must be zero. Therefore 

c=;::^-2|(?+ic^.ic?+ jc^:-c^+ ... +^^ (p:| =0, 

__ 1 ron-w _ re»H-i 

2 n+l n ' 

14. From the expansion of (1 — 4a;)~*, squaring, we 
obtain 

(1 -4a;)-^= {1 + Glx+C!\x^+CP,x^+...]\ 

But by the Binomial Theorem 

(1 - 4a;)-'.= 1 + 4a; + (4a;)' + (4a;)' + . . . 

Equating the coefficients of a;" in these two expansions 
we get 

, C+C?C-r+C'^<r--.' + C|C^"4-'+... + C^ = 4'' = 2'» 

a result which we shall quote in Chapter V. 
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15. If we write y — y' for x in the expansion of (1 — 4a!)"* 
we obtain 

But by the Binomial Theorem 

(l-22/r = l + (2^) + (22/)^+(23,)'+ 

Equating the coefficients of y" we obtain 

■ c^ - cr^ c^:^ + Or' ct-t - &c. + or" ctT = 2-. 

The number of terms in the series being — ^ when 

it 

n is odd and — x— when n is even. 

16. Another series which we shall make use of in sub- 
sequent chapters is the expansion of e' where e denotes the 

limiting value to which 1 1 + - J tends when x is indefinitely 

increased. We must again refer to Treatises on Algebra for 
proofs that 

. , a;" a;' a;* „ 

|2 ^3 ^ 

and therefore (putting a; = 1) 

6 = 1 + 1 + -- + — + -+&. 

[2 ^ |4 

The numerical value of e calculated from this last series 
is 2-718281828. . . or approximately 617 -t- 227. 

Putting a; = — 1, we obtain 



11111. 

- = 1 + &c. 

e |2 [3 |4 |5 



6—2 
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17. If we expand (e* — 1)" by the Binomial Theorem we 
obtain 

{e - 1)" = e*" - Cf e'"-"* + CJe'"-''' - &c. 

If we expand each of the powers of e in the right-hand 
member and write down the coefficient of of in each ex- 
pansion we find that the coefficient of of in (f — 1)" is 

- In' - C^ (n - 1)' + C^ (re - 2)' - Q (n. - 3)' + &C.I , 

an expression which we shall meet with in Chapter III. 

18. The following table of expansions will facilitate the 
working of some of the exercises, 

{f-vf =^ + c^ + y^ + i 0^ + 3^„^« + ^ .,'+... 

(e'-l)' =.' +|.* -H I ^ + B ^e + ^^a? + ^^a? + ... 
(e'-lf ^x' +laf +^^' + 1^ + !«''' + §*"+•■• 

(e» _ 1)» = a;» -F 4*" -l- f a;'» + 12a;" + ^a>''+ ^^ a^'+ ... 
i^-iy =x^ +y+ |«,"+1|-V+ f ^"+ ^^ «,"+... 



X 



CHAPTER III. 



DISTRIBUTIONS. 



Most of the questions of Permutations and Combinations 
which we have considered have involved the division of a 
given series of things into two parts, one part to be chosen, 
and the other rejected. The theorem expressed arithmeti- 
cally in Rule VI. (page 27), and algebraically in Proposition 
VI. (page 64), is the only one in which we have contem- 
plated distribution into more than two classes. But as the 
number of things to be given to each class was in the terms 
of that theorem assigned, the problem was reduced to a case 
of successive selection, and was therefore classed with other 
questions of combinations. But when the number of ele- 
ments to be distributed to each several class is unassigned, 
and left to the exercise of a further choice, the character of 
the problem is very much altered, and the problem ranks 
among a large variety which we class together as problems 
of Distribution. 

Distribution is the separation of a series of elements into 
a series of classes. The great variety that exists among 
problems of distribution may be mostly traced to five prin- 
cipal elements of distinction, which it will be well to con- 
sider in detail before enunciating the propositions on which 
the solution of the problems will depend. 
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I. The things to be distributed may be different or indif- 
ferent. The number of ways of distributing five gifts among 
three recipients, will depend upon whether the gifts are 
all alike or various. If they are all alike (or, though unlike, 
yet indifferent as far as the purposes of the problem are 
concerned), the only questions will be (i) whether we shall 
divide them into sets of 2, 2, 1 or 3, 1, 1, and (ii) how we 
shall assign the three sets to the three individuals. If on 
the contrary the five gifts are essentially different, as a, b, 
c, d, e, then they may be divided into sets of 2, 2, 1 in 15 
ways, and into sets of 3, 1, 1 in 10 ways, and then we shall 
have to assign the three sets which are in this case all essen- 
tially different (because their component elements are so), to 
the three individuals. In the first case, the sets could be 
formed in 2 ways, and when formed in either way they could 
be assigned in 3 ways, thus giving a complete choice of 6 
distributions. In the second case, the sets could be formed 
in 25 ways, and when formed in any way they could be 
assigned in 6 ways, thus giving a complete choice of 150 
distributions. 

II. The classes into which the things are to be distributed 
may be themselves different or indifferent. We here use 
the adjectives different or indifferent to qualify the abstract 
classes regarded as ends or objects to which the articles are 
to .be devoted, without any reference to a posteriori differ- 
ences existing merely in differences of distribution into the 
classes. , 

Where five gifts were to be distributed to three reci- 
pients, the distinct personality of the three recipients made 
the classes characteristically different, quite apart from the 
consideration of the differences of the elements which com- 
posed them. But if we had only to wrap up five books in 
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three different parcels, and no difference of. destination were 
assigned to the parcels, we should speak of the parcels as 
indifferent. The problem would be simply to divide the five 
things into three sets, without assigning to the sets any 
particular order. The distribution could be made in 2 ways 
if the things themselves were indifferent, and in 25 ways if 
they were different. 

III. The order of the things in the classes may he differ- 
ent or indifferent, that is, the classes may contain permuta- 
tions or combinations. Of course this distinction can only 
arise when the things themselves are different, for we cannot 
recognise any order among indifferent elements. We shall 
avoid confusion by distinguishing arranged and unarranged 
classes respectively as groups and parcels. If three men are 
to divide a set of books amongst them, it is a case of divisioiji 
into parcels, for it does not matter in what order or arrange- 
ment any particular man gets his books. But if a series of 
flags are to be exhibited as a: signal on three masts, it is a 
case of division into groups, for every different arrangement 
of the same flags on any particular mast would constitute a 
different signal. 

IV. It may or may not be permissible to leave some of 
the possible classes empty. It will entirely depend upon the 
circumstances out of which the problem arises, whether it 
shall be necessary to place at least one element in every 
class, or whether some of them may be left vacant ; in fact, 
whether the number of classes named in the problem is 
named as a limit not to be transgressed, or as a condition 
to be exactly fulfilled. If we are to distribute five gifts to 
three recipients, it will probably be expected, and unless 
otherwise expressly stated it will be implied, that no one 
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goes away empty. But if it be asked how many signals can 
be displayed by the aid of five flags on a three-masted ship, 
it will be necessary to include the signals which could be 
given by placing all the flags on one mast, or on two masts. 

V. It may or may not he permissible to leave some of the 
distributable things undistributed. This will be illustrated 
by a comparison of the Propositions XV. and XVIII. below. 

The following table in which the cases considered in the 
present chapter are classified, will be useful as an index to 
the propositions. 



Nature of the distribution. 


Whether 
blank lots 

are 
allowed. 


Whether 
all the things 

must be 
distributed. 


PROP. 


Distribution 

of 

different ■ 

things 

into 


' different groups 
different „ 
indifferent „ 
different „ 
different „ 
indifferent „ 


Tes 
No 
No 
Yes 
No 
No 


Yes 
Yes 
Yes 
No 
No 
No 


XV. 
XVI. 
XVII. 

XVIII. 
XTX 
XX 


Distribution of different things 
into different parcels 


Yes 
No 


Yes 
Yes 


XXI. 

xxn. 


Distribution of different things 
into indifferent parcels 


No 
Yes 


Yes 
Yes 


xxni. 

XXTV. 


Distribution of indifferent things 
into different parcels 


No 

Yes 
the lots ) 
limited j 


Yes 
Yes 
Yes 

Yes 


XXV. 

XXVI. 

XXVII. 

XXVIII. 


Distribution of indifferent things 
into indifferent parcels 


No 


Yes 


XXIX. 
XXX. 
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PROPOSITION XV. 

The number of ways in which n different things can he 
arranged in r different groups {blank groups being admissihle) 
is 

r{r + l)(r + 2) ... {r + n-1). 

For we shall obtain the arrangements by taking the 
// different things and putting with them r — 1 indifferent 
points of partition, and arranging these n + r—1 things in 
all possible orders. Since i — 1 of them are alike the 
number of arrangements is by Prop. VII. 

\n + r—l -5- Ir* — 1, 
or r (r- + 1) (j- + 2) ... (r + « — 1). q.e.D. 

Example. The number of ways of arranging n flags 
on r masts when all the flags must be displayed, but all the 
masts need not be used, is 

r(r + l) (r + 2) ... {r + n—1). 



PROPOSITION XVI. 

The number of ways in which n different things can be 
arranged in r different groups (none being blank) is 

In In^—l 

\n GUI or ■ . 

\n — r\r — \ 



For we shall obtain the arrangements by (1) arrangiDg 
the n things in all possible orders, and (2) inserting r — 1 
points of partition in a selection of r — I out of the n — 1 in- 
tervals between them. 
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The arrangement (1) can be made in |m ways, and the 
selection (2) in Cl'_[ ways. Therefore our distribution can 
be made in 

]n GlZ\ or \n |« — 1 -=- |m - r | r — 1 

different ways. Q. E. D. 

Example. The number of ways in which n flags can be 
arranged on r masts so that every mast has at least one 
flag is 

\n \n — 1 -i- \n — r \r — 1. 



PROPOSITION XVII. 

The number of ways in which n different things can be 
arranged in r indifferent groups {none being blank) is 

\n \n In — 1 

■--cr.\ or '- ' — -. 

\r \n — r\r\i — 1 



. For it is plain that for any one distribution in this case 
we must have I n arrangements when the groups are not in- 
different. Hence we have only to divide the result of the 
last proposition by Ir; which gives the required expression. 



PROPOSITION XVIII. 

Out of n different things the total number of ways in which 
r different groups can be made {blank groups being admis- 
sible) is the coefficient ofx" in the expansion of 

]ne' 
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For if we use x things we may select them in C" ways, 
and then distribute them (by Prop. XV.) in 

r (r + 1) (r + 2) ... (r + a; — 1) ways. 

Tlius we get 

CZ.r{r+\) (r + 2) ...{r + x-\) 

distributions. And (including the case when all the groups 
are blank) x may have every value from to ji. Therefore 
the total number of distributions is 

1 ^ r ^ r{r+r) ^ r-(r + l)(r+2) ^ ^^ 

\rh |1 \n-l |2 |w-2 [3 |w - 3 



to 71+ 1 terms, which is the coeflScient of x" in the. product 
of the two series 

n n + — +— + — +&C. 
- I [1 [2 [3 

and l + ^. + ^(^ + ^) .'- + ^(^+^)(^+^) .'+&c., 

and these are respectively the expansions of \n ef and (1 — a;)"'. 
Hence the total number of distributions is the coefficient of 
x" in the expansion of 

[we' 

(rr<- 

Examples. This proposition will give the total nuinber 
of signals which can be made by displaying arrangements 
out of n flags upon r masts, when one is not required to use 
either all the masts or all the flags. Writing n = 12 and 
r = 8, we should have the number of ways in which a lady 
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with 12 rings could wear some or all of them on her 8 
fingers. 



PROPOSITION XIX. 

Out of n different things the total number of ways in which 
r different groups can be made (without blanks) is the coeffi- 
cient ofx"'' in the expansion of 

\n e" 



(1-^r 



For if we use x things, we may select them in In -=- 1« — a; \x 
ways, and then distribute them (by Prop. XVI.) in 

la; la; — 1 -H la; — r [r — 1 ways. 

\n |a;— 1 
Thus we get 



\n— X \x — r \r ■ 



distributions. And x may have every value from r to n in- 
clusive. Therefore the total number of distributions is 

I f 1 , r r(r + l) r(r + l)(r + 2) 

I— [ \n — r |1 \n — r — l \2 n — r—2 [3 \n — r — S 

+ &c. to n — r + 1 terms > , 

which (as in the last proposition) is the coefficient of a;""' in 
the expansion of 

Ine' 

L . Q. E. D. 

(1-xy 
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PROPOSITION XX. 

Out of n different things the total number of ways in which 
r indifferent groups can be made (without blanks) is the coeffi- 
cient of aS" in the expansion of 

Ine" 



|r(l -«)■"■ 

This follows from Prop. XIX., as Prop. XVII. from Prop. 
XVI. 

Example. This proposition wDl give the number of 
ways of forming r trains at a railway station at which there 
are n carriages. 

The foregoing propositions have related to distribution 
into groups, the remainder of this chapter will be devoted to 
distribution into parcels. 

PROPOSITION XXI. 

The number of ways in which n different things can be 
distributed into r different parcels is r", when blank lots are 
admissible. 

For each of the n different things can be assigned to any 
one of the r parcels without thought of how the others are 
disposed of. Hence the n things can be successively dis- 
posed of in r ways each, and therefore (Prop. II.) all can be 
disposed of in r" different ways. Q. E. D. 

PROPOSITION XXII. 

The number of ways in which n different things can be 
distributed into r different parcels (without blank lots) is |n 
times the coefficient ofx" in the expansion of (e* — 1)'. 
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For by the last proposition, the number of distributions 
■when blanks are allowed is r". And the number of distribu- 
tions subject to the condition that an assigned parcel is blank 
is (r — 1)". And the number of distributions subject to the 
condition that two assigned parcels are blank is (r — 2)" and 
so on. Hence, by Prop. XIV. Cor. 3, the number of distribu- 
tions in which none of the r parcels are blank is 

-f&c....+ j.2" + l, 

that is (Excursus, Art. 17), \n times the coeflScient of ic" in 
the expansion of {f — 1)'. Q. E. D. 

Examples. The number of ways in which five different 
commissions can be executed by three messengers is 3° or 
243. But if no one of the messengers is to be unemployed, 
the number of ways will be 15 times the coefficient of x^ in 
the expansion of {f — 1)' ; that is,. (Excursus, Art. 18) 

5 

2" X [5, or 150. 

There are 8" or 8589934592 ways of giving 11 different 
gifts to 8 boys. But if no boy is to be without a gift the 
number of ways is [11 times the coefficient of a;" in the ex- 
pansion of {^- Vf, that is 12 X |11 or 479001600. 



PROPOSITION XXIII. 

The number of r-partitions of n different things, i.e. the 
number of ways in which n different things can- be distributed 
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into r indifferent parcels, with no blank lots, is \n times the 
coefficient of of in the expansion of 

t 

This follows from Prop. XXII., as Prop. XVII. from 
Prop. XVI., or Prop. XX. from Prop. XIX. 

Example. To divide the letters a, b, c, d, e into three 
parcels. The number of ways will be 15 times the coefficient 
of iB^ in the expansion of {e° — 1)' h- 13 ; that is (Excursus, 

Art. 18), 5 . 4 X I = 25. 

The twenty-five partitions are easily seen to be ten such 
as ahc, d, e, and fifteen such as ab, cd, e. 

PROPOSITION XXIV. 

The total number of ways in which n different things can 
be distributed into 1, 2, 3... or n indifferent parcels is \n times 

the coefficient of «" in the expansion of — . 

e 

Let N, denote the number of r-partitions of n different 
things; then 

e* — 1 
N^=\n times the coefficient of a;" in , 

|1 

N^ (^^-1)' 

and so on. 
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Therefore by addition 

is equal to In times the coefficient of x" in the expansion of 
-^_1 (^_1)« (^^_1)»^ 

\l ^ ^ 

this last series being carried to infinity if we please, since the 
terms beyond the n^ do not involve db", and therefore the 
inclusion of them will not affect the coefficient of ss". 

But this series is the expansion of e'"'"^ — 1, and the co- 
efficient of x" therein is the same as in the expansion of 
gea:-i Qj. ^ ^ g Hence 

N^ + JSr^ + N^ + .-. + N^ 
is equal to in times the coefficient of «" in the expansion of 

— . Q. E. D. 

■e 



PROPOSITION XXV. 

The number of ways in which n indifferent things can he 
distributed into r different parcels (blank lots being inadmissi- 
ble) is the number of combinations of n—1 things taken r—1 
at a time. 

For we may perform the operation by placing the n 
things in a row, then placing r — 1 points of partition 
amongst them, and assigning the r parts thus created, in 
order, to the r parcels in order. 

Hence the number of ways is the number of ways of 
placing r — 1 points of partition in a selection out of w — 1 
intervals. Therefore it is the same as the number of combi- 
nations of w — 1 things taken r — 1 at a time. Q. E. D. 
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PROPOSITION XXVI. 

The number of ways in which n indifferent things can he 
■distributed into r different parcels (blank lots being ad/nissi- 
hle) is the number of combinations of n + r — 1 things' taken 
r—1 at a time. 

For the distribution of n things, when blank lots are 
admissible, is the same as the distribution oi n+r things 
when they are not admissible, since in the latter case we 
have to place one thing in each of the r parcels, and then' to 
distribute the remainder as if blank lots were' admissible. 
Hence, writing ji + r for w in the result of Proposition XXV., 
we obtain the number required. 

Examples. Twenty shots are to be fired ; the work can 

be distributed among four guns in ' ' or 969 ways, 

without lea'ving any gun unemployed. Or, neglecting this 

23 22 . 21 
restriction, the work can be done in „ ' or 1771 ways. 

Again, five partners in a game require to score 36 to win. 
The number of ways in which they may share "this score (not 
all necessarily contributing) is 

40 ■ 39 . 38 . 37 
1.2.3.4 ' 
or 91390 di£ferent ways. 

Again, in how many ways can five oranges be distributed 
amongst seven boys ? Evidently two or more of them will 
get none. The answer is 462, viz., 

ll.t«i.^.X.7.X 
1 .2..'a.-^.'S..'«i ■ 

w. 7 
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PROPOSITION XXVII. 

The number of ways in which n indifferent things can be 
distributed into r different parcels, no parcel to contain less 
than q things, is the number of combinations ofn — 1 —r(q — l) 
things taken r — 1 at a tim£. 

For if we first place q things in each of the r parcels we 
shall have n — qr things left, and it will only remain to dis- 
tribute them among the same r parcels according to Proposi- 
tion XXVI., which shews that the number of ways of making 
the distribution is the number of combinations oin — qr+r — \ 
things taken r — 1 at a time, q.e.d. 



PROPOSITION XXVIII. 

The number of ways in which n indifferent things can be 
distributed into r different parcels, no parcel to contain less 
than q things, nor more than q + z — 1 things, is the coefficient 
of x"'" in the expansion of 



(^O- 



For if we multiply together r factors, each represented by 

a;» + a!«+'-l- + x^-\ 

we shall have in our result a term x" for every way in which 
we can make up n by the addition of one index qoi q+\ or 
q-\i2 (k &c,, ox q + z—1 from each of the r factors. Hence 
we shall hai/e as" as many times as there are ways of dis- 
tributing n into r different parts, no part less than q nor 
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greater than q + z — 1. Therefore the number of ways of so 
distributing n is the coe£Scient of «" in the expansion of 

orof ar(l+ai + x'+...af-^y, 

which is the coefficient of x"~^ in the expansion of 
(l+x + a!'+...+af-y, 

orof (^). Q.E.D. 

Example. The number of ways in which four persons, 
each throwing a single die once, can score 17 amongst them 
is the coefficient of x"~* in the expansion of 



(^y 



Now 

(1 - xj = 1 _ 4a;' + 6a;" - &c. 

(1 - a;)-* = ^ |l . 2 . 3 + 2 . 3 . 4a; + 3 . 4 . 53!" + . . .1 . 

And the coefficient of x" in the product 

= i ■ 14 . 15 . 16 - 4 . 8 . 9 . 10 + 6 . 2 . 3 . 4i 

= 104. 

The following notation will be sometimes convenient. 

Let 71 be a number not divisible by r. Then - is not 

an integer, it therefore lies between two consecutive integers. 

Let — denote the lesser of these and let — denote the 
r r 

greater. Then we shall have 

r r 
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Also let —^^ denote. the dnteger nearest to -, so that 

n + m Tf n — 

-^ = — or — , 

-r r r 

according as the division of n by r- leaves a remainder greater 
or less than ^ . . . ■ ; 

It must only be noted that if the remainder is equal 
to s the expression — = would be ambiguous, and we must 

use either — or as the case requires. 

r r 

Further, let it be understood that if n happen to be 
divisible by r, each of the expressions , — , —^ must 



be interpreted to mean - . 
Then, generally, 



— is the greatest integer in - , 

— = is the nearest integer to - , 

— is the least integer not less than^ . 
r ^ r 



PROPOSITION XXIX. 

To 'find the number of ways in iuhich n indifferent things 
can be distributed into r indifferent parcels {no blank lots). 

Or 

To find the number of different r-partitions of n. 
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Let 11" denote the number of r-partitions of n, or the 
number of ways of distributing n indifferent elements into 
r indifferent parcels. 

Suppose that in any distribution, a; + 1 is the smallest 
number found in any parcel. Then setting aside a parcel 
which contains a; + 1 all the other parcels contain not less 
than x + 1, and therefore more than x. If we place x 
in each of these r —1 parcels, the distribution can then be 
completed by distributing the remaining n — l—rx things 
among the same r—1 parcels, and this can be done in 
jjn-i-r. yfayg_ jjj^ ^jjjg y^gj -yyg shaU obtalu all the distribu- 
tions, by giving a; successively all its possible values. But 
since a; + 1 is the smallest number found in any parcel, x+1 

cannot be greater than the greatest integer in -, or . 

Then x must have all values from to 1, and therefore 

r 

np = W^zl + n^-^-' + Tl^ll-^ + ... to — terms: 

Now it is plain that n" = 1 for all values of n. 

Hence H? = Hr ' + Hr ' + U^' + . . . to ^ terms = ^ . 

Again HJ = H"-' + Hr' + HJ"' + ... to ^ terms 

« — 1— m — 4— ,w — 7— ,w — , 

= -^— + -^- + —2- + - to-3- t^'^"^^- 

The summation will depend upon the form of n ; thus, 
Iin = 6q then IIj = j^ 
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n = 6q±2 n» = ^ 



n = 6q + S n^ = - 



12 



Therefore IIJ is always the integer nearest to rs , or 

"» 12 • 
Again, HJ = Ilr' + H^' + n^"" + . . . to ^ terms 

. (n-iy±An-5y± (n-9y± ^^fLZ terms 

12 ^ 12 + 12 +"-™ 4, *^"^s. 

The summation will depend upon the form of n ; thus. 



« = 12g' 


then n:^ = 


n = 123 + 1 


u:= 


w = 12gr + 2 


n: = 


w = 122 + 3 


nr = 


w = 123 + 4 


u:= 


n = 12g + 5 


ii:= 


n = 122- + 6 


n» = 


n = 12^ - 5 


nr= 



144 




k' + 3?i=-9w + 5 


144 




n' + Sn" - 20 




144 




n' + Sn'-dn- 


■27 


144 




w'+3n'' + 32 




144 




n^ + Sn'-dn- 


■11 


144 




n.' + Sn' - 36 




144 




to' + Sm' - 9w + 5 



144 
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n = 12q 


-4 


"^ ~ 144 


n = 12q-S 


n„ rv' + Bn'-9n-27 
144 


n = 12^ - 2 


»i' + 3ri»-4 
* ~ 144 


n = 12q-l 


TT„ m' + 371" -9m -11 
"^ ~ 144 


Therefore, 




= — ZTTT — when n is even : 

n' + 3n"-9n+ , . ,, 
= jj^ = when n is odd. 



By a like process we may deduce successively 11", IIj, &c., 
and thus we may find 11" for any values of n and r, although 
we cannot write down a general expression for 11" in any 
simple terms. 

Examples. There are twelve 3-partitions of 12, viz. 



1> 

1, 


1, 10 1, 3, 8 1, 5, 6 2, 3, 7 2, 5, 5 3, 4, 

2, 9 1, 4, 7 2, 2, 8 2, 4, 6 3, 3, 6 4, 4, 

There are fifteen 4-partitions of 12, viz. 


5 
4 


1, 
1, 
1, 


1, 1, 9 1, 1, 4, 6 1, 2, 3, 6 1, 3, 4, 4 2, 2, 4, 
1, 2, 8 1, 1, 5, 5 1, 2, 4, 5 2, 2, 2, 6 2, 3, 3, 
1, 3, 7 1, 2, 2, 7 1> 3, 3, 5 2, 2, 3, 5 3, 3, 3, 


4 
4 
3 



The number of 4-partitions of 13 is the integer nearest 
to (w' + 3«* — 9»i)-^144 when w = 13. Therefore there are 
18 partitions, viz. 

1, 2, 5, 5 2, 2, 2, 7 

1, 3, 3, 6 2, 2, 3, 6 

1, 3, 4, 5 2, 2, 4, 5 

1, 4, 4, 4 2, 3, 3, 5 



1, 1, 1, 10 

1, 1, 2, 9 

1, 1, 3, 8 

1, 1, 4, 7 



1, 1, 5, 6 

1, 2, 2, 8 

1, 2, 3, 7 

1, 2, 4, 6 



2, 3, 4, 4 

3, 3, 3, 4 
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It appears from what precedes that the number of 
r-partitions of any number is easily calculated if we have a 
register of the (r — l)-partitions of lower numbers. There is 
no difficulty therefore in constructing a table of the number 
of r-partitions of n for a series of consecutive values of r 
and n, commencing with unity. Such a table is given on 
page 106. It is however most readily constructed by the 
aid of the following theorem. 



PROPOSITION XXX. 

To prove that the nwrriber of r-partitions of n exceeds the 
number of {r — l)-partitions of n — 1, by the nv/mber of r- 
partitions of n—r. 

To make every r-partition of n, we must first take r of 
the elements and place one of them in each of the proposed 
parcels. We have then to distribute the reiriaining n — r 
elements into 1, 2, 3 ... or more of the parcels. Hence 

n^ = UT + nr + nr' + . . . + n;rr + n^-'. 

Now write n^l for n, and r — 1 for r, then 

n::i = nr + nr + n^ + . . . + n^x 

therefore by subtraction 

n;: - n^ij = nr. 

CoEOLLAET. lin — r<r, that is if r > 5 , 

IT" = 11""^ 

We proceed to shew how the table of partitions given on 
page 106 is most readily constructed, or how it can be most 
readily extended at will. 
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We commence by observing that for all values of n 

n"=i 11''= 1 n" =1- 

therefore we may fill, the highest row and the two lowest 
diagonal rows with unity. 

Also, since if a; > «, II^ = 0, we may regard all the blank 
spaces below the lowest diagonal as fiUed with zero. 

This makes a sufficient commencement of the table, 
though it may be most convenient to insert at once the row 
of 2-partitions, which we know to be 1, 1, 2, 2, 3, 3, &c. since 

ih - 2 ■ 

We have now to see how the table when once commenced 
and carried to any extent may be further extended. 

Take any vertical column, as for instance, the column 
under the head 7. It reads thus 

1, 3, 4, 3, 2, 1, 1, 0, 0, 0, &c. 

Ad4 up the sum of this series first to one term, then add 
another terrn, and another, and so one ; we get 

1, 4, 8, 11, 13, 14, 15, 15, 15, 15, &c. 

But by the proposition these sums must be respectively 
III, n', Hf, and so on, ad infinitum. That is, they consti- 
tute a diagonal of our table commencing under the head 8, 
and extending indefinitely downwards to the right. 

In this way it is quite easy to write out the table to any 
extent, proceeding by successive diagonals, each entry in the 
table being found by the simple addition of two numbers. 
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CHAPTER IV. 

DEKANGEMENTS. 

When we place a series of elements in a particular order 
we are said to arrange them. But if they have been already 
arranged, or if they have a proper order of their own, and we 
place them in other order, we are said to derange them. Thus 
derangement implies a previous arrangement in which each 
element had its own proper place, either naturally belonging 
to it or arbitrarily assigned to it. 

If we begin with unity and multiply successively by 
1, 2, 3 ... as if we were going to form Iw, but let every even 
product be increased by unity and every odd product be 
diminished by unity, we shall obtain a series of numbers 
which we shall denote by the symbols || 1, || 2, || 3, &c. 

Thus multiply by 1 and subtract 1 : ' we get || 1 = 0, 
then multiply by 2 and add 1 : we get || 2 = 1, 

then multiply by 3 and subtract 1 : we get || 3 = 2, 
then multiply by 4 amd add 1 : we get || 4 = 9, 

and so on. 
Or, more fully, 

112 = 2.1-2+1, 
. 113 = 3.2.1-3.2 + 3-1, 
II 4 = 4. 8. 2. 1-4.3.2 + 4.3-4+1. 
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and finally 

lbL=l!^|l-jI + g-[3 + -±l^, 

As In is called faotorial-n it is convenient to read \\ri as 
svb-factorial-n. The Values of the first twelve factorials and 
sub-factorials, and their ratios, are given on page 114. 

Since by definition 

||rt + l = {n+l)\\n±l, 

and 

\\n=n \\n-l + 1, 

we have by addition 

||w+l + |[w = (w + l) \\n + n \\n-l , 

or ||w+l = n (^\\n + \\.n - l y 

This equation expresses the law connecting each factorial 
with the two preceding ones ; and it is curious to note that 
the same law holds good for factorials and for sub-factorials, 
since 

\n'+ 1 = n (\n + \n — ly 

Comparing the series for \\n with the expansion of e"' 
(page 83) we deduce 

\n upper sign when n is odd, 

— ~'e~ ' lower sign when n is even, 

where fi^ is a small firaction lying between and ^ . 

•'^ w + 1 M + 2 

In other words, ||« is the integer nearest to |« -^ a 
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PROPOSITION XXXI. 

The number of ways in which a row of n elements may he 
so deranged that no element shall he in its proper place is \\ n, 
or the integer nearest to \n -=- e. 

For the total number of arrangements is In. The num- 
ber fulfilling the condition that any assigned one (at least) is 
in situ is In — 1. The number fulfilling the condition that 
two assigned elements are in situ is In — 2, and so on. Hence 
by Prop. XIV. Cor. 3, the number of arrangements in which 
none of the n elements are in situ is 



"in 1 1 '^('^-l) 


■|n-2- 


.'^(-l)(-2)|,_3 + &,. 


ir 1' 1.2 






to n + 1 terms 


1 f-. 1 1 


1 
-j3+- 


••±^} = M: Q-E-D. 



CoKOLLART. The number of ways in which n elements 
can be deranged so that not any one of r assigned elements 
■may he in its proper place [the rest being unrestricted) is 

, r . ^ r(r — V) , „ , 

\n-j \n-l + ''^^ | n-2 -... + |n-n 

Example. Suppose we have the four elements a, h, c, d; 
the number of derangements, so that all may be displaced, is 
(by the proposition) [[4 of 9. : " " 

These nine derangements are as follows : 

b d a c c a db d c ah 

bade c db a d ch a 

b c d a c d ah d ah c 
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If it be required to derange the same terms so that two 
may remain in situ and two be displaced, the number of 
derangements is, by the Corollary, 

12(1 -1+1) = 6. 

These six derangements are as follows : 

ah d c a d cb a cb d 

b a c d chad db c a 



PROPOSITION XXXII. 

The number of ways of deranging a series of n terms 
so that no term may be followed by the term, which originally 
followed it, is \\n + \ \n — 1, or the integer nearest to \n + l -¥■ ne. 

Let a, j8, 7,...^ represent the n terms. Then amongst 
the \n arrangements of which the terms are capable there 
will be Ire — 1 in which any assigned sequence a/3 occurs : 
(for these arrangements will be obtained by regarding a/8 as 
one term and then arranging it with the remaining « — 2 
terms). Similarly any two sequences which can consistently 
occur (as a/3, /S7, or a^S, yS*) will be found in |w — 2 different 
arrangements. Any three consistent sequences will be found 
in Iw. — 3 different arrangements : and so on. 

Therefore the number of arrangements free from any of 
the n — 1 sequences is, by Prop. XIV. Cor. 3, 

\n-{n-l) \n-l + ^ ^^ -\n-_2 



— -^^ 'j- 'o^ ' \n — 3+ &c. to n terms 

* Of. course such sequences as a/3 07 could not consistently occur, as 
a could not at the same time he followed by j3 and 7. 
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I ^f n-1 n-2 ra-3w-4 „ 1) 

= l!izif- Y' H 1"''T~ y' 

which is easily seen to be equivalent , to jlw + ||?z — 1, or 
\\n + 1 -=- 71 (page 108), which is the integer nearest to 
|to+ 1 4- we. Q. E. D. 

Corollary. The nwmber of derangements of a series of 
n terms, free from any of r assigned sequences {capable of 
occurring simultaneously in one arrangement), is 

\n-^ \n-l + '^^^~^^ \n-2 -... + \n -r. 

Example. Let us derange the series of four elements 
abed so as to exclude the sequences ah be cd. 

By the proposition the number of derangements is 

[14 + p = 9 + 2 = ll. 

And they are found on trial to be 

a c b d b d c a c a db d b a c 

a d c b bade c b a d d c b a 

b d a c cb d a d a c b 



PROPOSITION XXXIII. ' 

The number of ways of deranging the series of n terms 
a, jS, 7, ...I, K, so that none of the n sequences a/S, /Sy, ...ik, Ka 
may occur, is n [|w— 1, or n times the integer nearest to 
\n-\^e.* 

* Or 1 more (n odd) or 1 lesa (n even) than the greatest integer in |«-=- e. 



112 CHOICE. 

For, as before, there are \n arrangements of the n terms, 
and any assigned sequence will lie found in \n-'l of them ; 
any two assigned sequences in Ira— 2, any three assigned 
sequences in Iw — 3 of them, and so on for n—1 sequences ; 
but as all the n sequences cannot occur at .once, the number 
of arrangements with n sequences is not 1 but 0. 

Therefore (by Prop. XIV. Cor. 3) the whole number of 
admissible arrangements is 

, , _ ?i(m— 1), no 

|n-}i|K- 1 +— ^:j — ^ [w-2 -&c. 

to n terms [hot n+1 terms], which may be written n \\n— 1, 
which is n times the greatest integer in |w— 1 -i-e. q.e.d. 

Example. Let us derange the series of four elements 
abed so as to exclude the sequences ab bo cd da. 

By the proposition the number of derangements is 4 [jS 
or 4 X 2 = 8 ; and the eight derangements are found to be 

a cb d b d c a c a db db a c 

a d cb bade cb a d d cb a 



PROPOSITION XXXIV. 

Ifn terms be arranged in circular procession the number 
of ways in which they can be deranged so that no term may 
be followed by the term which originally followed it, is 

I fl_J_, _^^ 1 . ,11 

\-\n .n-l^\2(n-2) |3(w-3)"^ •• - In] " 
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For the whole number of arrangements of n things in 
circular procession is |w — 1 ; and any assigned sequence is 
found in \n— 2 of them ; any two assigned consistent se- 
quences in Ift— 3,'and so on, till we come to the case of n 
consistent sequences, which can evidently be found in 1 
arrangement. Hence provided we replace the final I— 1 by 
unity we may write down, (by Prop. XIV. Cor. 3), the number 
of arrangements free from any of the n sequences as follows ; 

In — 1 —7i\n — 2 -\ — ^ — ^ \n —3 — &c. to (n + 1) terms 

I I X , ^ ' 

_, fl 1 1 1 11 

~l-|w |1 (n - 1) "^ |2 (n - 2) \S(n-3y"-^]- 

Q.E.D. 

Examples : 

If n = 8, the number of derangements may be written 

|2-3|1 + 3|0-1 = 1, 

or the only available derangement is one, viz. the one in 
which the order of the terms is reversed. 

If «, = 5 we have 

|4 - 5 |3 + 10 |2 - 10 |1 + 5 |0 - 1 = 8. 

If abcde represent the original order, the eight derange- 
ments may be exhibited as foUows : 

ached a eb d c a c e db a e cb d a d c eb 

adbec acebd aedcb 

If re = 6 the number of derangements is 36 : if m = 7 it is 
229: and if w = ll it is 1214673. And always if n be a 
prime number, the number of derangements, with 2 added, is 
a mult^le of n. 

w. 8 
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In the foregoing propositions we have investigated the 
number of ways of deranging groups of elements subject to 
various laws. But as there can scarcely be a limit to the 
variety of laws which might be proposed to regulate the dis- 
tribution in different cases, it would be an endless task to 
undertake a strictly complete discussion of the subject, or to 
make our treatise exhaustive. The cases which we have 
considered are those which most obviously arise, and the 
methods which we have applied to them will be easily 
adapted to a variety of other cases, or will suggest other 
methods of still wider applicability. 

To save trouble in working out numerical examples we 
append a table of the values of the first 12 factorials and 
sub-factorials, and of their ratios. It will be seen that the 
ratio of l« : [|ri converges with great rapidity towards its 
ultimate value e. 



n. 


l» 


]\n 


|«-^|jm 


[[».-=-(» 


1 


1 





00 


0-000000 


2 


2 


1 


2-000000 


0-500000 


3 


6 


2 


3-000000 


0-383833 


4 


24 


9 


2-666666 


0-375000 


5 


120 


44 


2-727272 


0-366666 


6 


720 


265 


2-716981 


0-368055 


7 


5040 


1854 


2-718446 


0-367857 


8 


40320 


14833 


2-718262 


0-367881 


9 


362880 


133496 


2-718283 


0-367879 


10 


3628800 


1334961 


2-718281 


0-367879 


11 


39916800 


14684570 


2-718281 


0-367879 


12 


479001600 


176214841 


2-718281 


0-367879 



EEEATA. 

Page 108 lines 3, 4 &om bottom 

odd, , even, 
for read ,, 

-^ even, odd. 

Page 111 footnote 

for greatest integer in read integer nearest to. 



CHAPTER V. 

SOME QUESTIONS OP PEIOKITT. 

We shall consider in the present chapter some questions 
of order amongst things of two or more classes, when limits 
are placed upon the excess at any point of things of one class 
above things of the other. 

If a man possessed of only £5 makes 24 successive bets of 
£1, winning 12 times and losing 12 times, the number of 
orders in which his successes and failures can occur will 
naturally be limited by the fact that the losses must never 
exceed the gains by more than £5. 

A variety of questions may be proposed in which similar 
conditions are assigned. 

For example, if an urn contain black balls and white 
balls which are to be drawn out in succession, the order in 
which they are drawn out may be limited by the condition 
that the number of white balls drawn must never exceed 
the number of black balls ; or, again, by the condition that 
the excess of black balls over white must never be more 
than a given number. 

Or there may be a question of taking m paces horizon- 
tally and n paces vertically without ever crossing that oblique 
line which is reached when the number of paces in each 
direction is the same. 

This last case suggests a graphic representation which will 
equally apply to the other cases, and will help to fix our 

8—2 
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ideas. The horizontal paces may be taken to represent 
successes and the vertical paces failures ; or the one may 
represent the drawing of black balls and the other of white 
balls. In stating our propositions we shall speak for short- 
ness of gains and losses, but it will be observed that the 
reasoning is quite general. 




From any origin draw OX horizontally and F vertically, 
and let P be the point which would be reached by starting 
from and taking m paces horizontally in the direction OX 
and n paces vertically parallel to OT. 

Let A be the point reached by taking one pace hori- 
zontally and one pace vertically, B the point reached by 
taking two paces in each direction, C by taking three paces 
in each direction, and so on; so that ABG... lie in the 
straight line bisecting the right angle XOY. 

Let 0, a, h, c... be the points reached by taking one 
horizontal pace from each of the points 0, A, B, G... and. 
ca, a, /8, 7. . . the points reached by taking one pace vertically 
from 0, A, B, C... respectively. 
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la considering the number of routes from one point to 
another we shall proceed on the understanding that each 
route is to be traversed by paces taken only horizontally 
and vertically, and without retrogression. 

It is plain that the whole number of routes from to P 
is Cy or C„ * 



' m, n' 



PEOPOSITION XXXV. 

G„„ being the number of orders in which n gains and n 
losses can occur, and J^„ denoting the number of orders which 
fulfil the condition that the losses must never be in excess of 
the gains, 

C'>.. » + <A, 1 C'n-i, „-i + </2, 2 C„_2, „.2 + . . . 

. . • + J„-i, „_i Ci, 1 = 2 ((7„, „ — J^ „). 

In the diagram on page 116, let horizontal paces represent 
gains and vertical paces losses. Then the (7„ „ orders in 
which n gains and n losses can come will be represented by 
all possible routes from to V, and the J"„ „ orders which 
fulfil the stated condition will be represented by all routes 
from to F which do not pass to the left of the diagonal 
OV. The remaining routes (0,,„ — J^„in number) may be 
classified according to the point at which they first pass to 
the left of the diagonal whether they recross more than once 
or not, that is according as they first traverse the pace Ow or 
^a or £0 or &c. 

Consider the routes which cross the diagonal at K, after 
making (say) r horizontal and r vertical paces, without 

* Throughout this chapter we shall use C,, „_, In preference to C", and 

In \x+y 

^G, „ in preference to Gy' or (7J+' to denote - — -= — and , respectively. 
■"^ " \T\n-r l^ly 
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having crossed before, but independently of any consideration 
of the number of times they may cross afterwards. 

Any such route OKkP may be divided into three portions 
OK, Kk, kP, of which OK can be made in J, , ways, Kk in 
one way and kP in G„.,„.,.i ways. Therefore the whole 
number of ways in which the route OKkP can be made is 

Giving r all values from to n — 1 we get all routes 
comprehended in the number G^^ — J^„. Therefore 

Si-^-i !X r C \ — C T 
r=0 \^" r,r^n-r,n-r] ~ ^ti,n " n,n> 

or, 

^n,n + "A, 1 ^«-a, n-1 + «^2, 2 C^n-2 n-2 + • • • 

■ • • + "^n-l. n-1 C'l, 1 = 2 {G„ „ — J^ „). 

Q.E.D. 

PROPOSITION XXXVI. 

Of the orders in which n gains and n losses can occur, 

ths of the whole number will fail to fulfil the condition 

n + 1 •' 

that the losses must never exceed the gains. 

The number of orders in which n gains and n losses can 
occur is (7„ „. 

,With the notation already adopted we have to prove 
that 

n _ r — ^ c 



or that </„, „ = „ , 1 • (?, 



]_ 

We know that 

C„.„ = l, G,_i = % C^2,2 = 6, ^3,3 = 20, C,,, = 70; 
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and actually counting the orders included in J^^ when 
M = 1, 2, 3, or 4, we find that 

"0.0~1) "1,1~1> "%i~^> "3,3-— ^> "4,4~^^- 

Hence the proposition is true as long as n does not 
exceed 4. 

To prove it generally, we shall shew that if it be true 
when n = 0, 1, 2, ... or a; — 1 it wUl also be true when n = x. 

By the last proposition we have 

= 2(7^„ — 2,/^„. 

But since our present proposition is by hypothesis true 
when J? = 0, 1, 2 ... or a; — 1 we have 
T — f 

" 0, ^0, 0' 

"2,2 ~ 3W21 
&C. = &C. 
1 



J.. 



G,. 



Substituting these values we get 



+ ~ ^i-l, ar-l C'l, 1 — 2(7^^ , — J^ 



or (Excursus, Art. 13, page 82) 



Gx j;,, — 



«:. ^1 ^ + 1 



Cv , — 2(L_ _ — 2 JL 



Therefore 



2/..= 



2 + 



^^ 2a! + r 

a; + l x+ 1 



C. 



/.,= 






120 CHOICE. 

that is, if the proposition is true for the first x—l values 
of n, it is true for the next value. But we have found that it 
was true for initial values ; therefore universally 

"■ " ^ m + 1 "•"' 



and C^„ „ — Jl „ = ^ G^ 



Note. The result may also be written 
T = C — O 

"n,n ^n,n ^n+1, m-1> 

and G^„— J^„= C„^^_ „.i. 



LEMMA. • 
To sum the series 

Go. (,^m,«+ h^l, 1 ^m-1, »-l + i^2, 2 C'm-a, «-2 + ■ ■ 



Q. E. D. 



I -*■ ri ft 

In the diagram already constructed, since all the routes 
from to P commence at the point on the diagonal and 
terminate at the point P to the right of the diagonal, they 
may be classified according to the points at which they first 
pass to the right of the diagonal : i.e. according as they first 
pass along Oo, or ^a or Bb, &c. Consider those which pass 
along Kk. Any such route consists of three portions OK, 
Kk, kP, of which OK lies altogether to the left of the 

diagonal, and can therefore be described in r-Cy, ways 

(Prop. XXXVI.); Kk can be described in one way, and kP 
can be described in C„_,.i „., ways. Hence there are 
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such routes ; and giving r all values from.O to n inclusive we 
must obtain all the C„ „ routes from to P. Therefore we 
• must have identically 

This is true for all values of m and n ; therefore, writing 
'»i + 1 for TO we obtain 

Note. If we make m — n, we obtain a series already 
sumihed (Excursus, Art. 13, page 82). 

PROPOSITION XXXVII. 

^m. n being the number of orders in which m gains and n 
losses can occur, and Jm.n denoting the number of orders 
which fulfil the condition that the losses must never he in 
excess of the gains, 

(^m, n-l + "A, fitn-\, n-2 + '^2, 2^ra-2, >.-3 + ■ • • 

I 7" n — r — T 

• • ■ "r ^ n-l, n-r^m-TH-X ^m, n ^ m, n- 

, Proceeding step by step as in Prop. XXXV, but con- 
sidering the routes from to P instead of to F we 
find that each route OKkP may be made in J^.fi,^ 



■'m.-r, n-r-1 



ways. 
Hence 

^r=0 ly r, r m-r, n-r-li ^m, n m, n 

or 

^m. n-l + ''l, 1%»-1, n-2 + ^1, 2^ra-2, m-3 + • • • 

• • • + " 11- 1. n-r-'m-n+l, ~ ^m, n " m, n- 

Q. E. D. 
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PROPOSITION XXXVIII. 

Of ihs orders in which m gains a/nd n losses can occur 
— —^ ihs of the whole number will fail to fulfil the condition 
that the losses mv,st never exceed the gains. 

We found in Prop. XXXVI. the values of Jj ,,, J^i, J^,^, &c. 
in the form 

J -- ^ C 

"• " re + 1 "■"■ 

Substitute these values in the result of Prop. XXXVII. 
and we obtain 

^m, n-l + 2 ^1, l^OT-1, n-2 ■"■ 'S ^2, 2^m-2, n-S + • • • 

'" m "-1. l-l ^m-m+1, ^^ ^m, » " m. n- 

But by the Lemma (page 120) writing n — 1 for m in its 

result, the first member of this equation is equal to (7,^^ „.i. 

Therefore 

n _ r _ /-» 

^m, n "m, ■» '-'nl+l, n-l 

m + 1 "*■ "■ 

Q. E. D. 

^ r m — n + 1' 

Corollary. J;„, „ = ^_^^ C„, „. 

EXTENSION OF THE LEMMA. 

If in the proof of the Lemma (page 120) the routes 
instead of starting from had started from the point F 
situated h paces horizontally to the left of 0, the whole 
number of routes would have been G„+„^„. And classifying^ 
them as before, any route passing along Kk would have 
consisted of three parts, FK, Kk, kP, of which FK could be 
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described in ^ ^^^ ^ C^,,, ways (Prop. XXXVIII.), Kk ia 
one way, kP in (7„.,.i, „., ways. 

Hence there are ^q-^-j-y C,„.,.i „., C,+,,, such routes. 
And giving r all values from to w we obtain the identity 

^^2 *+'•"'"-='■ "-^"^ A, + 3 

, "'+-'■ fi p _ p 



^t, 0> ^>»-l> n "■" I, I n ^M-1, 1' ^™-2, n-1 "■" I I Q ^M-2, 2' ^m-3, n-S + ■ • • 



or 

h + 1 "^ /n-2 "^ h + S "^•■" 

PC o 

■■■ A + M+l A+1 "^ 

Write A for A + 1 and m for m - 1, and we have 

h h h + \ '" h + n 

Now write m — A, for n, and we have 
p f< p p p P P 

A A A+ 1 "■ w ' 

PROPOSITION XXXIX. 

Among the (7„ „ orders in which m gains and n losses can 
occur, there will he G.„^^„_^ orders in which the losses will at 
some time be at least h in excess of the gains. 

With the same diagram as before, the orders wiU be 
■ represented by routes from to P which touch or cross a 
line HR parallel to the diagonal OK, at a vertical distance 
of h paces above it. 

The routes may be classified according to the points at 
which they first touch the line HR. 
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Let Ox'LP be any route which first reaches this line 
at a point L, distant r horizontal paces and r + A vertical 
paces from 0, and let "k'L be. the pace by which the point 
L is approached. 

The route may be divided into three parts OX', X'i, and 
LP; of which 

h 



Ox' can be made in ^ (^r+h-i.r'^^J^ (Prop. XXXVIII.), 

\'L in one way, 
LP in (7„_,, „.,.^ ways ; 
therefore the number of routes first touching at L is 

and the whole number of routes will be got by giving r 
all values from to n — h inclusive, and addiDg. 

The summation is that of the final series of the extension 
of the Lemma (page 123). 

Hence, the whole number of routes is C',^^ „_j, which 
therefore represents the number of orders required. 

Q. E. D. 

CoEOLLAEY. It follows that the number of orders in 
which m gains and n losses can occur so that there shall never 
be an excess of h gains, is G^^ „ — G,^^ „_,,. 

Similarly, the number of orders so that there shall never be 
an excess of k losses, is G^^ „ — G^_^^ ^^. 

If A = 1 this reduces to the case of Prop. XXXVIII. 
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CHAPTER VI. 

THE THEORY OF PROBABILITY TREATED ARITHMETICALLY. 

" There is very little chance of fine weather." 

" Is there much chance of his recovery ? " 

" There is no chance of finding it." 

" There is a great probability of war." 

" This is a more probable result than the other." 

" That is more likely to be mine than yours." 

" There is less chance of her coming than of his.'' 

These are expressions in common use amongst us; the 
very commonness of their use shews that people in general 
have some idea of chance, and some conception of different 
degrees of probability in the occurrence of doubtful events. 
All understand what is meant by much chance and little 
chance ; they distinguish events as very probable, probable, 
improbable, or very improbable ; but no attempt is made in 
common conversation to measure with any accuracy the 
amount of probability attaching to any given event. If a 
Doctor is asked what chance there is of a patient's recovery, 
he may answer that there is much chance or little chance, 
but he cannot express with any precision the exact magni- 
tude of his hope or of his fear. Yet his expectation of the 
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event has a certain magnitude. He has a greater expecta- 
tion of this patient's recovery than he has of the recovery 
of another, whose symptoms are more aggravated, and less 
expectation than in another case where the constitution is 
stronger. His expectation has a definite value, and if he 
were a gambler, he would be prepared to offer or take 
certain definite odds on the event. But in common lan- 
guage, this definite amount of expectation or probability 
cannot be precisely expressed, because we have no recognised 
standard with which to compare it, no recognised amount of 
expectation or probability by which to measure it. 

In fact, in describing the magnitude of any expectation 
which we entertain, we are in the same position as if we 
had to describe the length of a room, or the height of a 
tower, to a man who was not acquainted with a foot or a 
yard, or any of our standards of length. We could speak of 
the room as very long or very short, we could speak of the 
tower as very high or very low, but without some standard 
length recognised alike by ourselves and those whom we 
addressed, we could not give an accurate answer to either 
of the questions. How long is the room ? or How high is the 
tower ? 

So when we are asked what chance we think there is of 
a fine afternoon, we may say that there is much chance or 
little chance, or we may even go further, and establish in 
our own minds a scale of expressions, distinguishing the dif- 
ferent degrees of probability in some such way as follows : 
It is certain not to rain. 

It is very unlikely to rain. 
It is unlikely to rain. 

It is as likely to rain as not. 
It is likely to rain. 
It is very likely to rain. 
It is certain to rain. 
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But these expressions, except the first, fourth, and last, are 
vague and indefinite, nor can we ever be sure that those 
■with whom we are conversing attach exactly the same idea 
to each expression that we do. 

This vagueness is of little consequence in common Hfe, 
because in most cases it is impossible to make an accurate 
estimate of a chance, and the expressions are, perhaps, as 
accurate as the estimates themselves which we wish to 
express. But there are other classes of events concerning 
which it is possible to form accurate estimates of their 
degree of prbbability or likelihood of happening, and in 
these cases it is well to have some more precise method of 
expressing diiferent degrees of probability, than is afforded 
hy the common expressions which we have quoted. 

We must observe at the outset, that we use the words 
chance and probability as strictly synonymous. In common 
language, it is usual to prefer the former word when the 
•expectation is small, and the latter when it is large. Thus 
we generally hear of "little chance," or of "great proba- 
bility," but not so often of " great chance," or " little proba- 
bility." This distinction, however, is not universal, and we 
shall entirely disregard it, using the two words chance and 
probability in the same sense. 

It will be seen that probability always implies some 
ignorance on the part of the person entertaining the expec- 
tation, and the amount of probability attaching to any 
event will depend upon the degree of this ignorance. With 
omniscience, degrees of probability are incompatible; for 
omniscience implies certainty, and certainty precludes doubt, 
and degrees of probability are the measures of doubt. 

Hence, there is no such thing as the absolute probability 
of an event, all probability being conditional on our igno- 
rance, and varying when that condition varies. Thus the 
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same event will be unequally probable to different persons, 
whose knowledge of the circumstances relating to the event 
is different. And to the same person, the expectation of 
any event will be affected by any accession of knowledge 
concerning the event. 

For instance, suppose we see a friend set out with five 
other passengers in a ship whose crew number thirty men : 
and suppose we presently hear that a man fell overboard on 
the passage and was lost. So long as our knowledge is con- 
fined to the fact that one individual only has been lost out of 
the thirty-six on board, the probability that it is our friend 
is very small. The odds against it would be said to be 
thirty-five to one. But suppose our knowledge is augmented 
by the news that the man who has been lost is a passenger ; 
though we still feel that it is equally likely- to be any of the 
other five passengers, yet our apprehension that it is our 
friend becomes much greater than it was before. The odds 
against it are now described as five to one. Thus the proba- 
bility that our friend is lost is seen to be entirely conditional 
on the respective degrees of our knowledge and ignoraijce ; 
and so soon as our ignorance vanishes — so soon as we know 
all about the event, and become as far as that event is con- 
cerned omniscient, — then there no longer remains a question 
of probability; the probabiUty is replaced by certainty. 

This example will also illustrate the meaning of the rsttio 
of probabilities. Since each of the passengers was equally 
likely to have been lost, it was evidently always six times as 
likely that the man lost was some passenger, as that it was 
our friend. So it was five times as likely that it was a 
passenger, but not our friend, as that it was our friend. 
Therefore, also, the probability that it was a passenger, but 
not our friend, was to the probability that it was a passenger 
in the ratio of 5 to 6. 
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Let US suppose another case. A number of articles are 
placed in a bag, and amongst them are three balls, aUke in 
all respects, except that two of them are coloured white and 
the third black : all the other articles we will suppose to be 
coins, or anything distinguishable without difficulty from 



We present this bag to a stranger, and we give him leave 
to put in his hand in the dark, and to take out any one 
article he Ukes. But before he does this, we may consider 
what chance there is of his taking out a ball, or what chance 
there is of his taking out the black ball. Obviously we 
cannot form any accurate estimate of this chance, because 
it must depend upon the wants or the taste of the stranger 
influencing his will, whether he will prefer to take a ball or 
a 'coin, and being ignorant of his will in the matter, we 
cannot say whether it is likely or unlikely that he will select 
a ball. 

But it is axiomatic, that if he draws a ball at all, it is 
twice as likely to be a white ball as to be a black one, or 
the respective chances of his drawing white or black are in 
the ratio of 2 to 1, and these chances are respectively two- 
thirds and one-third of the' chance that he draws a ball 
at all. 

We now proceed to shew how the magnitude of a chance 
ml^ be definitely expressed. We have already pointed out 
that the expressions used in common language are wanting 
in definiteness and precision, and we compared the expe- 
dients by which degrees of probability are usually indicated 
to the attempts which we should make to give an idea of 
the length of a room to a person unacquainted with the 
measures of a foot and a yard. 

Now we observe, that the difficulty in this latter case 
ceases, so soon as the person with whom we are speaking 
w. 9 
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agrees with us in his conception of any definite length what- 
ever. If he can once recognise what we mean by the length 
of a hand, for instance, we can express to him with perfect 
accuracy the length of the room as so many hands ; or, if he 
have an idea of what a mile is, we can precisely express the 
length of the room as some certain fraction of a mile. So, 
also, as soon as we have fixed upon any standard amount of 
probability that can be recognised and appreciated by all 
with whom we have to do, we shall be able to express any 
other amount of probability numerically by reference to that 
standard. The numbers 2, 3 would express probabilities 
twice or three times as great as the standard probability; 
and the fi-actions i,^, | would express probabilities half, 
one-third, or two-thirds of the standard. 

Now, it matters not how great or how small the standard 
be, provided it be a probability which all can recognise, and 
which all will alike appreciate. This is, indeed, the one 
essential which it has to fulfil; it must be such that all 
persons will make the same estimate of it. And that which 
best satisfies this condition, and, therefore, the most con- 
venient standard with which to compare other probabilities, 
is that supreme amount of probability which attaches to an 
event which we know to be certain to happen. All under- 
stand what certainty is : it is a standard which all estimate 
alike, Certainty, therefore, shall be our unit of probability; 
and other degrees of probability shall be expressed as frac- 
tions of certainty, 

But it may be asked. Is certainty a degree of probability 
at all, or can smaller degrees of probability be said to have 
any ratio to certainty? Yes. For if we refer to the instance 
already cited of the six passengers in the ship, we observe 
that the chance of the lost man being a passenger is six 
times as great as the chance of his being our friend. This 
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is the case however great our ignorance of the circumstances 
of the event; and it ■wUl evidently remain true until we 
attain to some knowledge which affects our friend differently 
from his fellow-passengers. But the news that the lost man 
was a passenger does not affect one passenger more than 
another. Therefore, after receiving this news, it will still 
hold good that the chance of the lost man being a passenger 
is six times as great as the chance of its being our friend. 
But it is now certain that the lost man was a passenger; 
therefore the probability that it was our friend is one-sixth 
of certainty. Again, in the instance of the balls and coins 
in the bag, we have already noticed that the chances of 
drawing white or black are respectively two-thirds and one- 
third of the chance of drawing a ball at all. And this is 
the case whatever this last chance may be. But suppose 
the man tells us that he is drawing a ball, not a coin, then 
this last chance becomes certainty; and therefore the chances 
of drawing white or black, become respectively two-thirds 
and one-third of certainty. Thus it is seen that certainty, 
while it is the supreme degree, is some degree of probability, 
or is such that another degree of probability can be com- 
pared to it and expressed as a fraction of it. 

Of course, when we use unity to express certainty, the 
probability of the lost passenger being our friend wUl be 

expressed by the fraction g, and the chances of the ball 
drawn being white or black, will be expre.ssed by the frac- 
tions 3 and 3. 

After the explanations which we have already given, the 
reader will have no difficulty in accepting the following 
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AXIOM. 



If an event can happen in a number of different ways (of 
which only one can occur), the probability of its happening at 
all is the sum of the several probabilities of its happening in 
the several ways. 

For instance, let the event be the falling of a coin. It 
can fall either head or tail, and only one of these ways can 
occur. The probability that it falls at all must be made up 
by addition of the probability that it falls head and the 
probability that it falls tail. 

Again, let the event be that either A, B, or G should 
win a race in which there are any number of competitors. 
The event can happen in three ways, viz., by A winning, by 
B winning, or by G winning ; and only one of these ways 
can occur. The probability that one of the three should 
win is equal to the sum of the probabilities that A should 
win, that B should win, and that G should win. 

This is only saying that if a man would give £2 for A's 
chance of the prize, £3 for B's chance, and £4 for G's chance, 
he would give £2 + £3 + £4, or £9 for the promise that he 
should have the prize if any one of the three should win. 

Again, if jq be the chance of a shot aimed at a target 

hitting the bull's eye, g the chance of its hitting the first 

ring, and j the chance of its hitting the outer ring, the 

chance that it hits one of these, i.e., the chance of its hitting 

the target at all, is jq + g + j , or gg . 

EULE I. 

The probability of an event not happening is obtained by 
subtracting from imity the probability that it will happen. 
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For it is certain that it will either happen or not happen, 
or the probability that it will either happen or not happen 
is unity ; and only one of these two (the happening and the 
not happening) can occur. Therefore, by the axiom, unity 
is the sum of the probabilities of the event happening and 
not happening; or the probability of its not happening is 
obtained by subtracting from unity the probability of its 
happening. 

- 2 

Question 83. If the chance of an event happening is g , 
what is the chance of its not happening ? 

Answer. 1 — 5 > or g . 

Question 84. If the chance of an experiment succeeding 

7 3 

IS j^ , what is the chance of its failing ? Answer, jg . 

Question 85. If the chance of a shot hitting a target 

31 29 

be gg , what is the chance of its missing ? Answer, gg . 

Question 86. If the chance of A winning a certain race 

be g, and the chance of B winning it 5, what is the chance 

that neither should win ? 

17 
Answer, ht . For, by the axiom, the chance that one of 

117 
them should win is § + g , or gj ; and therefore, by Rule I., 

7 17 

the chance that this should not happen is 1 — 57 , or 57 . 

Definition I. Two probabilities which together make 
up unity, are called complementary probabilities. 

Definition II. When it is said that the odds are three 
to two against an event, it is meant that the chance of the 
event failing is to the chance of its happening as three to 



134 CHANCE. 

two ; and when it is said that the odds are three to two in 
favour of an event, it is meant that the chance of its happen- 
ing is to the chance of its failing as three to two ; and so for 
any other numbers. 

RULE II. 

If the odds be three to two against cm event, the chance of 
the event not happening is 

3 
3 + 2' 

and the chance of its happening is 

2 
3 + 2' 

a/nd so for any other nwmbers; the nii/merators of the two 
fractions being the two given numbers, and their common 
denominator the swm of the nwmbers. 

For the two fractions satisfy the condition required by 
Rule I., viz., that their sum should be unity, and that 
required by the definition, viz., that their ratio should be 
the same as the ratio expressing the given odds. Similarly, 

If the odds be three to two in favour of an event, the 
chance of the event happening is 

3 

3 + 2' 

and the chance of its not happening is 

2 
3 + 2' 

and so for any other mimbers; the numerators of the two 
fractions being the two given numbers, and their common 
denominator the swm of the nwmbers. 
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Question 87. If the odds be ten to one against an event, 
what is the probability of its happening ? Answer, j^. 

Question 88. If the odds be five to two in favour of the 
success of an experiment, what are the respective chances of 
success and failure ? 

Answer. The chance of success is s and the chance of 

failure ^ . 



RULE III. 

If am, event can happen in five ways, and fail in seven 
ways, and if these twelve ways are all equally probable, and 
only one of them can occur, the odds against the event are 
seven to five, and the chances of its happening and failing are 
respectively 

12 '""^12' 
a/nd similarly for any other numbers. 

For since the event must either happen or fail, one of 
the twelve ways must occur;, therefore the sum of their 
several probabilities is unity. But all the twelve ways are 
equally probable. Therefore the chance of the occurrence of 

any particular one is jg > and the chance of the occurrence of 
one of the five which cause the event to happen is five times 

this, or j2 • ^° *^® chance of the occurrence of one of the 

7 
seven which cause the event to fail is ^ . 

Suppose, for example, that a die has twelve faces, of 
which five are coloured white and seven black. A person 
throws the die, and is to receive a prize if it faU white. 
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The odds are seven to five against his winning the prize. 

12' 



5 
The chance that he wins is j^ , and the chance that he loses 



■ 7 

lSj2. 

For all the twelve faces are equally likely to turn up, and 
one must turn up. Therefore the chance of any particular 

face turning up is j2 > and the chance of a white face turning 

5 
up is five times this, or j2 • 

Or we might put it thus: Since there are five white and 
seven black faces, it is axiomatic that the chance of a white 
face is to the chance of ai black face as five to seven. Now 
ds soon as it is certain that the die is to be thrown, it is 
certain that either a white or a black face must turn up. 
The two chances must therefore now make up unity. But 
they still retain the ratio of five to seven, therefore they 
become respectively 

and 



5 + 75 + 7' 

And in the same way we might reason if the numbers 
were any other. 

Question 89. A party of twenty-three persons take 
their seats at a round table ; shew that the odds are ten 
to one against two specified persons sitting together. 

Answer. Call the two specified persons A and B. Then 
besides A's place (wherever it may be) there are twenty-two 
places, of which two are adjacent to A's place and the other 
twenty not adjacent: And B is equally likely to be in any 
of these twenty-two places. Therefore (Rule III.) the odds 
are twenty to two, or ten to one, against his taking a place 
next to A. 
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The last rule may be expressed in a somewhat different 
form as follows : 



RULE IV. 

If there he a number of events of which one must happen 
and all are equally likely, and if any one of a {smaller) 
number of these events will produce a certain result which 
cannot otherwise happen, the probability of this result is 
expressed by the ratio of this smaller number to the whole 
number of events. 

For instance ; if a man has purchased five tickets in a 
lottery, in which there are twelve tickets altogether and only 
one prize, his chance of the prize would be expressed by the 
ratio 5 : 12, or by the fraction ^. 

For convenience of reference we have given distinct num- 
bers to the two Rules III. and IV., although they are only 
different statements of one and the same principle. This 
will be immediately seen, by considering the case of the 
lottery just instanced. We might at once have said that 
there were twelve ways of drawing a ticket, and five of these 
would cause the man to win, while the other seven would 
cause him to lose. Rule III. is therefore immediately ap- 
plicable. 

Question 90. If from a set of dominoes numbered from 
double-blank to double-twelve one domino be drawn, what 
is the chance that one of the numbers on it is 12 ? 

13 14 
Answer. There are ' , or 91 dominoes in the set 
X . ^ 

(Choice, Rule X.), and the number twelve appears on 13 

of them, since it will appear in combination with blank 

as well as with each of the twelve numbers. Hence there 
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are 91 equally probable events of which 13 will produce the 

result that a twelve is drawn. Therefore the chance is 

13 1 

910^7- 

Question 91. The four letters s, e, n, t are placed in a 
row at random ; what is the chance of their standing in such 
order as to form an English word 1 

Answer. The four letters can stand in |4 or twenty-four 

different orders (Choice, Rule III.): all are equally likely 

and one must occur. And four of these will produce an 

English word, 

sentj nest, nets, tens. 

4 1 
Hence by the rule, the required chance is 24 or g . 

Question 92. What is the chance of a year, which is not 
leap year, having fifty-three Sundays ? 

Answer. Such a year consists of fifty-two complete 
weeks, and one day over. This odd day may be any of the 
seven days of the week, and there is nothing to render one 
more likely than another. Only one of them will produce 
the result that the year should have fifty-three Sundays. 
Hence (Rule IV.) the chance of the year having fifty-three 

Sundays is ^ • 

Question 93. What is the chance that a leap year, se- 
lected at random, will contain fifty-three Sundays ? 

Answer. Such a year consists of fifty-two complete 
weeks, and two days over. These two days may be 

Sunday and Monday, 
Monday and Tuesday, 
Tuesday and Wednesday, 
Wednesday and Thursday, 
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Thursday and Friday, 
Friday and Saturday, 
Saturday and Sunday, 

and all these seven are equally likely. Two of them (the 
first and last) will produce the required result. Hence 

2 

(Eule IV.) the chance is ^ . 

Question 94. What is the chance that a year which 
is known not to be the last year in a century should be 
leap year ? 

Answer. The year may be any of the remaining ninety- 
nine of any century, and all these are equally likely; but 
twenty-four of them are leap years. Therefore (Eule III.) 

the chance that the year in question is a leap year is gg or gg. 

Question 95. Three baUs are to be drawn from an urn 
which contains five black, three red, and two white balls. 
What is the chance of drawing two black balls and one red ? 

Answer. Since there are ten balls altogether, three balls 

can be drawn in ' " , or 120 different ways, all equally 

5 4 
likely. Now, two black balls can be selected in =-^ , or ten 

ways, and one red in three ways. Hence, two black balls 
and one red can be drawn in 10 x 3, or 30 different ways. 
Thus we have 120 different ways of drawing three balls, 
whereof 30 ways will give two black and one red. Hence, 
when three balls are drawn the chance that they should be 
two black and one red is (by Rule IV.) ! 

30 1 
120 ""4- 
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Question 96. If from a lot of thirty tickets, marked 
1, 2, 3, &c., four tickets be drawn, what is the chance that 
those marked 1 and 2 are among them ? 

Answer. Four tickets can be drawn out of thiiiy in 

30.29.28.27 i? r i . i. a 

— 5 — ^ ^ , — ways, iour tickets can be drawn, So as to 
1.2.3.4 •' 

28 27 
include those marked 1 and 2, in -y—o ways. Hence, when 

four are drawn, the chance that these two are included is 

28 ■ 27 . 30 ■ 29 . 28 . 27 _ 3.4 _ 2 
1.2 ■ 1.2.3.4 "29.30 "145" 

The odds are, therefore, 143 to 2 against the event. 

Question 97. A has three shares in a lottery where 
there are three prizes and six blanks. B has one share in 
another, where there is but one prize and two blanks. Shew 
that A has a better chance of winning a prize than B, in the 
ratio of 16 to 7. 

Answer. A will get a prize unless his three tickets all 

9 8 7 
prove blank. Now, three tickets can be selected in ' ' , 

or 84 ways; and they can be selected so as to be all blank 

6.5.4 
in o q » °^ 20 ways. Hence the chance that they should 

20 5 
be all blank is ttt or ^jv ; and, therefore, the chance that this 
84 21 

5 

should not be so, or thaft A gets at least one prize, is 1 — ^, or 

n^ • But it is evident that the chance that B gets a prize is 

1 7 
(Eule IV.) Q or jr:r . Therefore A has a better chance than B 

in the ratio of 16 to 7. 
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Question 98. If four cards be drawn from a pack, what 
is the chance that there will be, one of each suit ? 

Answer. Four cards can be selected from the pack in 

^^i'^l'l^A^^ OT 270725 ways (Choice, Eule IX.); but four 

cards can be selected so as to be one of each suit in only 
13 X 13 X 13 X 13 or 28561 ways (Ghoice, Rule II.). Hence 
the chance is 

28561 ,.,^, ,, 1 

or a little more than 



270725 10 ■ 

Question 99. If four cards be drawn from a pack, what 
is the chance that they will be marked one, two, three, four ? 

Answer. There are 4 x 4< x 4 x 4, or 256 ways of draw- 
ing four cards thus marked, and 270725 ways of drawing 
four cards altogether. Hence the chance is 

256 

270725 ' 

or the odds are more than 1000 to 1 against it. 



100. In a bag there are five white and four 
black balls. If they are drawn out one by one, what is the 
chance that the first will be white, the second black, and 
so on alternately ? 

Answer. The nine balls can be arranged in 19 ways. 
But the five white balls can be arranged in the odd places, 
and the four black balls in the even places in |5 x 14 ways. 
Hence the chance that the order will be the alternate order 

is|5x^-^^orjL. 

Otherwise. The white balls being for the purposes of 
the question all alike, and the black balls all alike, the total 
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number of orders in which the nine balls can be arranged is 
(Choice, Eule VII.) 

-!^, or 126. 

|4.|5 

The balls are equally likely to be drawn in any of these 
orders, and one of them is the alternate order required. 

Therefore the chance is ^sr; • 
126 

Question 101. In a bag are five red balls, seven white 
balls, four green balls, and three black balls. If they be 
drawn one by one, what is the chance that all the red balls 
should be drawn first, then all the white ones, then all the 
green ones, and then all the black ones ? 

Answer. The nineteen balls can be arranged in 

119 



[5 . 1 7 . 1 4 . 1 3 

different orders (Choice, Rule VII.). AU these are equally 
likely, and therefore the chance of any. particular order is 

1 5 . (7 . 1 4 . |3 

^9 ' 
This will be the chance required ;. for, all individuality 
among balls of the same colour having been disregarded, 
only one of the different arrangements will give the order 
of coloiirs prescribed in the question. 

Question 102. Out of a bag containing 12 balls, 5 are 

drawn and replaced, and afterwards 6 are drawn. Find the, 

chance that exactly 3 balls were common to the two drawings. 

Answer. The second drawing could be made altogether in 

112 

-^=^, or 924 
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ways. But it could be made so as to include exactly 3 of 
the balls contained in the first drawing, in 

|5 |7 

'- x-!^-, or 350 



[3.|2 [3.|4 

ways ; for it must consist of a selection of 3 balls out of the 
first 5, and a selection of 3 balls out of the remaining 7 
(Choice, Rules VIII. and II.). Hence, the chance that the 
second drawing should contain exactly 3 balls common to 

the first, is 92J or gg . 

As the respective probabilities of various throws, with 
two common dice, are of practical interest, in their bearing 
upon such games as Backgammon, it may be well to discuss 
this case with some completeness. 

It will be observed that as each die can fall in six ways, 
the whole number of ways in which the two dice can fall is 
6 X 6 or 36. But these 36 different ways are not practically 
different throws, since, for example, it makes no difference in 
practice whether the first die falls six and the second five, or 
the first five and the second six. The number of practically 

different throws is, in fact, only =-^ or 21 ; being the num- 

her of ways of selecting two numbers out of six numbers 
when repetitions are allowed: {Choice, Rule X.). Regarding 
it in another way, the 36 different ways of the dice faUing 
are made up of sis unique ways — 

1 and 1, 2 and 3, 3 and 3, 4 and 4, 5 and 5, 6 and 6, 

and 30 other ways, consisting of 15 essentially different 
throws, each repeated twice : thus — 

1 and 2, 1 and 3, 1 and 4, 1 and 5, 1 and 6, 

2 and 1, 3 and 1, 4 and 1, 5 and 1, 6 and 1, 
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2 and 3, 2 and 4, 2 and 5, 2 and 6, 

3 and 2, 4 and 2, 5 and 2, 6 and 2, 

3 and 4, 3 and 5, 3 and 6, 

4 and 3, 5 and 3, 6 and 3, 

4 and 5, 4 and 6, 

5 and 4, 6 and 4, 

5 and 6, 

6 and 5. 

Since each die is equally likely to fall in all different ways, 
the 36 different ways of the two dice falling are all equally 
likely; and, therefore, when the dice are thrown the proba- 
bility of any particular way is gg. But it cannot be said 
that all throws are equally probable, because six-five results 
practically in two ways out of the 36 ways of the dice falling, 
whereas six-six results in only one way. The correct state- 
ment is, that the probability of any assigned throw is gg if 
that assigned throw be dovhlets; but it is twice as much or 
jg if the assigned throw be not doublets. Thus the chance of 
throwing six-three is jg , but the diance of throwing three- 
three is gg . 

Question 103. When two dice are thrown, what is the 
chance that the throw will be greater than 8 ? 

Answer. Out of the 36 ways in which the dice can fall 
there are ten which give a result greater than 8, viz.: 



3 and 6, ' 4 and 5, 4 and 6, 5 and 6, 


5 and 5, 


6 and 3, 5 and 4, 6 and 4, 6 and 5, 


6 and 6. 


Hence the required chance is gg or jg . 
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Question 104. What is the chance of throwing at least 
one ace ? 

Answer. Of the thirty-six ways in which the dice can 

fall, eleven give an ace. Hence the chance is gg . 

Question 105. What is the chance of making a throw 
which shall contain neither an ace nor a six ? 

Answer. Of the thirty-six ways, there are sixteen which 

involve neither one nor six. Hence the chance is gg or „ . 

This question, as well as the preceding one, may be more 
conveniently solved by Rule VI. 

Question 106. What are the odds against throwing 
doublets ? 

Answer. Of the thirty-six ways in which the dice can 
fall, six give doublets. Therefore the chance for doublets is 

gg or g , and the chance against doublets g (Rule III.). There- 
fore the odds are five to one against doublets. 

Or we might reason thus : — However the first die fall, the 
second die can fall in six ways, of which only one way will 
give the same number as on the first die. Hence, the odds 
are five to one against the second die falling the same way as 
the first, or the odds are five to one against doublets. 

Questimi 107. In one throw with a pair of dice, what is 
the chance that there is neither an ace nor doublets ? 

Answer. The dice can fall in thirty-six ways, but in 
order that there may be neither an ace nor doublets, the first 
die must fall in one of five ways (viz. 2, 3, 4, 5, 6), and the 
second, since it may be neither an ace nor the same as the 
&cst, may fall in four ways. Hence the number of ways 
w. 10 
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which will produce the required result is 5 x 4 or 20. And, 

20 5 
therefore, the chance of this result is gg or 5 . 

• Questmi 108. What is the chance of throwing exactly 
eleven ? 

Answer. Out of the thirty-six ways, there are two ways 
which produce eleven; therefore the chance is gg or jg . 

On the principle of the last answer, the reader will have 
no difl&culty in verifying the following statements : 

In a single throw with two dice, the odds are — 

35 to 1 against throwing 2, 



17 .to 1 


n 


)> 


3, 


11 to 1 


>j 


J) 


4, 


8 to 1 


)» 


)i 


5, 


6|. to 1 


>» 


» 


6, 


5 to.l 


» 


» 


7, 


6i to 1 


J) 


3) 


8, 


8 to 1 


» 


„ 


9, 


11 to 1 


J) 


)) 


10, 


17 to 1 


)? 


)J 


11, 


35 to 1 


11 


1) 


12. 



Thus the most frequent throw will be seven. 

In some cases the purpose of a throw is equally answered, 
whether an assigned number appear on one of the dice, or 
whether the numbers on the two dice together make it. 
Let us consider, for example, the chance of throwing five in 
this way. 

The chance of making a throw so that one die shall turn 

up five is gg , and the chance of making a throw which shall 
amount to five is gg. Therefore the chance of throwing five 
in one or these ways is gg + gg or gg . 
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On this principle the following statements may be easily 
verified. 

In a single throw with two dice, when the player is at 
liberty to count either the smn of the nwmhers on the two dice, 
or the number on either die alone, the odds are — 



25 to 11, 


or 


2A 


to 


1 against throwing 


1, 


24 to 12, 


or 


2 


to 




J ij 


2, 


23 to 13, 


or 


m 


to 




) » 


3, 


22 to 14, 


or 


n 


to 




> J) 


4, 


21 to 15, 


or 


If 


to 




f jj 


5, 


20 to 16, 


or 


li 


to 




7 it 


6, 






5 


to 




J J) 


7, 


31 to 5, 


or 


H 


to 




J J) 


8, 






8 


to 




) J) 


9, 






11 


to 




> }J 


10, 






17 


to 




J >» 


11, 






35 


to 




) )J 


12. 



Thus the number which there is the greatest chance of 
making is six. 

When three dice are thrown the number of ways in 

which they can fall is 6 x 6 x 6 = 216, but the number of 

6 7 8 
different throws is only ' ' or 56 {Choice, Rule X.). 

These 56 throws are made up of 
6 triplets each occurring in one way, 

30 throws containing a doublet, each throw occuning in 3 

ways, 
20 throws consisting of three different numbers, each throw 

occurring in 6 ways. 

And the chance of any given triplet (such as 6, 6, 6) is gjg- 

10—2 
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3 
The chance of any given doublet (such as 6, 6, 5) is gjg 

1 



or^. 



And the chance of any other given throw (such as 6, 5, 4) 

• A. i 
^® 216 °^ 36 • 

fi 1 

Further, the chance of throwing some triplet is 2W^'^ 36' 

90 • 5 
The chance of throwing sOTue doublet is gie "'^ l2 • 

The chance of throwing neither a triplet nor a doublet is 
120 5 
216 "'^ 9 • 

Definition. If a person is toj-eceive a prize on condi- 
tion of some event happening, the sum of money for which 
his chance might equitably be sold beforehand is called his 
expectation from the event. 



KULE V. 

The eoopectation from any event is obtained hy multiplying 
the sum to he realized on the- event happening, hy the chance 
that the event will happen. 

This rule may be illustrated as follows: Suppose a person 
holds five tickets in a lottery, where the whole number of 
tickets is twelve : and suppose there be only one prize, and 
let its value be one shilling. 

The person in question gains the prize, if it happen that 
one of his tickets be drawn. The chance of this event is 5^; 
therefore, according to the rule, the person's expectation is 
j2 of a shilling, or five-pence. And the correctness of this 
result may be immediately seen ; for we observe, that if the 
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person had bought all the twelve tickets he would have been 
certain of winning a shilHng, and, therefore, he might equit- 
ably have given a shilling for the twelve tickets; but all 
the tickets are of equal value, and are equally valuable 
whether the same man hold one or more. Hence, each of 
them is worth a penny, and, therefore, the five in question 
are worth five-pence (as long as it is unknown which is 
drawn). Five-pence, therefore, is the sum that might equit- 
ably have been given for the assigned person's chance, and, 
therefore, by the definition this is his expectation. 

Question 109. A bag contains a £5 note, a £10 note, 
and six pieces of blank paper. What is the expectation of 
a man who is allowed to draw out one piece of paper ? 

Answer. Since there are eight pieces of paper the pro- 
bability of his drawing the £5 note is g ; therefore, his ex- 
pectation from the chance of drawing this note is g of £5, 
or g of a pound. Similarly, his expectation from the chance 

1 5 

of drawing the £10 note is g of £10, or | of a pound. There- 

15 
fore his whole expectation is -g- of a pound, or £1. 17s. Qd. 

Question 110. What is the expectation of drawing a 
coin from a bag which contains one sovereign and seven 
shillings ? 

Answer. The expectation from the chance of drawing 
the sovereign is g of a sovereign, and the expectation from 
the chance of drawing a shilling is g of a shilling. Hence, 
the whole expectation is 3s. 4Jd 
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Question 111. A person is allowed to draw two coins 

from a purse containing four sovereigns and four shillings. 

What is the value of his expectation 1 

8 7 
Answer. Two coins can be drawn in ^-0 '^^ ^^ ways: 

of these :r^ or 6 ways will give two sovereigns, 4 x 4 or 

16 ways will give a sovereign and a shilling, and the other 
6 ways will give two shilHngs. 

Therefore — 

Chance of drawing 40 shillings = ^ , 

Chance of drawing 21 shillings = gg , 
Chance of drawing 2 shillings = gg • 
Therefore the expectation is — 

from the first chance, ^r^ x 40, or -=- shillings ; 

1 R 

from the second chance, jj^ x 21, or 12 shillings ; 

6 3 

from the third chance, hk x 2, or = shillings. 

Hence the whole expectation is -.^ + 12 + = , or 21 shillings ; 

or one-fourth of the whole sum in the bag. 

This result might have been inferred at once from the 
consideration that, if all the eight coins had been drawn twa 
and two, no drawing could be more likely to exceed in 
sovereigns than in shillings : (the number of sovereigns and 
shillings being the same). Hence the expectation from each 
of the four drawings must be the same ; and therefore each 
must be one-fourth of the whole sum to be drawn. 



CONCUBEENT EVENTS. 151' 



EULE VI. 

The chance of two independent events both happening, is 
the product of the chances of their happening severally. 

5 
That is, if the chance of one event happening be jj , and 

the chance of another independent event happening be g , the 

chance that both events should happen is g x g or jg . 

This may be proved as follows : — 

The chance of the first event is the same as the chance 
of drawing white from a bag containing six baUs, of which 
five are white (Eule IV.). 

The chance of the second event is the same as the chance 
of drawing white fi:om a bag containing eight balls, of which 
seven are white. 

Therefore the chance that both events should happen 
is the same as the chance that both balls drawn should be 
white. 

But the first ball can be drawn in six ways, and the 
second in eight ways. Therefore {Choice, Eule I.), both can 
be drawn in. 6 x 8, or 48 ways. 

So the first can be white in five ways, and the second can 
be white in seven ways. Therefore both can be white in 
5 X 7, or 35 ways. 

That is, the two balls can be drawn in forty-eight ways 
(all equally likely), and thirty-five of these ways will give 
double-white. Hence (Eule IV.) the chance of double-white 

35 

is jg , and therefore the chance of the two given events both 

, . . 35 

happemng is jg . 
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And the same reasoning would apply if the numbers 
were any others. Hence the rule is true always. 

Example. Suppose it is estimated that the chance that 

2 

A can solve a certain problem is g , and the chance that B 

can solve it is j2 ! let us consider what is the chance of the 
problem being solved when they both try. 

The problem will be solved, unless they both fail. 

Now the chance that A fails is g : and the chance that B 
fails is j2 ■ 

Therefore the chance that both fail is 



3 ^12'°'' 36' 

The chance that this should not be so, is 

, 7 29 

1 or — 

36' 36 

This is, therefore, the chance that the problem gets solved. 

In the case just considered, four results were possible, 
viz.: — 

(1) That A and B should both succeed : 

(2) „ A should succeed and B fail : 

(3) „ A should fail and B succeed : 

(4) „ A and B should both fail. 

We may calculate the chance of these four events sepa- 
rately. Thus we have 

Chance of ^'s success = ^ , of A's failure = ^ ; 
o o 

„ B's success = r-^ , of B's failure = ^r^ . 
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Therefore, by the rule, 

2 5 10 

(1) Chance that A and B both succeed = o ^ ts ~ oc ■ 

2 7 14 

(2) Chance that A succeeds and B fails == 5 ^ To — oS = 

15 5 

(3) Chance that A fails and B succeeds = s ^ To = oc ■ 

17 7 

(4) Chance that A and B both fail = ^ x TS = oc • 

We observe that 

10 14 5 7^36^ 
36 ■*■ 36 36 "^ 36 ~ 36 ' 

or the sum of the four probabilities is unity, as it ought 
to be, since it is certain that one of the four results must 
happen. 

Further, we notice that the problem will be solved if any 
of the first three events out of (1), (2), (3), and (4) occur. 
Hence the chance of the problem being solved might have 
been obtained by adding together the separate probabilities 
of these three events. Thus — 

10 14 ^^29 
36 "•" 36 ■'' 36 ~ 36 ' 

29 

or the probability is gg , as before. 



KULE VII. 

If there he two events which are not independent, the 
chance that they should both happen is the product of the 
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chance that the first should happen, and the chance that when 
the first has happened the second should happen also. 

This case differs from the case of Rule VI. by this cir- 
cumstance, — that the second event, instead of being quite 
independent of the first, is so related to it that its proba- 
bility is altered by the first event happening. For example, 
if two letters are drawn from an: alphabet of 20 consonants 
and six vowels, the chance of the second letter being a vowel, 

which was originally gg, becomes 25 ^'^ 25 ^-ccording as the 
first letter was a consonant or a vowel. If however we are to 
calculate the chance of both being vowels, we have nothing 
to do with the second drawing except in the case when the 
first letter was a vowel. Our chance of drawing two vowels 
is plainly the same as if we had first to draw one from an 
alphabet of 20 consonants and six vowels, and then indepen- 
dently to draw one from another alphabet of 20 consonants 
and five vowels. Thus it appears that when the chance of 
the second event is dependent on the issue of the first, we 
may treat them as two independent events, if only we take 
for the second not its original probability but its probability 
when the first event has happened. 

Hence the truth of Rule VII. is manifest. 

The result in the particular case just considered, viz., 
that the chance of drawing two vowels out of an alphabet 
of 20 consonants and six vowels is 

26 ^ 25 ~ 65 ' 

is verified by observing that as a drawing of two letters can 
be made in 26 . 25 ways, and a drawing of two vowels in 6 . 5 
ways {Choice, Rule IV.), the chance of drawing two vowels 
must be (by Rule III.) 
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6.5 _ 3 
26.25 65' 

the same result as is given by the present rule. 

Question 112. One purse contains five sovereigns and 
four shillings; another contains five sovereigns and three 
shillings. One purse is taken at random and a coiu drawn 
out. What is the chance that it be a sovereign ? 

Answer. The chance that the first purse be selected 
1 

2' 



is o, aad if it be selected, the chance that the coin be a 



5 

sovereign is g: hence the chance that the coin drawn be 
one of the sovereigns out of the first purse is 



2^9'°'^I8- 

Similarly the chance that it be one of the sovereigns out 
of the second purse is 

15 5 
2^8'°"^ 16- 

Hence the whole chance of drawing a sovereign is 

5 5 85 

1 or 

18 16 ' 144 ■ 

Question 113. What is the expectation from the draw- 
ing of the coin ia the last question ? 

85 

Answer. The chance that it is a sovereign is jg, and 
therefore the expectation from the chance of drawing a 

■ 85 » , 1700 , .,,. 

sovereign is j^ of a pound, or ^^f shimngs. 

If the coiu drawn be not a sovereign, it must be a 
shilling, therefore the chance of drawing a shilling must be 
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■'• ~ iii ' °^ iS (^^^^ !•)■ Hence the expectation from the 

59 
chance of drawing a shilling is jg of a shilling. Therefore 

the whole expectation from the drawing is 

1700 59^ 1759 
144 "'"144' °^ 144 

shillings, or 12s. 2-^d. 

Question 114. What would have been the chance of 
drawing a sovereign if all the coins in the last case had been 
in one bag; and what would have been the expectation? 

Answer. There would have been ten sovereigns and 
seven shillings in the bag; therefore, the chance of drawing 

a sovereign would have been j^ , and the chance of drawing 

7 
a shilling js (Rule I.). The expectation would therefore 

have been 

200 7 207 

1^ + 17 °'W 
shillings, or 12s. 2^jd. 

The chance of drawing a sovereign is therefore in this 
case a little less, and the whole expectation very slightly less 
than in the former case. 

Question 115. What is the chance that in a year named 
at random Easter should fall on April 25 of the Gregorian 
Kalendar ? 

Answer. By reference to the tables at the beginning of 
the Prayer Book it is seen that this event will occur if the 
golden number be that affixed to April 18, and if that day 
be Sunday. The golden number required occurs once in 
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nineteen years, and when it occurs the day is equally likely 
to be any of the seven days of the week. Therefore the re- 
quired chance is 

111 



X 



.* 



19 7 133 

Question 116. There are three parcels of books in another 
room, and a particular book is in one of them. The odds 
that it is in one particular parcel are three to two; but if 
not in that parcel, it is equally likely to be in either of the 
others. If I send for this parcel, giving a description of it, 
and the odds that I get the one I describe are two to one, 
what is my chance of getting the book ? 

Answer. The chance of getting the parcel described 

2 .... 3 

is g, and the chance that the book is in it is g; therefore 
the chance of getting the book in the described parcel is 

2 3 6 

The chance of getting a parcel not described is ^ , and 
the chance that the book is in it is g; therefore the chance 
of getting the book in a parcel not described is g x g , or jg • 

* Hence on an average Easter will be on April 25 about three times in 
four centuries. At present, however, and for more than 3000 years to come, 
it happens about once a century, at intervals of either 57, 68, 84, 95, 152 or 
163 years. This excess of frequency is compensated for after the year 4900, 
when we have three intervals of 220, 1863, and 288 years respectively. The 
years in which Easter occurs so late as April 25, are 

1666 1734 1886 1943 2038 2190 2258 2326 2410 

2573 2630 2782 2877 2945 3002 3097 3154 3249 

3306 3469 3587 3621 3784 3841 3993 4088 4156 

4224 4376 4528 4680 4748 4900 5120 6483 6771 

6855 &a. 
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Therefore the whole chance of getting the book at all is 

6 17 . . 

jg + jg , or jg ; or the odds are eight to seven against getting 

it. 

Question 117. In a purse are ten coins, of which nine 
are shillings and one is a sovereign ; in another are ten coins, 
all of which are shillings. Nine coins are taken out of the 
former purse and put into the latter, and then nine coins are 
taken from the latter and put into the former. A person 
may now take whichever purse he pleases ; which should he 
select ? 

Answer. Since each purse contains the same number 
of coins, he ought to choose that which is the more likely 
to contain the sovereign. Now the sovereign can only be 
in the second bag, provided both the following events have 
taken place, viz. — 

(1) That the sovereign was among the nine coins 

taken out of the first bag and put into the 
second. 

(2) That it was not among the nine coins taken out 

of the second bag and put into the first. 

9 
Now the chance of (1) is jg, and when (1) has hap- 
pened the chance of (2) is jg ; therefore the chance of both 

■9 10 9 

happening is J5 x jg > oi" jg . This, therefore, is the chance 

that the sovereign is in the second bag, and therefore (Rule I.) 

9 10 

the chance that it is in the first is 1 — jq or js . Hence, the 
first bag ought to be chosen in preference to the other. 
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EULE VIII. 

The chance that a series of events should all happen is the 
continued product of the chance that the first should happen, 
the chance that {when it has happened!) then the second should 
happen, the chance that then the third should happen, and 
so on. 

This is a simple extension of the last rule. For suppose 

there be four events, and let ^ be the chance that the first 

should happen, and when the first has happened, let j be the 

chance that the second should happen, and when these have 

5 

happened, let g be the chance that the third should happen, 

and when, these have happened, let j be the chance that the 
fourth should happen; by Rule VII., the chance that the 
first and second should both happen is g x t , or g . We may 
now treat this as a single event, and then, again applying 

3 5 15 

the same rule, we get g x g , or gj as the chance that the first, 
second, and third should all happen. Treating this compound 
event as one event, we can again apply the same rule, and 

obtain gj x j , or 255 as the chance that all the four events 
should happen. Thus the chance of all the events is 
1 3 5 .1 

the continued product of all the given chances. 

Question 118. There are three independent events whose 

231 
several chances are g , g , g . What is the chance that one of 

them at least will happen ? 
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Answer. One at least will happen, unless all fail. 

12 1 1 
The chance of all failing is ^ x r x s > or — . 

1 14 
Hence the required chance is 1 — =-= , or^v • 

Question 119. There are three independent events whose 

2 3 1 

several chances are g, ?, g. What is the chance that exactly 
one of them should happen ? 

Answer. The chance that the first should happen and 
the others fail is 

2 2 1 4 

3^ 5 ^2' °^m- 

So the chance that the second should happen and the others 
fail is 

3 11 3 

5 ^3 "^2' °^W 

And the chance that the third should happen and the others 
fail is 

112 2 

2 ^3 "^5' ''''so- 

Hence, the chance that one of these should occur — that 
is, that exactly one of the three events should happen — is 

4^ 3 2 d_ 3 

30 "^30 "^30' °^30' """lO" 

Question 120. When six coins are tossed, what is the 
chance that one, and only one, will turn up head ? 

Answer. The chance that the first should turn up head 
is 2) and the chance that the others should turn up tail is 
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^ for each of them. Therefore, the chance that the first 
should turn up head and the rest tail is 

111111 1 

And there will be a similar chance that the second should 
alone turn up head, or that the third should alone turn up 
head, and so on. 

Hence, the whole chance of some one, and only one, turn- 
ing up head is 

A J_ Jl Jl J_ J_ A 

64 ■*■ 64 "•■ 64 "•" 64 "^ 64 "^ 64 ' °^ 64* 

Question 121. When six coins are tossed, what is the 
chance that at least one will turn up head ? 

Answer. The chance that all should turn up tail is 
111111 1 

2^2^2^2^2^2' °'"64' 

The chance that this should not be so, or that at least one 
head should turn up, is (Rule I.) 

, 1 63 

^-64' ""^64- 

Question 122. A person throws three dice, what are the 
respective chances that they should fall all alike, only two 
alike, or all different ? 

Answer. The chance- that the second should fall the 
same as the first is g , and the chance that the third should 

also fall the same is g . Hence, the chance that all three fall 
alike is 

11 1 

6'^6'*''36- 
w. 11 



162 . CHANCE. 

The chance that the second should fall as the first, and 
that the third should fall different, is 
15 5 

6^6' """"M' 

and there is the same chance that the second and third 
should be alike, and the first different ; or that the first and 
third should be alike, and the second different. Hence, the 
chance that some two should be alike, and the others differ- 
ent, is 

36 "^36"*" 36' ""^Se" 
The chance that the second should be different from the 

first is y , and the chance that the third should be different 

4 
from either is g . Hence, the chance that all three are differ- 
ent is 

5 4 20 

6^6'°^ 36- 

Therefore, the three chances required are 36« 36> Ic ^^^pec- 
tively, their sum being unity, since the dice must certainly 
fall in some one of the three ways. 

Question 123. A person throws three dice, and is to 
receive six shillings if they all turn up alike, four shillings if 
two only turn up alike, and three shillings if all turn up' 
different, what is his expectation ? 

Answer. Referring to the last question, the chance of 
all turning up different is ^ ; his expectation from this event 
is therefore ^ of six shillings, or two pence. The chance of 
two only turning up alike is g^ or j^ , and his expectation 
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5 

from this event is therefore j^ of four shillings, or twenty 
pence. The chance of all turning up different is gg or g , and 
his expectation from this event is therefore g of three shil- 
lings, or twenty pence. Therefore his whole expectation is 
2 + 20 + 20, or 42 pence, or three shillings and sixpence. 

Question 124 A person goes on throwing a single die 
until it turns up ace. What is the chance (1) that he will 
have to make at least ten throws; (2) that he will have to 
make exactly ten throws ? 

Answer. (1) The chance that he fails at any particular 

5 

trial to throw an ace is - . The chance that he should fail 
6 

the first nine times (by Rule VIII.) is (^) . This, therefore, 

is the probability that he will have to throw at least ten 
times. 

(2) Since l-r) is the chance that he fails the first nine 

times, and 77 the chance that he succeeds the next time, 
o 

therefore by Rule VII., (-| x ^ is the chance that he will 

have to throw exactly ten times. 

Question 125. A die is to be thrown once by each of 
four persons. A, B, C, D, in order, and the first of them who 
throws an ace is to receive a prize. Find their respective 
chances, and the chance that the prize will not be won 
at all. 

Answer. Since A has the first throw, he wins if he 

throws an ace; his chance is therefore g . 

So B wins provided A fails and he succeeds. The chance 

11—2 
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5 1 

of A failing is g , and of B succeeding is ^ . Therefoa-e B's 

chance of winning is 

5 1 5 

So G wins provided A and B both fail, and he succeeds. 

... 5 5 25 ' 

The chance of A and B both failing is g x g , or gg ; and then 

the chance of G succeeding is g . Therefore G's chance of 

25 1 ^ 
36 ^6'°'' 216- 
So jD wins provided A, B, and all fail, and he succeeds. 

The chance of A, B, and G all failing is g x g x g , or gjg j 

and then the chance of B succeeding is g . Therefore B'& 
chance of winning is 

125 1 125 

X •^, or 



216 6 ' 1296 ■ 

The prize is not won at all, provided all four fail to throw 

an ace. The chance that this should be the case is 

5 5 5 5 625 

X t: X TT X t; , or 



6 6 6 6' 1296 ' 

Question 126. Two persons, A and B, throw alternately 
with a single die, and he who first throws an ace is to receive 
a prize of £1. What are their respective expectations ? 

A-nswer. The chance that the prize should be won 

at the first throw, is ^ : 

5 1 

at the second throw, is 7: x 7; : 
D o 

^j X ^: 
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at the fourth throw, is •(^) x 



6" 

/5\* 1 
at the fifth throw, is I^J x^: 

1 

6" 



/SX" 1 
at the sixth throw, is i^J x^ 



and so on. 

But the first, third, and fifth, &c., throws belong to A, 
and the second, fourth, sixth, &c., belong to B. Hence A's 
chance of winning is 

1 , fBV 1 /5\* 1 » 

6 + (6}-6 + (6)-6 + ^«-' 
and B's chance is 



5 1 /5\' 1 /5\= 1 , 



5 



that is, B's chance is equal to ^'s multiplied by g . Hence 

5 
B's expectation is g of A's, or B's is to A's in the ratio of 

five to six. But their expectations must together amount to 

£1. Hence ^'s expectation is jj of a pound, and jB's j| of a 

pound. 

Question 127. What is the chance that a person with 
two dice will throw aces exactly four times in six trials ? 
Answer. The chance of throwing aces at any particular 

1 ... 35 

trial is ^ , and the chance of failing is gg . Hence the chance 
of succeeding at four assigned trials and failing at the other 

two is ( s^ ) ^ ( oe I • ^^^ ^^^^ ''^i^l ^^ thrown exactly four 

times if they be thrown at any set of four trials which might 
be assigned out of the six trials, and if they fail at the re- 
maining two. And (Choice, Rule IX.) it is possible to assign 
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6 5 4 3 
four out of six in ' ' " , or fifteen ways. Hence the 
JL . ^ • o ■ 4} 

chance required is fifteen times the chance of succeeding in 

four assigned trials, and failing at the other two. Therefore 

it is 

^125 



(^y^(i)'^i^' 



orT 



725594112' 

therefore the odds are more than 100,000 to 1 against the 
event. 

Question 128. If on an average nine ships out of ten 
return safe to port, what is the chance that out of five ships 
expected, at least three will arrive ? 

Answer. The chance that any particular ship returns is 

9 

zp^ . The chance that any particular set of three ships should 

. /9 \* 
all arrive is ' :j-j; j , and the chance that the other two should 

not arrive is [^) ■ Therefore the chance that a particular 

' / 9 \' / 1 \^ 729 

set of three should alone arrive is I ^7.1 x (— -j , or . 

5 4 3 
And out of five ships a set of three can be selected in ' " 

or 10 ways. Hence the chance that some one of these sets 
of three should alone arrive is 

729 ^- 729 
X 10, or 



100000 ' 10000" 

This is therefore the chance that exactly three ships should 
arrive. 

Similarly the chance that any particular set of four 

should alone arrive is (jA ^ in ' °' IO6OOO ' ^^^ *^® chance 



EXAMPLES. 167 



that some one of the five possible , sets of four should alone 

chance that exactly four ships should arrive. 

And the chance that all the five should arrive is (^7;) , 
59049 



100000 ■ 

But the chance that at least three should arrive is the 
chance that either three exactly, or four exactly, or five exactly 
should arrive: and is therefore the sum of the several chances 
of these exact numbers arriving : that is, the required chance 
is 

7290 32805 59049 99144 12.393 

100000 "*■ 100000 "^ iOOOOO ' °'^' 100000 ' ""^ 12500 ■ 

Question 129. A and B play at a game which cannot be 
drawn, and on an average A wins three games out of five. 
What is the chance that A should win at least three games 
out of the first five ? 

Answer. The chance that A wins three assigned games, 

/^\^ /2\^ 108 

and B the other two, is (^) . ( ^ ) , or -,,-. . But the three 
V5/ V»/ 312o 

5.4.3 
may be assigned in -.— g— „, or 10 ways {Choice, Rule IX.). 

Hence the chance that A should win some three games and 

B the other two is 

108 , „ 1080 
X 10, or , 



3125 ' 3125 ■ 
Similarly the chance that A should win some four games 
and B the other one is 

162 810 

3125^ '*"^ 3125' 
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Arid the chance that A should win all five games is 
/3\' 243 

UJ'^'siIB- 

Therefore the chance that A wins either three, or four, 
or all out of the first five games is 

1080 810 243 ^2133 
3125 ■'' 3125 3125 ~ 3125 ' 

or the odds are rather more than two to one in ^'s favour. 



EXPECTATION OF LIFE. 

The next four questions are based on some results of 
Vital Statistics. It will be assumed that out of 400 persons 
horsy, 57 die in their first year, 20 in their second, 11 in their 
third, and so on, according to the subjoined table, until at 
the age of 90, only 4 survive. 
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And we shall further assume that of 100 persons arriving at 
the age of 90, 19 die in the next year, 17 in the next, 15 in 
the next, and so on in arithmetical progression, until at the 
end of the 100th year all are dead. 

The following a,pproximate results of the table are easily 
remembered. 

Out of 400 persons born 

100 die before the age of 5 years, 

100 more (accurately 101) die before the age of 50, 

100 more (accurately 99) die before the age of 70, 

100 survive 70 years. 
Again : 

120 (accurately 122) die in the first 20 years, 

120 (accurately 121) die in the next 40 years, 

120 die in the next 20 years, 
leaving 40 (accurately 37) to survive the age of 80. 

Question 130. What is the chance of a person aged 30 
living till he is 60 ? 

Answer. Out of 400 persons bom simultaneously with 
him 142 die in the first 30 years, and 258 survive. Of 
these 101 die in the next 30 years and 157 survive. The 
chance that the man in question is one of the survivors is 

therefore ^ . 

Question 131. What are the odds against a person aged 
40 living for 30 years ? 

Answer. Out of 232 persons surviving to the age of 40 
there will be 132 deaths in the next 30 years, and 100 will 
then survive. The odds are therefore 132 to 100 or 33 to 25 
against the person living to seventy. 

■ Question 132. What is the expectation of life of a person 
on his 90th birthday ? 
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'100 



Answer. The chance that he dies the first year is jqq , the 



17 
second year jTyj , and so on, in arithmetical progression. But 

if he dies the first year (since he may equally die in any part of 

it) his expectation of life is only g year. So if he die in the 

second year his expectation is g years. If he die in the 

6 
third year it is -^ years, and so on. Hence Tiis whole expec- 
tation is 

19 . 1 + 17 . 3 + 15 ■ 5 + 13 ■ 7 + ... + 3 . 17 + 1 ■ 19 
200 

7 
which will be found to amount to 32^ . 

Question 133. What is the e'xpectation of life of a person 
on his 81st birthday ? 

The chance that he dies the first year is -^ , the second, 

4 . 3 

third and fourth each gg , the fifth and sixth each ^ , the 

2 .1 

seventh and eighth each ^ , the ninth ^ , and the chance 

that he survives this, i.e., that he reaches his 90th year, is 55. 
His expectation of life prior to the completion of the 90th 
year is therefore 

5 . 1 + 4 (3 + 5 + 7) + 3 (9 + 11) + 2 (13 + 15) + 17 99 
64 32' 

And his expectation subsequent to his 9Qth year is 
32(9 + 325) =jgQ, the nine years being added to the result 
of the previous question. 

Hence his whole expectation is 

99 247 _ 742 _ 51 
32'''160~160~ 80' 
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RULE IX. 



If a doubtful event can happen in a number of different 
ways, any accession of knowledge concerning the event which 
changes the probability, of its happening will change, in the 
same ratio, the probability of any particular way of its hap- 
pening. 

It follows ^om the -axiom that the probability of the 
event happening at all must be equal to the sum of the 
probabilities of its happening in the several ways. 

First, suppose for simplicity that all the ways are equally 
likely. Let there be seven ways, and let the chance of each 

one severally occurring be jq : then the chance of the event 

7 
happening at all is seven times this, or jq . 

But suppose that our knowledge is increased by the infor- 
mation that the event happens nine times out of ten, or by 
such other information as brings our estimate of its probability 

9 . 7 , . ... 

up to jg instead of jq , thus increasing the probability in the 
ratio of seven to nine. 

It is still true that there are only seven ways of the event 
happening, all of which are equally likely : hence the proba- 
bility of the event happening in any particular one of these 

19 9 

ways is y of jq , or =q , with our new information. Hence our 
information concerning the event has increased the chance 

17 9 

of its happening in an assigned way from jq ''^ to ^° 70 ' *^** 
is, it has increased it in the ratio of seven to nine, the same 
ratio in which the probability of the event itself was in- 
creased. * 
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And the same argument would hold if the numbers were 
any others, and therefore the rule is true, provided all the 
ways of the event happening are equally probable. 

Secondly, suppose the ways are not equally probable. We 
may in this case regard them as groups of subsidiary ways, 
which would be equally probable. Then, as we have shewn, 
the chance of each one of the subsidiary ways would be 
increased (or decreased) in the same ratio as the chance of 
the event itself, and therefore the sum of the chances of any 
group of these subsidiary ways would be changed in the same 
ratio. 

For instance, if the event could happen in any one of 

three ways, whose respective chances were 3) g' i' ^"^ 12' 12» 

3 . . . 

J2, we might divide the first of these ways into four sub- 
sidiary ways, the next into two ways, and the other into 
three ways, and the chance of each of these subsidiary ways 

would be j2- If therefore, by an accession of knowledge, 
the chance of the whole event were diminished in the ratio 
of three to two, each subsidiary way of the event's happening 

2 1 1 

would have a diminished probability of » of js > or jo , and 

.the probabilities of the three given ways would become 

423 211 

respectively jg, j^, jg, or g, g, g: that is, they would be 

diminished in the same ratio as the chance of the event 

itself. 

Thus we see that the rule is true always. 

Question 134. A bag contains five balls, which are 
known to be either all black or all white — ^and both these 
are equally probable. A white ball is dropped into the bag, 
and then a ball is drawn out at random and found to be 
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white. What is now the chance that the original balls were 
all white ? 

Answer. The prohabilities are here affected by the ob- 
served event that a ball drawn out at random proved to be 
white. 

We will first calculate the probabilities before this event 
was observed (which we will call m priori probabilities), and 
then consider how they are affected by the accession of 
knowledge produced by the observation of the event. (Pro- 
babilities modified by this knowledge may be distinguished 
as a posteriori probabilities.) 

The event might happen in two ways; either by the 
balls having been all white, and any one of them being 
drawn, or by the five original balls having been black, the 
new one alone white, and this one drawn. 

The a priori probability that all are white is g, and 
then the chance of drawing a white ball is 1 (or certainty). 
Hence the chance of the event happening in this way is 

2Xl,or2. 

So the a priori probability that the first five were 

black is g , and then the chance of drawing a white ball is g. 

Hence the chance of the event happening in this way is 
11 i_ 
2 X g , or j^2 • 

Therefore the whole a priori chance of the event happen- 

. -1,1 7 

ingiS2 + i2.orj2- 

But when the ball is drawn and observed to be white, 

7 

this knowledge immediately increases the chance from th to 1 
(or certainty) : that is, it increases the chance in the ratio of 
7 to 12. Therefore, by Rule IX.,' the chances of the event 
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happening in the several ways are increased in the same 
ratio. 

Hence the d posteriori chance of the event having hap- 
pened in the first way is g x y , or y ; and the A posteriori 

1 12 

chance of its having happened in the second way is j2 ^ T ' 

or s. Or the chance of the original balls having been all 

white is now ^, and of their having been all black =. 

Question 135. In a parcel of 1000 dice there is one that 
has every face marked six : all the rest are correctly marked. 
A die taken at random out of the parcel is thrown four times 
and always turns up six. What is the chance that this is the 
false die ? 

Answer. The die is either false or true : and the respec- 
tive chances of these two cases a priori are j^gg and j^qq . In 
the first case the chance that six should turn up four times 
in succession is unity; in the second case it is (gj , or 

J296 • Therefore we have a priori, — 

(1) the chance that the die should be false, and dx 
should turn up four times, is jJqq : 

(2) the chance that the die should be true, and six 

37 
should turn up four times, is iggoo '■ 

and the chance that from one or other the same result should 
happen is 

1 37 17 



1000 ' 48000 9600' 

But after our knowledge is augmented by the observation 

of the fact that the die turns up six four iimes in succession. 
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this latter chance becomes unity, that is, it becomes multi- 
plied by -js- . Hence (Rule IX.) the chances (1) and (2) 
become multiplied in the same ratio. Therefore a posteriori, 
the chance that the die should be false and six have turned 

up four times is jqqq x -^r — gg . This is the required chance. 

Question 136. A purse contains ten coins, each of which 
is either a sovereign or a shilling : a coin is drawn and found 
to be a sovereign, what is the chance that this is the only 
sovereign ? 

Answer. A priori, the coin drawn was equally likely 
to be a sovereign or a shilling*, therefore the chance of its 

being a sovereign was g . 

A posteriori, the chance of its being a sovereign is unity ; 
or the chance is doubled by the observation of the event. 
Therefore (Rule IX.) the chance of any particular way in 
which a sovereign might be drawn is also doubled. 

Now the chance that there was only one sovereign was 
a priori 

10 J^ 
2" °'' 1024' 

and in this case the chance of drawing a sovereign was 

1 

lo- 

* In the statement of this qnestion the words "each of which" implies 
that the purse has been filled in such a way that each coin separately is 
equally likely to be a sovereign or a shiUing. For instance each coin may 
have been taken from either of two bags at random, one containing sovereigns 
and the other shiUlugs. The case is carefully marked off from that of Qn. 
137. Mr Yenn in his strictures on this solution (Logic of Chance, Second 
Edition, pp. 166, 167) appears to overlook the significance of the words "each 
of which," and implies that the solution of Qn. 137 would have been appli- 
cable to Qn. 136. 



176 CHANCE. 

Hence the chance that there should be only one sovereign, 
and that it should be drawn, was d, priori 

10 1 1 

• X tt; , or : 



1024 10 ' 1024 ■ 
And the A posteriori chance that a sovereign should be 

2 1 

drawn in this way is the double of this : i.e. j^j or gjg ; which 
is therefore the required chance., 

Question 137. A purse contains ten coins, which are 
either sovereigns or shillings, and all possible numbers of 
each are eqiially likely : a coin is drawn and found to be a 
sovereign, what is the chance that this, is the only sovereign.? 

Answer. A priori, the coin drawn was equally likely 
to be a sovereign or a shilling, therefore the chance of its 

being a sovereign was ^ . 

A posteriori, the chance of its being a sovereign is unity :■ 
or the chance is doubled by the observation of the event. 

Therefore (Rule IX.) the chance of any particular way 
in which a sovereign might be drawn is also doubled. 

Now, a priori, eleven cases were equally probable, viz. 
that there should be 

0, 1,, 2,, 3, 4, 5, 6, 7, 8, 9, 10 sovereigns, 
10, 9, 8, 7, 6, 5, 4, 3, 2, 1, shillings. 

Therefore the chance of there being exactly one sovereign 
was jj , and in this case the chance of drawing a sovereign 



Hence the chance that there should be only one sove- 
reign, and that it should be drawn, was, d priori, 

11 "^10' """no- 
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And the a posteriori chance that a sovereign should be 

2 1 

drawn in this way is the double of this, that is, no ""^ 55' 
which is, therefore, the chance required. 

Question 138. A, B, G were entered for a race, and their 

2 4 5 

respective chances of, winning were estimated at U' il' li" 
But circumstances come to our knowledge in favour of A, 
which raise his chance to g; what are now the chances in 
favour of B and C respectively ? 

Answer. A could lose in two ways, viz. either by B 
winning or by C winning, and, the respective chances of his 

4 5 

losing in these ways were d priori jj and jj , and the chance 
of his losing at all was tt . But after our accession of know- 
ledge the chance of his losing at all becomes ^i tli^t is, it 
becomes diminished in the ratio of 18 : 11. Hence the 
chance of either way in which he might lose is diminished 
in the same ratio. Therefore the chance of B winning is 



and of winning 



4 11 £ 

ll''l8' '''' 18' 



^11 ^ 
11^18' °'' 18- 



These are therefore the required chances. 

Question 139. One of a pack of fifty-two cards has 
been removed; from the remainder of the pack two cards 
are drawn and are found to be spades ; find the chance that 
the missing card is a spade. 

Answer. A priori, the chance of the missing card being 
w. 12 
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a spade is j , and the chance that then two cards drawn at 

12 11 132 

random should be both spades is sj-gg > or gggg . Hence the 
chance that the missing card should be a spade, and two 
spades be drawn, is 

1 132 11 

4 2550' 850* 

3 

The chance of the missing card being not a spade is j , and 

13 . 12 

the chance that then two spades should be drawn is 53—50 , or 

156 

2ggQ. Hence the chance that the missing card should be 

not a spade, and two spades be drawn, is 

3 156 39^ 

4^2550* °^ 850" 

Therefore the chance that in one way or the other two 
spades should be drawn is 

n^ 39^ ^ 1^ 

850 "^850' °^ 850' °^ 17" 

But after the observation of the event this chance be- 
comes certainty, or becomes multiplied by 17. Therefore 
the chance of either way from which the result might occur 
is increased in the same ratio. 

So the chance that the given card was a spade becomes 
a posteriori, 

850^1^'°^ 50- 

Question 140. There are four dice, two of which are true 
and two are so loaded that with either the chance of throwing 

six is 3 . Two of them at random are thrown and turn up 
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sixes. Find the chance (a) that both are loaded; (b) that 
one only is loaded ; (c) that neither is loaded. 

Answer. The <i priori chances are 

(a)g. (b) Q, (c)g; 
and the chance of throwing sixes in each case 

(«)^- (b)^, (c)^. 
Therefore the whole d priori chance of throwing sixes is 

-L L 1 _ 13 

54 "^27 "'"216" 216" 

A posteriori this is unity, therefore the chances of the 
three hypotheses having produced the result are multiplied 

216 

d posteriori by -jg- . Thus they are 

(a)^, (6)^, (c)i. 



Questions as to the credibility of the testimony of wit- 
nesses will depend for their solution, upon the last rule, and 
may be answered in a manner similar to that of the questions 
just considered. In most questions of this class, the testi- 
mony given, or the assertions made, constitute a phenomenon 
which might have occurred whether the event reported oc- 
curred or not, or in whatsoever manner it occurred. We 
may first investigate the d priori probabilities of such testi- 
mony being given, on the several hypotheses possible with 
respect to the occurrence of the event, and by summing them 
we may deduce the d priori probability of the testimony 
being given at all. If we then take into consideration the 

12—2 
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fact that the testimony has been given, this accessioQ of 
knowledge raises the last probability into certainty, and 
therefore increases it in a definite ratio, which can be cal- 
culated. In the same ratio (by Rule IX.) must the proba- 
bilities be increased of the several ways in which the testi- 
mony may have been generated, or in which the event in 
question may have happened. Thus we obtain the cL poste- 
riori and final probability of any assigned manner in which 
the event could possibly have occurred. A few examples will 
fully illustrate this. 

Question 141. A speaks truth three times out of four, 
B four times out of five ; they agree in asserting that from 
a bag containing nine balls, all of different colours, a white 
ball has been drawn ; shew that the probability that this is 

, . 96 
true is g^ . 

Answer. We will consider those chances as cb- priori, 
which are independent of the knowledge that A and B make 
the report in question, and those as a posteriori which are 
subsequent to this knowledge. 

The d priori chance that a white ball should be drawn 

is g , and in this case the chance that A and B should both 

assert it, is j x g ; hence the chance that A and B should both 
truly assert a white ball to be drawn, is d priori, 

13 4 1 

g'^^^S' ""^ 15- 

The d priori chance that a white ball should not be 

8 

4rawn is g ; the chance that A should make a false report 
is J , and that he should select the white ball out of the eight 
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which might be falsely asserted to have come up is g ; hence 
in this case the chance that he asserts that the white is 
drawn is g x j , and the chance that B should make the same 

assertion is y x g ; therefore the chance that A and B should 

both falsely assert a white ball to be drawn is 

8 1111 1 

TrXjrX-rX-x^j, or 



9 8 4 8 5' 1440 ■ 

Consequently the d, priori chance that they both assert (either 
truly or falsely) that a white ball should be drawn is 

T\ 1 97 



10 1440' 1440' 
But d, posteriori this chance becomes certainty, or it be- 
comes multiplied by -^. Hence the chance of each way 
in which they may make the assertion, is multiplied in the 
same ratio. Therefore, d posteriori, the chance that they 
make the assertion truly is 

J^ 1440 96 

15^ 97" °^ 97' 

and the chance that they make it falsely is 
1 1440 1 

1440 97 '97' 

Question 142. A gives a true report four times out of 
five, B three times out of five, and G five times out of seven. 
If B and G agree in reporting that an experiment failed 
which A reports to have succeeded, what is the chance that 
the experiment succeeded ? 

Answer. The chance that the given reports should be 
made upon the experiment having succeeded is 
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14 2 2 J^ 

The chance that the given reports should be made on the 
experiment having failed is 

113 5 15 

The cb priori chance that in one way or other the given 
reports should be made is 

350 "^350' °'" 350' 



But, a posteriori, this is certain, or the chance is multi- 

350 
31 



350 

■plied by gj- . Hence, also, the chance of each way in which 



350 
the reports could be made is multiplied by -^. 

Therefore, d posteriori, the chance that the experiment 
succeeded is 

16^ 350 16 

350 ^ 31 ' °'' 31 • 



We will conclude this chapter with some illustrations of 
the principles of probability, drawn from the game of whist. 

This game is played with a pack of fifty-two cards, con- 
sisting of four suits of thirteen cards, marked dififerently. 
The cards are all dealt out to four players, of whom two and 
two are partners, so that each has thirteen cards. One of the 
dealer's cards is turned up, and the suit to which this card 
belongs is called trumps. Four particular cards in this suit 
— the ace, king, queen, and knave — are called honours. 
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It follows, from Rule IV., that the chance that the turned 

13 = 



4 

up card. is an honour is jg, and that it is not an honour 



• 9 

Question 143. What is the chance that each party in the 
game should have two honours ? 

Answer. Besides the turned up card, there are fifty-one 
cards, of which twenty-five belong to the dealer and his 
partner, and twenty-six to their adversaries. 

First, — Suppose the turned up card is an honour. The 
chance of this is jo . Then the chance that one other honour 
should be among the twenty-five, and the remaining two 

-ga.-S6- 25 



among the twenty-six, is 



therefore the chance that the turned up card should be an 
honour, and the honours equally divided, is 

25 26 25 j4 100 

51'50'49"13' °^ 833" 

Secondly, — Suppose the turned up card is not an honour. 

9 
The chance of this is jg . Then the chance that two of the 

honours should be among the twenty-five, and the remaining 
two among the twenty-six, is 

4^ 25 24 26 25 _ 
1.2 "51 '50 "49 '48' 

therefore the chance that the turned up card should not be 
an honour, and the honours be equally divided, is 

25 24 26 25 ^ 225 

51"50"49'48'13' °^ 833' 
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Hence the whole chance that the honours should be equally 
divided is 

100 225 325 

«33"*'833' °^ 833' 

In the same manner we may write down almost at sight 
the chances of the occurrence of other arrangements of the 
cards. We give a few examples : 

1. If an honour turns up, the respective chances that 
the dealer and his partner have between them exactly one, 
two, three, or four honours are 

26.25.24 25.26.25 25.24.26 25.24.23 

'51.50.49' 51.50.49' 51.50.49' 51.50.49' 

312 975 936 276 
"'^ 2499' 2499' 2499' 2499' 

The sum of these fractions is unity, for one of the four 
cases must certainly occur ; and their ratios are nearly as 

8 : 25 : 24 : 7. 

2. If an honour does not turn up, the respective chances 
that the dealer and his partner have none, or exactly one, 
two, three, or four honours are 

26.25.24.2 3 , 25.26.25.24 25.24.26.25 

51.50.49.48' 51.50.49.48' 51.50.49.48' 

25.24.^3.26 25.24.23.22 . 
51.50.49.48' 51.50.49.48' 

299 1300 1950 1196 253 
or 



4998' 4998' 4998' 4998' 4998" 

The sum of these fractions is unity, for one of the five cases 
must certainly occur ; and their ratios are nearly as 

6 : 26 : 39 : 24 : 5. 
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3. Before it is known whether an honour will turn up, 
the respective chances that the dealer and his partner have 
between them noTie, or exactly one, two, three, or/our honours 
are 

207 1092 1950 1404 345 , 
4998' 4998' 4998' 4998' 4998' 

the sum of the fractions being. unity. 

Hence, speaking approximately, we may expect that on 
the average, for every one hundred times the cards are dealt, 
the dealer and his partner will have four honours seven times, 
and the other players four times. The dealer and his partner 
will have three honours twenty-eight times, and the other 
players twenty-two times. And each party will have two 
honours the remaining thirty-nine times. 

4. The chance that each of the four players should have 
one honour is not affected by the turning up of the last card. 
For we get equivalent expressions for the chance, whether an 
honour be turned up or not, the expressions being respec- 
tively 

13.13' 14.12.13' 

and 



51.50.49 51.50.49.48 

and each of these is equal to 

2197 5 

2Qg2., or very nearly-. 

5. If an honour turns up, the respective chances that 
the dealer should hold exactly one, two, three, ot four honours 
are 

39.38.37 3 12.39.38 3 12.11.39 12.11.10 . 
51.50.49' 1^51.50.49' 1^51.50.49' 51.50.49' 
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9139 8892 2574 220 



or 



20825' 20825' 20825' 20825" 
The sum of these fractions is unity, it being certain that the 
dealer has at least one honour ; and their ratios are approxi- 
mately as 

125 : 121 : 35 : 3. 

6, ~ If an honour does not turn up, the respective chances 

that the dealer should hold none, or exactly one, two, three, 

or four honours are 

39.38.37.36 12.39.38.37 12.11.39.38 

51.50.49.48' 51.50.49.48' 51.50.49.48' 

, 12.11.10.39 12.11.10.9 
4. 



or 



'51.50.49.48' 51.50.49.48' 
27417 36556 16302 2860 165 



83300' 83300' 83300' 83300' 83300" 
The sum of these fractions is unity, and their ratios are 
approximately as 

332 : 443 : 198 : 35 : 2. 

7. Before it is known whether an honour will turn up, 
the respective chances that the dealer should hold none, or 
exactly one, or two, or three, or four honours, are 

18981 36556 22230 5148 385 
83300' 83300' 83300' 83300' 83300' 

the sum of these fractions being unity, and their ratios 

approximately as 

148 : 284 : 173 : 40 : 3. 

8. If an honour turns up, the respective chances that 
a player, who is not the dealer, should hold no honour, or 
exactly one, or two, or three honours, are 

38.37.36 13.38.37 13.12.28 13.12.11 
51.50.49' 51.50.49' 51.50.49' 51.50.49' 



GAME OF WHIST. 187 

8436 9139 2964 286 



20825' 20825' 20825' 20825' 
the sum of these fractions being unity, and their ratios 
approximately as 

59 : 64 : 21 : 2. 

9. If an honour does not turn up, the respective chances 
that a player, who is not the dealer, should hold none, or 
one, or two, or three, or four honours are 

38. 37.36.35 13.38.37.36 13.12.38.37 
51.50.49.48' 51.50.49.48' 51.50.49.48' 

13.12.11.38 1 3.12.11.10 . 
51.50.49.48' 51.50.49.48' 
73815 109668 54834 10868 715 



249900' 249900' 249900' 249900' 249900' 

the sum of- these fractions being unity, and their ratios 
approximately as 

103 : 153 : 77 : 15 : 1. 

10. Before it is known whether an honour will turn up, 
the respective chances that a player, who is not the dealer, 
should hold none, or one, or two, or three, or four honours are 
the same as are the dealer's chances in the case when the 
card turned up is not an honour, viz. (as in case 6), 

27417 36556 16302 2860 165 
83300' 83300' 83300' 83300' 83300' 



CHAPTER VII. 

THE PKINCIPLES OF CHANCE EXHIBITED ALGEBRAICALLY. 

For convenience of reference we shall now cast into alge- 
braical form the nine rules established in the preceding 
chapter, referring the student to that chapter for the argu- 
ments by which each theorem is proved. 

We must commence with the axiom (page 132) that the 
probability of an event happening is the sum of the several 
probabilities of its happening in whatever several ways it 
can happen. 

From the convention that probability shall be expressed 
in terms of certainty as a unit we immediately obtain : — 

PROPOSITION XL. 

If p be the probability of an event happening, the proba- 
bility of its not happening is 1 —p. (Rule I., page 132.) 

PROPOSITION XLI. 

If the odds be n to m against an event, the chance of 

on 
the event happening is — — — , and the chance of its not hap- 

pening is — — - . (Rule II., page 134.) 
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From the axiom stated above the next proposition imme- 
diately follows : — 



PEOPOSITION XLII. 

If an event can happen in m ways and fail in n ways, 
all these ways being equally likely and such that not more than 
one can occur, the odds are n to m against the event, and the 
respective probabilities of its happening or not happening are 
as in the last proposition. (Rule III., page 135.) 

By regarding the " ways " of this proposition as events in 
themselves, and the " event " of the proposition as a result 
which may follow, we transform the proposition into the 
following : — 



PROPOSITION XLIII. 

If there be m + n equally probable events one of which 
must happen and only one can happen, and if any one of m of 
these events will produce a certain result which cannot other- 
wise be produced, the probability of this result is . 

(Rule IV., page 137.) 

From the definition of the term expectation (page 148) 
we deduce the next proposition : — 



PROPOSITION XLIV. 

If pbe the probability of an event by which a person will 
gain a prize of value V, the value of his expectation is pV. 
(Rule v., page 148.) 
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Corollary I. If p,, p,^, p^, ... be the probabilities of 
several events, by which prizes Fj, F^, Fj, ... respectively 
would be gained, the whole expectation is 

Corollary II. If p, be the chance of a quantity being 
F and if p^ be the chance of its being F, and if p^ be the 
chance of its being V^ and so on, the average magnitude of 
the quantity will be ^,F, +P2FJ + pjF^ + 

This may be taken as the definition of average. 

PROPOSITION XLV. 

If p and q be the respective chances of two independent 
events, the chance that both will happen is pq. 

For let p and q be written as proper, fractions ; thus : 

_ M _ m 

^~W+N' ^~m + n' 

where M, N, m, n are integers*. Then the chance of the 
first event is the same as the chance of success in an experi- 
ment which can succeed in M ways and fail in iV ways, all 
the M+If ways being equally likely (Prop. XLIII.); and 

* It is here assumed that p and q are commensurable ratios. If this 
be not the case the theorem will still be true. For, if possible, let the chance 
of the two events be pq + x instead of pq. Then we may take two com- 
mensurable quantities p', q' greater than p, q, but as near as we please to 
them. Take them so near that their product is less than pq + x. Then 
the chance of the two given events is less than the chance of two events 
whose separate chances are p', q'. That iB (since the proposition is true for 
commensurable quantities), it is less than p'q' and a fortiori less than pq + x. 
But by hypothesis it is equal to pq + x, which is impossible. And in the 
same way we can shew that the chance cannot be pq - x. Hence the proposi- 
tion is true in the case when the chances are incommensurable quantifies. 
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the chance of the second is the same as the chance of success 
in an experiment which can succeed in m ways and fail in n 
ways. Therefore the chance of the two events is the same 
as the chance of both experiments succeeding. But both 
experiments can turn out in {M + N) (m + n) ways all of 
which are equally likely, and both experiments can succeed 
in Mm ways (Prop. I.). Therefore the chance of both experi- 
ments succeeding is (Prop. XLIII.) 

Mm 
(M + M){m + n)' 

which is equal to pq. This therefore is the probability that 
both the events will happen. Q. E. d. 

CoKOLLAKT. The chance that neither event happens 
will be {l—p){l — q), or 1—p — q+pq. 

The chance that at least one happens will he p + q —pq. 

The chance that the first happens without the second 
will be p —pq. 

The chance that the second happens without the first 
will be q —pq. 

The chance that one and only one happens will be 
p + q- 2pq. 

The reasoning of the last proposition will equally apply 

when the events are not independent, provided q or be 

the chance of the second event happening when the first has 
happened, so that the number of ways of both experiments 
turning out may still (by Prop. I.) be {M+N){m'+n), and 
the number of ways of both succeeding be Mm. Hence we 
have the following : 
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PROPOSITION XLVI. 

If p he the chance of an event happening, and when it 
has Jiappened q he the chance of a dependent event happening, 
then the chance that both should happen is pq. (Rule VII., 
page 153.) 

PROPOSITION XLVII. 

If p he the prohabilitj/ of an event A ; and when A has 
happened, q he the prohahility of another event B; and when 
A and B have happened, r he the prohahility of a third event 
G ; and so on, to any number of events; the chance of all 
happening is the continued product of all the several chances, 
p, q,r... . 

For (by Prop. XLV. or XLVI., as the case may be), tlie 
chance of the first and second is pq : taking these two as one 
compound event, the chance of this and the third event is 
(by the same proposition) pqxr or pqr : and so we may 
extend the reasoning to any number of events. 

PROPOSITION XLVIII. 

If a doubtful event P may happen in any one of a series 
of ways A, B, C... and if a, b,c... be the chances of A, B, 
C. . . respectively, so that the chance of the event is a + h + c+... 
=p < 1, and if some accession of knowledge independent of 
A, B,C... increase the probability of the event P in any ratio 
(1 : fi, suppose), the probabilities of A,B,G... will he severally 
increased in the same ratio. 

Forlet 0betheG.C.M.*ofa,6,c...sothat3, \, ^ ... are 

ff a a 

* It should be noted that the g.o.m. of a series of fractious all in their 

lowest terms is the fraction having for its numerator the g.o.m. of the 

numerators, and for its denominator the l.c.m. of the denominators. 
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integers. Then we may regard the way A as made up of 

the aggregation of a number ^ of subsidiary ways each of 

which has the probability 6. So, for B, G, &c. Then the 

event P can happen in^ + a + z+'-'^a different ways, all 

equally likely. Now the accession of knowledge which 
changes the probability of the event from p to /j,p must 
affect the probability of the several ways so that their sum 
may be now /j-p instead of p. But since the ways were 
equally probable and the accession of knowledge has no par- 
ticular relation to any of them they must remain equally 
probable. Hence the probability of each of them must be 

fi6. But A. is made up of an aggregation of ^ of such ways, 

therefore the probability of A is fj,a. Similarly the proba- 
bility of B is fib and of G is /mc, &c. (Rule IX., page 171.) 

Corollary I. If (as is very commonly the case) the 
accession of knowledge be the knowledge that P has hap- 
pened, we. must have /i = l-i-(a + b + c+ ...), and the d pos- 
teriori chances of A, B, G, &c. become 

a h c 



a + b + c+...' a-{-b + c + ...' a + 6-hc+. 



-, &c. 



Corollary II. If J. be a cause which imay produce the 
event P, and a be the probability that when A has happened 
it will produce P ; and similarly if j8, 7, ... be the respective 
chances that when B, G, ... have happened P will be pro- 
duced ; then the first " way " of P happening is made up of 
the compound contingency, 

(1) that A shall happen, 

(2) that A having happened shall produce P, 
w. 13 
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and the chance of this is aa. Similarly 6/8, cy, ... are the 
chances of P happening in the other ways. Therefore we 
have to substitute aa, h^, cj, ..., for the a, b, c, ... of the 
proposition. And if (as in Cor. I.) P is d posteriori certain) 
the d posteriori chances oi A, B, G, ... become 

aa 6/3 cy 



aa+6/3 + C7+ ...' aa + 6y3 + C7+ ...' aa. + b^ + cy+. 



> &c- 



NOTES ON POPULATION, AND EXPECTATION OF LIFE. 

1. Let Sj, Sj, Sj . . . be the respective chances that a person 
die in the 1st, 2nd, 3rd . . . year of his life. 

The arithmetical values of these constants have been 
already given in the table on page 168, the entries in Column 
D being the numerators to denominator 400. That is, 

s_il s-^ S-il S-JL* 
'~400' =" 400' » 400' ^~400' 

2. Out of iV" persons born in a given place in the course 
of a year, let 0„N be the number who die in the same year, 
6jJV the number who die in the next year, 0Jif in the next, 
and so on. 

It is plain that if all the births took place at the first 
moment of the year we should have 

And if all the births took place in the last moment of the 
year we should have 



NOTES ON POPULATION. 195 

The births being actually spread over the whole year, we 
take as a sufficient approximation the mean between the fore- 
going. Hence 

and so on. The values of S being known from the table on 
page 168, the values of are now known. 

3. Excluding the consideration of immigration and emi- 
gration, if B be the number of births in a year, and D the 
number of deaths in a year, in a population which numbered 
iV" at the beginning of the year, the population at the end of 
the year will number N + B — D. 

In other words the population :will be multiplied in a 
year by 

, B D 
'^N~N^'^ suppose. 

We may take the births and deaths in a year to be propor- 
tional to the population at the beginning of the year, so that 
/i may be treated as a constant. 

4. Since the population is multipUed every year by im, 
if B and D be the respective numbers of births and deaths in 

B D 

any year, — and — will be the numbers in the previous year, 

r* ■ r' 

B D 

-j and -5 in the year before that, and so on. 

The deaths D in a given year must be composed of the 
following: 

6^ B deaths of persons born in the year, 

6^ — „ „ „ the previous year, 

6^ -2 „ „ „ the year before that, 

r' 

13—2 
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and so on. Hence 



D = B 



1^ F F ) 2 l/i /i' /i' ) 



But (Art. 3) ^ = |-(^_1). 
. B ii-l 



■^ i_/* + lf«t^«.^S, 



2 [jj, ' fj,^ ' fj,^ 
Thus we have two equations connecting the birth-rate, the 
death-rate, and the. annual multiplier of population, so that 
when any one of these three is given, the other two are 
determinate. 

5. Let iij, J?2, -Bj . . . represent the remainders of the 
series 81 + 82 + 83+... after 1, 2, 3, . . . terms respectively have 
been taken, so that B^ = B^^^ + S^ + S^^ + . . . . Then out of 
N' persons bom, NR„ will be the number who survive the 
age of X years; and the chance of a person aged m years 
living for at least n years more will be i2^^ -7- i?„. 

6. Observing that B^ = iZ^_i — B^, and i?„ = 1, the last 
equation of Art. 4 becomes 

B 2/* 

N' 



-fr+^)if+f+f+-r 



7. Let Eg, E^, E^... be the expectations of life of persons 
aged 0, 1, 2, ... years respectively. We may suppose the 
deaths in each year to be equally distributed over the year 
so that if a man is to die in his first year his expectation of 
life is half a year; if he is to die in his second year his expec- 
tation is a year and a half and so on. Then 
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for a man aged x years has tte chance S^^, -f- B,^ of dying in 
his first year, and the complementary chance of surviving his 
first year. In the one event he has an expectation \, and in 
the other an expectation E^^ dating from a year hence, or 
1 + E^^ from the present date. 

Since S^, =Rx~ -K^+i the last equation reduces to 

a formula by which it is easy to calculate successive values 
of^. 

8. To find the chance that M who is aged, m years, will 
survive N who is aged n years. 

The chance that M should die in a year subsequent to iV" 
is easily seen to be 



and the chance that they die in the same year is 

In the latter case the chance that M survives i\/' is ^. 
Therefore the whole chance of M surviving N is 

Or (observing that 2B^^^ + S^,^^ = R^ + R^^^, and that 

7)1 n 

which is 

2J2„i?. 



CHAPTER VIII. 



SUCCESSIVE TRIALS. 



If it be our object to give accuracy to popular estimates 
of chance and expectations in cases when the event is capable 
of experimental repetition, we shall be best understood if we 
measure the probability of the event by defining the number 
of times that the experiment would have to be repeated on 
an average before success is reached. 

In the case of a simple event of which the chance of 
success at any experiment is always the same, the average 
number of trials required for success is the reciprocal of the 
chance of succeeding at any trial. If it be the question of 
throwing doublets with a pair of dice, the chance of success at 
any trial is ^, and, on an average, 6 trials will be required in 
order to succeed. Of course the operator may succeed at the 
first trial, or he may fail for 6 or 60 or 600 trials ; but if the 
player go on indefinitely always counting the number of the 
throws he has had to make in trying to throw doublets he 
will find that on an average six throws were wanted to attain 
success. 

And the statement that an average of six throws will be 
required in order to throw doublets must not be confounded 
with the statement of the number of throws required in order 
that success may be more likely than failure. As a matter 
of fact if the operator make only four throws he is more likely 



EXPECTATION OF SUCCESS. 199. 

to throw doublets than not, (the odds being 671 to 625 in 
favour of success) ; and yet it is obvious that in the long run 
success will occur once in six trials, and that in an indefinite 
period of play, there will be on an average six throws for 
every success. 

In questions in which the chance of success at any experi- 
ment is not always the same, but depends (for instance) on 
the result of the previous trial, the average number of trials 
required for success is no longer the reciprocal of the chance 
of succeeding at the first trial. To this class will belong 
questions respecting sequences of results. For example : if 
it be required to throw doublets twice in succession the chance 

of succeeding immediately is gg , but the average number of 

throws required for success is 42 (Infra Prop. LIV.). So the 
odds against throwing sixes three times consecutively are 
46655 to 1, but the average number of throws required for 
success will be 47988. 

The rarity of long sequences of heads or tails in tossing a 
coin cannot be better exhibited than in the statement that 
on an average we shall have to toss 2 (2" — 1) times to get a 
sequence of n heads. Thus if we make 10 tosses per minute 
we must expect to work 13 hours and 39 minutes to get a 
sequence of 12 heads; and 218 hours and 27 minutes to get 
a sequence of 16 heads. 

The term Expectation is usually limited to cases in which 
a person is to receive a sum of money contingent on the issue 
of some doubtful event. (See the definition, page 148.) 
Thus if a showman receives a penny for every shot at " Aunt 
Sally", and gives a cocoanut for every successful shot, and if 
a player succeeds once in seven shots, the showman's expec- 
tation as a return for each cocoanut is sevenpence : and the 
player's expectation is the value of a cocoanut minus seven-- 
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pence. But we may well speak of expectation independently 
of money, and say that the player has an expectation of seven 
shots. Similarly if a man tosses a coin till he gets a sequence 
of 4 heads we may say that his expectation is 30 tosses. 



PROPOSITION XLIX. 

If on an average success he attained in s trials, then will 

where f denotes the chance of failing in the first r trials. 

For if /tj be the chance of succeeding at the first trial ; 
and after the first has failed, fi^ be then the chance of suc- 
ceeding at the second trial; and after the first and second 
have both failed, fi^ be then the chance of succeeding at the 
third trial, and so on, we shall have (Prop. XLIV. Coi-. 2) 
s = Mi + 2/;/*, + 3/^3+4/>,+ .... 

f 
But /i^ = 1 — ^— for all values of r : therefore 

s = l+2f + 3f + if, + ...-{f+2f,+ Sf + ...) 
= l+/i+/.+/3+-- Q-E.D. 
Note. The series will be continued to infinity unless in 
the nature of the case success within (say) r trials is certain. 
In this ca.se f,f^^,... will each be zero. 

Corollary. If the chance of failing at any trial be /, 
then 

and s = 1 +/+r +/' + •■• to infinity 

_ 1 ^1 
1-/ H-' 
where (i is the chance of succeeding at any trial. 
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The result ia this particular case might have been antici- 
pated. It simply expresses the fact that if the chance of 

success is - , success will occur on an average once in n trials. 

Example. To draw double-blank from a set of 28 domi- 
noes will require on an average 28 trials if the dominoes 
drawn be replaced, but only an average of 14^ trials if they 
be not replaced. For by the Corollary, we have in the for- 
mer case 

27\ 



:.I.(.-i) = .S, 



and in the latter, by the Proposition, 

, 27 , '26 25 ^ , -_ , 29 

^=^ + 28 + 28+^+-*° ^^*"™' = T- 



PEOPOSITION L. 

If an experiment succeed on an average once in n trials, 
the chance that it fails throughout n given trials is never 

greater than - ; and if n he large this chance is approxi- 
mately - . 

For the chance of failing in any trial is 1 , and the 



1 — J . But by ex- 
pansion, \\ j is seen to be greater than e, and therefore 

f 1\" 1 . . . / W" 1 
(1 ) < - ; and, as n is increased indefinitely, 1 1 ) = - . 

Therefore &c. Q. E. D. 
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Note. The value of the 


reciprocal of e is -367879 


values of the chance are as follows : 


When n= 10, 


Chance =-34867, 


„ n= 20, 


„ = -35848, 


„ n= 30, 


„ = -36162, 


„ n= 50, 


„ =-36417, 


„ n= 100, 


„ = -36604, 


w = 1000, 


„ = -36771, 



The 



PKOPOSITION LI. 

If an event happen at random on an average once in time 

T 

t, the chance of its not happeniiig in a given period t is e"i . 

Divide each unit of time into an indefinitely large number 
n of small instants. Then in the periods t, r there will be nt, 
nr respectively of such instants. By making n large enough 
we may make the instants so short that the event may be 
said to happen at one such instant. Since it happens on an 
average once in nt instants, the chance of its happening at 

any particular instant is — , and the chance of its not hap- 
pening in the given period of wt instants is 

(-r=[(-irp- 

But when n is indefinitely large, 

II -\ ultimately = - . 

Therefore the required chance is (-)* , or e~7. Q. e. d. 

Example. If an earthquake happens on an average once 
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a year, the chance that in a given year there should not be 
an earthquake is - . 



e 



PROPOSITION LII. 

If an experiment succeed m times and fail n times, the 
chance that among the m,+n trials there are nowhere k con- 
secutive successes is the coefficient of x^ in the expansion of 

For all the trials being equally likely to succeed all pes-" 
sible arrangements of the m successes and n failures must be 
equally likely to occur. Now the arrangements >vithout k 
consecutive successes may be made by regarding the n failures 
as standing in a row and then distributing into the n + 1 
spaces between them (inclusive of the ends of the row) the m 
successes so that no parcel may have more than k — \. By 
Prop. XXVIII. (writing m for n and putting g' = 0, z = k, 
r = n + V) the number of arrangements thus made is the co- 
efficient of a;" in the expansion of 



\l-xj ■ 

And the total number of arrangements is \m-\-n-^\m \n. 
Whence the truth of the proposition is evident. 

PROPOSITION LIII. 

If fi-he the chance of an operation succeeding in any trial, 
the chance that in n trials there shall not he k consecutive suc- 
cesses is the coefficient ofx" in 

l-a;+(l-/i)/i'a;'+'' 
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For the chance that there should be exactly r successes 
among the n trials is 

\n 

\r \n — r 



And if there are r successes and n — r failures the chance 
that there should not be k consecutive successes is, by the 
last proposition, the coefficient of of in the expansion of 

\r\n — r 1 _ r* 

'"' ■ Z»-'-+\ where Z = 



1-x 



Hence the chance of there being exactly r successes but not 
k consecutive successes is the coefficient of of in the expan- 
sion of ijr{l - (i)"''' X'"'"^\ which is the coefficient of ai" in the 
expansion of fjiT (1 - /i)"-'-^"-'' X"-'^\ 

Now the whole chance required will be obtained by giv- 
ing r all its possible values (from to m inclusive) and adding. 
Hence the chance will be the coefficient of as" in the expan- 
sion of 

And the series within the brackets may be continued to in- 
finity if we please, since the terms thus added contain only 
higher powers of x and cannot affect the coefficient of jc". 
Hence the chance required is the coefficient of «" in 

But the coefficient of a;" in any function is not altered if we 
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write fix for x in the function, and then divide by /u.". There- 
fore the chance is the coefficient of x" in 
1 — uV 

Note. By actual division, we find that the first k coeffi- 
cients are all unity, a result which corresponds to the fact 
that iin<k there cannot possibly be k consecutive successes. 

PROPOSITION LIV. 

If fi.he the chance of an operation succeeding at any trial ; 
on an average (fT" — 1) -r- (1 — /t) trials must be made in order 
to obtain k consecutive successes. 

For if s be the average number of trials we have (Prop. 
XLIX.) 

s = l+F^+F^ + F,+ ..., 

where (Prop. LIII.) 

F^ = the coefficient of x' in the expansion of 

1 - /JL^X" 

l-x + (l-fj.)fi''a^'' 
Therefore 
s = the sum of the coefficients in the same expansion. 

But the sum of the coefficients in any function of x is 
obtained by writing unity for x in the function ; therefore 

S = Ttj ^s = ^, . Q. E. D. 

CoEOLLAET. If s' be the average number of trials in 
order to get k consecutive failures, then 

„,^ i-(i-My ^ (i-^r-i 
/i(i-/t)* fi 
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But ii'A happen once in m trials, and B happen once in n of 
the same trials, one or other will happen on an average m + n 
times in mn trials. Hence if o- be the average number of 
trials in order to get k consecutive successes or failures, then 

ss' 111 

or -=- + -;, 



s+s ass 

whence .= 1- ,^^- (1 - H-^l-^f 

(l_;.)/.* + 0.-^*)(l_^)- 

Examples. If we toss a coin till we get 3 consecutive 
heads the average number of tosses required will be 14. 
(For we have /t = J, k=3.) 

If we throw a die until we get 3 consecutive aces, the 
average number of throws required will be 258. (For we 
have fi, = ^, k = 3.) 

If A plays chess twice as well as B, they must on an 
average play more than 7 games before A wins a sequence of 
3 consecutive games ; they must play more than 31 games 
before A wins a sequence of 6 ; and more than 160 games 
before A wins a sequence of 10. 

Also, they must play on an average 29 games before B 
wins a sequence of 3 ; 1092 games before B wins a sequence 
of 6 ; and 88522 games before B wins a sequence of 10. 

But if they stop playing as soon as either has won a 
sequence of 3, the average number of games will be under 6, 
and if they play for a sequence of 6, the average number will 
be slightly over 30. 



CHAPTER IX. 

ON THE DISADVANTAGE OF GAMBLING. 

"If we are to understand the very elements of political 
economy, we must get rid of the impression, that if the 
contract be voluntary and the service be mutual, one man's 

gain is another's loss The real truth is exactly the 

reverse ; for one man's gain in all acts of free exchange is 
another man's gain*." A fair bargain is a mutual benefit to 
the persons between whom it is made. If this were not so, 
commerce would be immoral, for no man could seek his own 
commercial profit without compassing the injury of his 
neighbour and so violating the law of civilised humanity. 

But as a fair bargain is an advantage to both the con- 
tracting parties, so, speaking generally, a fair wager is a 
disadvantage to each party who enters into it. It is a 
common impression that such a wager as this, being ob- 
viously of the same import to each contracting party, can 
be neither an advantage nor a disadvantage to either, and 
that consequently, any the slightest odds must make it 
expedient for the party favoured by the odds to enter into 
the wager. For instance, according to this view, it must 
be decidedly expedient for any man to stake a pound against 
a pound and a penny (if he can find any one foolish enough 

* Political Economy : Professor Eogers. 
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to give the odds of 241 to 240), that a coin will fall on an 
assigned side. Of course a wager may be made on such 
unequal terms that it may he expedient (from a selfish point 
of view) for one party to enter into it, but it must then be 
still more inexpedient for the other party. We do not deny 
that a man who does not scruple to take advantage of the 
ignorance or folly of another, or to exert against his neigh- 
bour the intellectual violence of superior knowledge or 
cunning* may profitably enter into gambling speculations 
under certain conditions and within certaiii limits; but 
we combat the notion that there is a neutral advantage or 
disadvantage in a fair wager; -we deny that the contract to 
play a game of pure chance for equal stakes, though it be 
not expedient, cannot be branded as inexpedient ; we desire 
to expose the delusion that, though no good be done, at 
least no harm is done. It is this notion which palliates 
gambling. If it were only recognised that a fair wager were 
disadvantageous to each contracting party, it would be re- 
garded as disreputable for one man. to cast this disadvantage 
on another, even though he were accepting the like himself. 
But at present the evil motives which may lead men to 
gamble are covered by a reputable cloak, in the presumption 
that each party may be entering into a contract not disadvan- 
tageous to the other. 

Gambling is the act of exchanging something small and 
certain for something large and uncertain. It makes no 
difference in principle whether the thing exchanged is itself 
of positive or negative value. It may be that a small and 
certain gain is bartered for the chance of a larger gain ; or 

* "Thou wouldst not take, by force or stealth, 
What is not lawfully thy right; 
But in the race for power and wealth 
No wrong is done by mental might!" — ^Monsbll. 
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that a small and certain loss is bartered for the chance of a 
larger loss. In either case the person who exchanges the 
small certainty for the large uncertainty is gambling. The 
following two examples may be compared. 

(1) A party of twelve persons dine at an hotel at a 
charge of five shillings each. Instead of each person paying 
his own account, they agree to draw lots as to who shall pay 
the whole amount. 

(2) An article worth £3 is to be disposed of by rafiie, 
each of twelve persons paying five shillings for a ticket, and 
determining by lot who is to possess the article. 

It wiU be observed that in the first case a certain dis- 
bursement of five shillings is exchanged for a chance (=12) 
of a larger disbursement of sixty shilUngs. In the second 
case a certain possession of five shillings is given up in ex- 
change for a chance (=52) of a larger possession of sixty 
shillings. Both transactions are perfectly fair: but, as we 
shall shew, inexpedient and disadvantageous. 

We may take even a simpler case. A coin is tossed : if 
it falls head I am to receive a shilling, if it falls tail I am to 
pay a shilling. In this case I am exchanging a certain pos- 
session of one shilling, and in return I may either get 
nothing, or find myself possessed of two shillings. The one 

shilling certain is exchanged for the chance (=2) of two 
shillings. It is quite fair : but quite disadvantageous ; dis- 
advantageous both to me and to my opponent. For the fact 
is, that if gambling is allowable, my opponent and I shall 
gamble not only with one another but with others, with 
society in general. If we never played except with one 
another our gambling could only be ended by one of us being 
w. 14 
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ruined, and the other becoming possessed of the property of 
both ; and if we began with equal property we should have 
equal chances of winning or losing all. But if I am not 
restricted to playing with one person, when one opponent is 
ruined I can find another to play with: and if I play 
sufficiently long my own turn must come to be ruined. If I 
gamble I practically gamble with society whose resources are 
unlimited, while my own resources are limited *- And the 
limit of my own resources results in my disadvantage. If I 
begin with a thousand pounds, even if I gain a million I may 
lose it all again ; but if I once reach a net loss of a thousand 
I can never retrieve it, for I have nothing more to stake. 
This is the basis of the disadvantage of gambling : there is 
(as it were) a pendulum swinging between gain and loss with 
oscillations of varying amplitude : the pendulum oscillates 
fairly enough between gain and loss, but when once it 
reaches a certain degree of loss it is held there and swings no 
more. This stop, existing only on the side of loss with no 
compensating stop upon the side of gain, is the " disadvantage" 
of gambling. 

The following is a striking example of the fact that a 

* Mr Venn (Logic of Chance, Second Edition, p. 413) otjeots that we have 
liere overlooked the fact that the adversaries with whom the gambler plays 
"are not one body with a common purse like the bank in a, gambling 
establishment." But this does not in the least affect our argument. The 
habitual gambler is practically playing with the gambling public. One 
particular adversary may be ruined, but the gambler can stiU find some one 
to play with. The gambling public is never exhausted. There is a prospect 
that the gambler's operations may be forcibly terminated to his disadvantage, 
through his having nothing more to stake ; but there is no prospect that it 
'ivill compulsonly terminate to his advantage through the exhaustion of the 
resources of the gambling world. Every one who gambles is therefore 
carrying on an unequal warfare : he is ranged with a restricted capital 
against an adversary whose means are infinite. 
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series of wagers, each individual wager being perfectly fair, 
may be rendered unfair if there be an implied contract to 
stop at a stage that unequally affects the two parties. A 
man owes me a pound : he proposes to toss up for " double 
or quits," that is, if I win, his debt to me becomes £2 ; if I 
lose, it is cancelled altogether. Suppose I win : he now 
owes me £2, and he again proposes " double or quits : " I win 
again and he owes me £4 : again he proposes " double or 
quits " and I win again : he owes me £8 : again he proposes 
" double or quits " and I lose : the debt is now cancelled, and 
we cease to play. 

It is evident that in this case my winning the first three 
times was no advantage to me ; it did not matter in the 
least how soon I lost. Unless I could go on winning always 
the result must inevitably be the cancelling of the debt. 
The condition that we were to stop play as soon as the debt 
was cancelled was unfair to me, and though each individual 
wager was fair, the series of wagers subject to this condition 
was unfair. 

And the ordinary case of habitual gambling is very like 
this. It is true that the gambler has not entered into a 
formal contract to stop playing at the most unfavourable 
epoch, but he is practically subject to the same condition, 
for when he is at his worst he is obliged to cease playing 
because he has nothing to stake. 

Let twenty boys each with a handful of coppers play 
"pitch and toss" long enough, and they will infallibly be 
" cleaned out " one by one, till all the coppers come into the 
possession of a single individual. 

Shut up together any number of gamesters to play for 
even wagers : one man after another will have his " run of 
bad luck " and will find his funds exhausted. He drops out 
of the play. The number of solvent players is thus con- 

14—2 
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tinually diminishing until the whole property is accumulated 
in a few, and ultimately in the hands of one player. It 
is true that if a man never stakes more than a certain 
proportion of what he holds he can never be absolutely 
ruined. But there is no rule which more certainly brings 
loss than the rule of making one's stakes proportionate to 
one's holdings. Suppose, for instance, a man with £256 
always stakes on a fair wager half of what he holds. If he 
wins the first time, he has £256 + 128 = 384. He now 
stakes £192, and if he loses he will have only £192 remaining. 
That is, one gain and one loss has reduced his holding by 
£64; and the result would not be different if he had first 
lost and then gained. So two gains and two losses will 
reduce his £256 to £144 ; three gains and three losses will 
reduce it to £108 ; four gains and four losses to £81 ; five 
gains and five losses to £60. 15s. ; six gains and six losses to 
£45. lis. 3d and so on. 

But, it may be said, how can gambling be thus disad- 
vantageous to every one, when it can only cause money to 
pass from hand to hand, but cannot diminish the total 
amount of money in the hands of those who engage in it ? 
We do not deny that some one must eventually be the gainer. 
If a thousand people wager among themselves on fair terms, 
until one of them has gained all their aggregate property, we 
do not deny that this man has reaped an advantage. If all 
began on equal terms he is 1000 times as rich as he was at 
first. But we may deny that, when the odds were 999 to 1 
in favour of his being absolutely ruined, it was worth his 
while to run the risk. The fact that he would be compelled 
to stop at the moment most disadvantageous to himself was 
left out of consideration when his venture was deemed to be 
of neutral advantage or disadvantage to him. We shall 
presently shew (Prop. LIX. Cor.) how to determine the 
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amount of compensation required when this element of 
disadvantage is taken into account. In the mean time we 
call attention to an operation which is the reverse of 
gambling and is advantageous only because gambling is 
disadvantageous. 

In the examples cited on page 209 it will be observed 
that the risks incurred by the persons at the hotel or by 
the purchasers of the raffle-tickets are entirely due to the 
division of interest among the different persons. If the 
twelve persons at the hotel were all in partnership, or had 
agreed at the end of the day to divide their profits, it would 
be indifferent who should pay the bill : and in like manner 
if the twelve raffle-tickets all passed into one ownership 
there would no longer be any risk or venture. The collect- 
ing together of the various risks neutralises the risks. 

When the party at the hotel have agreed to draw lots 
for the payment of the whole bUl, one of the party may feel 
that it would be very inconvenient for him to have to pay £3, 
though he could easily pay the five shillings which is the value 
of his risk. It may be that he would rather pay down even 
something more than five shillings, rather than run the risk 
of having to pay £3. He offers say five shillings and three 
pence to any one who will relieve him of his risk ; and finding 
an independent person who makes it his business to take up 
such risks he strikes the bargain and pays his five shillings 
and three pence. Possibly, upon reflection, the other mem- 
bers of the party perceive the disadvantage of gambling and 
transfer their risk on the same terms to the same person. 
What has now happened? The risks have all been neu- 
tralised : the person who has taken them up has received 
63 shillings, and has to pay the bill of 60 shillings, making 
three shillings profit for himself. His business is Insurance- 
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But it must be observed that his profit depends entirely 
upon the disadvantage of gambling, the disadvantage which 
induced each person to give 5s. 3d. instead of 5s. to be freed 
from his venture. 

Again, suppose that out of every twenty ships w^hich 
make a particular voyage one is lost, and the remaining 
nineteen come safely to port. And suppose there is one 
ship making this voyage which with its cargo is worth 
£20,000. The value of the owner's expectation is just 
£19,000. But, according to the hypothesis which we are 
illustrating, it would be expedient for the owner to take a 
less sum than this for his expectation, say £19,000 — x. He 
may in consequence prudently pay £1000 + x to an In- 
surance Company in return for a guarantee that his £20,000 
shall be secured him in full. And the Insurance Company, 
collecting together a great number of such risks, may profit- 
ably accept the bargain, their profit being entirely dependent 
on the fact that the shipowner is ready to accept for his 
contingent prospect an uncontingent sum, which is less than 
his mathematical expectation. For if the Insurance Company 
were to insure all the ships, securing to each owner his mathe- 
matical expectation (i.e. if they charged only £1000 premium 
instead of £1000 + x), their own mathematical expectation 
of profit would be zero. They could only hope that the 
premiums received would in the long run balance the claims 
upon them, without leaving any profit to remunerate them 
for their trouble. Thus, the continued existence of Insurance 
Companies commercially successful is a standing witness to 
the fact, that a prudent man will commute a contingent 
prospect of value for less than the sum measured by his 
mathematical expectation. 

To the community, gambling is disadvantageous because 
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its tendency is opposed to the equable distribution of -wealth. 
It tends to accumulate property in a few hands making the 
rich richer and the poor poorer. This tendency speculation 
introduces into trade. Insurance, as far as it goes, diminishes 
risk and limits the speculative element in the ventures of 
trade. The consent of the civilised world to the proposition 
that Insurance is expedient is an eloquent acknowledgment 
of the truth that gambling is inexpedient. For Insurance 
is the reverse of gambling and can only be wise in that 
gambling is foolish. 

The manner in which contingencies may be so collected 
together as to eliminate the element of chance is illustrated 
by the following example. 

Suppose n horses are entered for a raoe, and at some 
epoch before the race let the published odds be 

a— 1 to 1 against the first, 

6—1 to 1 against the second, 

c — 1 to 1 against the third, 
and so on. 

Now suppose a man bets, at the prices quoted, 

—- — to - against the first, 
a a ° 

— y— to Y against the second, 

c— 1 1 

to - against the third, 

c c 

and so on. 

It is easily seen that whatever horse wins, his gains are 
represented algebraically by 

\a b c J 
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If this" expression be positive, he gains the same sum 
whatever horse wins. If it be negative, he loses the same 
sum whatever horse wins. (In this case if he betted on 
instead of against every horse he would win the same sum.) 
If the estimated chances of the several horses winning 
happen to fulfil the condition of true chances we shall 
have 

111 
a c 

and the man will neither gain nor lose. But in any case if 
he make the bets we have defined, the result is absolutely 
certain. He has collected together a series of ventures and 
in their aggregate there is no venture. 



We now proceed to establish on the strictest mathematical 
principles the disadvantage of gambling, and to shew how the 
disadvantage may be measured. 

PROPOSITION LV. 

If A has m pounds, and B has n pounds, and if A 
repeatedly stake a pound against a pound staked by B, in 
a fair wager, one of them must eventually win all the stakes, 
and their respective chances of winning all are as m to n. 

Let_^ represent the prospect of all being ultimately won 
by one who has x pounds, while the other has m-\-n — x. 
Then since after the next wager this player must have 

either x — 1 or a; + 1, and the chance of each of these is g , we 
have 
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for all values of x; which shews that /„, f^, 'f^... are in 
arithmetical progression. 

But it is plain that /„ = and /^^„ = 1, therefore the 

common difference is , and therefore 

m + n 



m + n 

Therefore the respective chances at first of A and B win- 
ning the whole stakes are 

/„ = — ' — and T = . 

•"" m + n ■^" m + n 

which are as m to n. And their sum is imity, which shews 
that it is certain that one or other will eventually win all. 

Q. E. D. 

Note. A's chance of being ruined is 1 , which 

^ m + n 

when n is indefinitely increased differs from unity by less 

than any assignable fraction. But when n is infinite we have 

the case in which A is gaming not with an antagonist of 

limited means but with society in general. Hence we have 

the following corollary. 

CoEOLLAEY. If a man with limited means repeatedly 
stake a pound against a pound, in a fair wager, the chance 
of his not being ultimately ruined is less than any assign- 
able chance. 

The foregoing corollary shews that, on the strictest 
mathematical principles, a man who continues to stake a 
constant sum in a fair wager must expect to be ruined in 
the end. Such a course of gambling — unregulated by any 
consideration of the gambler's disposable fund, until the 
absolute exhaustion of the fund places a peremptory limit on 
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his play — is therefore manifestly inexpedient. And if it be 
inexpedient in the long run, it cannot be expedient even 
■when carried to any limited extent. 

For any limited extent of play which may be thought 
to be expedient, must leave the gambler either poorer or 
richer than he was at first. If it leave him poorer, it cannot 
be expedient. If it leave him richer, the same course of 
gambling which was expedient at first, cannot be less ex- 
pedient now ; and, therefore, it cannot be expedient for him 
to stop. Hence, no play, which can be resolved into simple 
repetitions of the same venture, which is proved to be in- 
expedient in the long run, can be expedient when confined 
to any assignable extent. 

We have spoken of fair wagers. And if a fair wager be 
inexpedient, an unfair wager must be h fortiori inexpedient 
to the party against whom are the odds, though it may be 
sufficiently unfair to be advantageous to the other party. 
The position is illustrated by the following proposition. 

PROPOSITION LVI. 

If A has m pounds, and B has n pounds, and if A re- 
peatedly stake a pound against a pound staked by B in a 
wager in which the odds are /i : 1 in A's favour, what are 
their respective chances of winning the whole? 

Let A^ represent A's chance of winning all when he has 
X pounds, and B has m+n — x. 

And let B^. represent B's chance of winning all when he 
has so pounds, and A has m + n — ai. Then we shall have 

A - ^ A -I- 1^ A 
or A^-A^^ = iJ,{A,^^-A^). 
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Giving X successive values from 1 to cc, we get 

A,-A,=^,.{A,-A.). 
&c. = &c. ; 
and by continued multiplication 

A,-A, = ^r'{A^-A^_,), 

or A^-A^^={A,-A,)--^,. 

Give X successive values from 1 to a; and add : then 

^.-^„ = (A-A)(i + J + J+-+^.). 

But J.„ = ; therefore 

But A^^^ = 1 ; therefore, putting x = m,-\-n, 

whence A^ = = -^^ ; 

similarly 5« = -^ ^ . 

Therefore ^'s and B's original chances are 
m+n _ „ » *t" — 1 

U — J. Ul ~~ ± 

and the sum of these is unity shewing that one or other 
must in time win all. 
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Note. JB's chance of winning all may be written 

1-1 
B=l. £- 

■'-^n m.* -II 



/* 



IjT^ 



and when n is infinite (ji, being greater than unity), this 

becomes — ^ , which is therefore ^'s chance of being ruined 

when his antagonist's funds are unlimited. Therefore we 
have the following corollary. 

CoROLLAET. If a man with limited funds (m pounds) 
repeatedly stake a pound against a pound in a wager in 
which the odds on every venture are /* : 1 in his favour 
{his antagonist's funds not being limited), the chance that he 

is ultimately ruined is —^ . 

We have said that the question whether a particular 
speculation be advantageous or disadvantageous to a par- 
ticular man, can only be tested by considering whether if he 
repeat the operation continually he will be in the end a 
gainer or loser. And we have shewn that he is at a dis- 
advantage from the circumstance that the finiteness of his 
funds is apt to put an abrupt termination to his course at 
the most unfavourable epoch. 

But while we still adhere to the principle of testing the 
advantage or disadvantage of an operation by considering 
the effect of its indefinite repetition, it is possible to put 
another interpretation upon the "repetition" of the ope- 
ration. 

For, as soon as we take into consideration the funds 
at the disposal of a speculator, the stake which he lays 
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down in any venture may be considered either as an abso- 
lute amount, or as a certain fraction of his entire fund. And 
by the repetition of his venture, we may either understand 
that he stakes the same sum again and again, or that he 
always stakes the same fraction of the fund which he holds 
at the time of making the venture. 

And perhaps the latter is the more reasonable interpreta- 
tion to adopt, for a wise speculator will always regulate his 
ventures by his means. If, therefore, when he possesses 
a shilling, he stakes sixpence, the repetition of the act is not 
to be sought for in a constant staking of sixpence, but in 
a constant staking of half his fund. And if he always keeps 
as much as he stakes, it is plain that he can never be abso- 
lutely ruined. The reasoning of Proposition LV. will not 
now apply. We must seek some other proof, if we would 
shew that a course of gambling thus regulated is in the end 
disadvantageous. 

The proof is easily found. Let us suppose that the man 
having n pounds begins as before by staking one pound 
against one pound in an even wager. He stakes one ntb 
part of his fund, and he continues the operation by staking 
every time not one pound but always one nth part of the 
fund which he then possesses. Every venture which issues 
in his favour increases his fund by one wth part, or multi- 
plies it by ( 1 -)- - 1 . Every venture which turns out against 
him decreases his fund by one nth part, or multiplies it by 

1 1 I . A favourable and an unfavourable issue will there- 

fore together multiply his fund by 

\ nj \ nj n' 
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that is, the two operations will decrease his fund by l—A th 

part : and this will be the case whether the gain precede 
or follow the loss. Thus (as in the numerical example on 
page 212) a gain and a loss do not balance one another, but 
they leave a net loss. And in any number of ventures in 
which there are the same number of profitable and unprofit- 
able issues, there will be a resultant loss, greater as the 
mimber of ventures is greater. Now the man cannot expect 
in the long run to win oftener than he loses, and therefore if 
he repeats his operations indefinitely he must expect to lose 
in the end. 

We have taken the particular instance in which the 
wager is an even one, but the result will hold good in an 
uneven wager, so long as the wager is fair; that is, the 
chances of winning and losing may be unequal provided 
that the stakes to be lost and won are Unequal in the 
same ratio. The following proposition treats of the more 
general case. 



PEOPOSITION LVII. 

A man constantly stakes a fixed proportion of his pro- 
perty in a fair wager, in which if he wins he will increase his 

property hy — th part, and if he loses he will decrease it by 

- th part. To shew that in the long run he will lose. 

Let (I be the chance of his winning each wager. Then, 
since the wager is fair. 



VENTUEE PROPORTIONED TO MEANS. 223 

n 



whence u, = , and 1 — u. = 

ni + n m + n 

Therefore, on the average, out oi m + n wagers he will 
win m times, and lose n times. 

Therefore, on the average, in m + ?i wagers he will mnlti- 
plj' his property by 



^-ir(-3' 



But by expansion, it is seen that 



(^ 



iH — j <e and fl j >e, 



or 



('1 + — ) <e and ( 1 - - ) < - ; 

therefore [l + -) (l - -) < 1- 

Hence the average multiplier is less than unity, or the 
general tendency of the man's operation is to decrease his 
funds. Q. E. D. 

Thus we have shewn the disadvantage of gambling in 
general even when it is perfectly fair. But however inexpe- 
dient it may be for a man to exchange ■ a small certainty for 
the chance of a large uncertainty of equal expectant value, 
there must be some smaller sum which it might be expe- 
dient for him to give for the chance. Or conversely, if a man 
have a chance, however small, of receiving a property of 
value, he will not relinquish his title to it without receiving 
something in return, even though it be advantageous to him 
to accept less than the value of his expectation as given in 
Prop. XLIV. 
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And on the principle that the advantage of any specula- 
tion is to be judged by the effect in the long run of inde- 
finitely repeating the operation on a scale proportioned to 
the funds then possessed, it is easy to calculate what sum 
may be advantageously given for any venture. 

It is not necessary to regard the fund in possession as 
representing the whole of the speculator's property. It may 
be taken as that portion of his property which he thinks he 
is able to speculate with. We therefore speak of his " avail- 
able" funds, designating thereby the funds (whether the 
whole or the part of his property) which he considers avails 
able for the purposes of speculation. 



PROPOSITION LVIIT. 

There are m tickets in a lottery for one prize of value a. 
To determine what price may he paid for a ticket by a man 
whose available fund is n, so that by repeating his opera- 
tion an average number of gains may balance an average 
number of losses. 

"Repeating his operation" will here mean that when 
the first venture is decided the man will purchase a ticket 
in another lottery in which the prize is to the amount of 
the fund which he then holds in the ratio of a to n. 

Suppose X the sum which he may pay for a ticket. Then 

every unsuccessful venture multiplies his fund by 1 — and 

every successful venture multiplies it by 1 H -. But in 

•' n n 

the long run he will have m — 1 unsuccessful issues for one 
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successful one. Therefore the average multiplier for m, ven- 
tures -wiU be 



\ n nj\ nJ 



This must be unity, since the gains, on the average, balance 
the losses. Therefore, 

n n \ nj 
an equation to determine x. 

If m be a large number (as is usually the case) we may 
obtain an approximate solution, by neglecting, terms which 

involve— 3, -;, &c. Thus 

1 + ^-^ = 1 + ("^-^)^+(^'-^)^'+&c., 
n n n In 

whence (m^ — m)(i? + 2mnx = 2an, 

which gives approximately 

m [ \ ml zn] 
This is therefore the price which a man with funds n may 
prudently give for the chance — of a price a. 

Corollary, If he buy two tickets in the same lottery 

his chance of a prize is — . Hence writing -^ for m in the 

result of the proposition we obtain the price he may pay for 
two tickets, viz. 



m\ \ m) 2n} ' 



W. 15 
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or he may pay for each of them 

m[ \ mj 2n) 
So if he purchase r tickets, he may pay for each of them 



a 
m 



or if he purchase all the m tickets, he may pay for each its 

full mathematical value, — . 
m 



PROPOSITION LIX. 

There are a + b + c + ...=m tickets in a lottery, and there 
are a blanks, h prizes each worth ^, c prizes each worth 7, and 
so on. To determine what price a man whose available fund 
is n may prudently pay for a ticket. 

Let 6) be the absolute value of each ticket, so that 
ma> = 6/3 + C7 + ... = the sum of the prizes. 
Also let mD, ==b0' + cy^+ ... 

and let x be the price which the man in question ought to 
pay for the ticket. 

Then if we proceed as in the last Proposition we find the 
average multiplier for m ventures, viz. , 

\ n/ \ n nj \ n nJ 
This must be equal to unity. Therefore 

.loB(l-!)+M.g(l + f-|).„,og(l.^-!)+....„. 
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from which equation a; is to be found. If, as is usually the 
case, the amount at stake, is small compared with the specu- 
lator's whole funds, n must be a very large number ; there- 
fore we shall obtain an approximate value of x, by neg- 
lecting the terms involving high negative powers of n, in 
our equation. 

Thus, expanding the logarithms, we have 
. _ mx — riKo irw? — 2miox + mil 

whence x = a j^ — , 

zn 

which is therefore the price which a man with funds n may 
prudently give for the ticket whose mathematical value 
is a>. 

Corollary. The price which a man whose available 
fund is n pounds may prudently pay for a share in a specu- 
lation in which p^ will be his chance of winning P^, p^ his 
chance of winning P^, and so on (where P1+P2+ ■•■ = ^) 
will be 

Examples. Having n shillings, what may one prudently 
pay to be entitled to a number of shillings equal to the 
number turned'^p at a single throw of a die ? 

Here 2(pP) = g (1 + 2 + 3 + 4 + 5 + 6) = ^, 



2(^0=^(1+4 + 9 + 16 + 25+36) = ^. 



15—2 
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And the required number of shillings is approximately 
7/, 5 



Ml-— V 

2 V 12Ji/ 



Again. If the throw be made with two dice, we shall 
have (see page 146) 

2 {pP) = 7, t ipP"), = 329 -=- 6. 

And the required number of shillings will be approxi- 
mately 

It must be remembered that the results of the two fore- 
going propositions and the coroUary are only obtained on 
the hypothesis that n is very large compared with 2 (pP) 
and with S (pP^) -^ S ipP)- This requires that the man's 
original fund should be very large compared not only with 
the .amount which he stakes, but also with the amount 
which he has a chance (though it may be a very small 
chance) of winning. 

In all practical cases the former conditions will be ful- 
filled, as no one would think of staking, in any single ven- 
ture, his whole property, or a sum bearing any considerable 
ratio to his whole property. But cases will be likely to 
arise in which the latter condition is not satisfied, as when 
a man may purchase, for a sum comparatively small com- 
pared with his means, a ticket in a lottery in which there is 
a prize very many times larger than his whole property. 
In this case, the approximate results obtained above cannot 
be applied, and we must have recourse to the original equa- 
tion in the form in which it was presented before we intro- 
duced the approximations which are now inadmissible. We 
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may, however, still approximate, in virtue of the condition 
that the stake must be small compared with the speculator's 
whole funds. Thus : — 



PROPOSITION LX. 

To find an approximate formula for the sum which a 
speculator may pay for any defined expectation, without 
assuming that his funds are necessarily large compared with 
the value of the prizes. 

Let X (small compared with n, though not necessarily 
small compared with P) be the sum which a man whose 
available fund is n may prudently pay for the chances 
Pi? Pi' ^3---of receiving prizes worth P^, P^, P,, ... respec- 
tively, as in the last corollary. 

Then the rigorous equation to determine X is 
P, X\i'i/, . P, X\V^f, P, X\P, 



\ n n/ \ n nJ \ n n j 
which may be written 

or, since X is small compared with n, 



= 1, 



whence X 



-1 



j>i I i>. I P^ I 



n + Pjn+Pjn + P, 



8 
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This formula is equally applicable when there is a pos- 
sibility of not receiving any prize, as the failure to receive a 
prize may be treated as the receiving of a prize of zero 
value : i.e. one of the quantities P„ P^, Pg ... will be in this 
case zero. 

COEOLLAEY. In the case when there is a single prize P, 
and the chance of gaining it is p, the formula becomes 



P\P 



Z = 

P 



^3'- 



n+P 



ll ^ n{n+P) (/ ^Y.-A 

, 1-p n + (l-p)P\V-^n) ^r 



Examples. A man possessing a pound is offered a ticket 
in a lottery, in which there are 99 blanks, and one prize 
worth 100 pounds. What may he prudently pay for the 
ticket ? 

Here n = l, P = 100, P = jJq. 

X = 1^ aWl - 1) = ^ X -0472 = -0519. 

Hence he can only afford to pay about a shilling for the 
ticket. 

Again. How much may a man with 10 pounds pay for 
the same ticket ? 

Here n = 10, P = 100, P = ^q- 

„ 1100 (m,~ _. 1100 „„,„ „ 
X = -jQQ- ( Vll - 1) - 309- X -0242 = -244. 

Hence he can afford to pay about 4s. 10|d. for the ticket. 
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Again. How much may a man with 100 pounds pay 
for the same ticket ? 

Here n=100, P = 100, P = ^- 

X=^V72-l)=?^x -0069 = -693. 

Hence he may pay nearly 14 shillings for the ticket. 

Again. Suppose the man has 1000 pounds. This sum 
is large compared with the value of the prize. Hence we 
may apply the simpler formula given in Proposition LIX. 
(Cor.), which leads to the result 

Hence he may pay 19 shillings for the ticket. 

If we had applied to this last case the formula of the 
present corollary we should have obtained the slightly more 
correct result "9507, the difference between the two results 
being nearly one-fifth of a farthing. 

The formula of Proposition LX. is applicable in the case 
of the Petersburg problem, a problem of some intrinsic in- 
terest, but chiefly of importance on account of its having 
been repeatedly made the ground of objections to the mathe- 
matical theory of probability. This celebrated problem may 
be stated as follows : 



(PROP. LXI.) THE PETERSBURG PROBLEM. 

A coin is tossed again and again until a head falls. The 
player is to receive a florin if head falls the first tim6: two 
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florins if it falls the second timie, and not before: four florins 
if it falls the third time, and not before : and so on, dovhling 
every time. To determine what the player might advantage- 
ously give for the expectation? 

The absolute value of the expectation is easily seen to be 
infinite. Thus — 

The chance of winning the florin at the first throw is J : 
the value of the expectation is therefore half a florin. 

The chance of failing at the first throw and winning the 
two florins at the second throw is ^: the value of the ex- 
pectation is therefore \ of two florins, or half a florin. 

So, the chance of winning the four florins at the third 
throw is ^ : the value of the expectation is therefore ^ of 
four florins, or half a florin, and so on. 

Hence the value of the expectation attaching to each 
throw to which there is a possibility of the play extending 
is half a florin. If the play were limited to 2n throws the 
expectation would be n florins. But the play may extend 
to a number of throws larger than any assignable number. 
Therefore the whole expectation is worth a number of florins 
larger than any assignable number : that is, it is infinitely 
great. 

I But here a difficulty is raised. The mathematical ex- 
pectation has been found to be of infinite value, and yet 
(it is objected) no one in his senses would give even such 
a moderate sum as £50 for the prospect defined in the 
problem. 

The fallacy of this objection has been pointed out already. 
A man who is playing for even limited stakes is at a dis- 
advantage from the risk of his limited means terminating 
his operations at an unfavourable epoch. Much more is he 
at a disadvantage when the interests at stake are (as in this 
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case) very large or even infinite. The absolute value of a 
mathematical expectation is not the prize which a man of 
limited means ought to pay for the prospect. It expresses 
the value of the expectation to a man who is able to repeat 
the venture indefinitely without the risk of his operations 
being ever terminated by lack of means. The speculator's 
fund, to begin with, must be infinite in comparison with the 
stakes involved, before he may venture to give the absolute 
value of the mathematical expectation for any contingent 
prospect which he may desire to purchase. In the Peters- 
burg problem the mathematical expectation is infinite : but 
if one is to give an infinite sum for the venture one must 
take care to hold funds infinite in comparison with this in- 
finity. In other words, the speculation on . these terms is 
only proper for one with respect to whose funds the infinite 
stake is inconsiderable. The stake which he lays down may 
be CO , provided that his funds are oo x oo . 

But to find the sum which a man of limited means may 
pay for the expectation defined in our statement of the 
problem we may apply the result of Propositio'u LX. Thus 
if n be the number of florins which the man possesses, the 
formula to determine the sum which he may pay may be 
written as follows : 



X = 



1 1 1 



2(71+1) 4(to+2) 8(n+4) 

and observing that 

„Hi+H- ... = „, 

and that 

2* . 4* . 8'^''^ . . . = 2*"'"*''"*'^ ■■• = 2, 
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we get 



n 



^— r 



If n be any power of 2 we can put the result into a form 
free from infinite series. Thus, if and <j> are constants, viz. 

6I = (1 + 1)* fi +|?(l + \f ...ad inf. = 1-6253... 



and 

we shall have 

- (3^f (1 + 4)»(1 + 8)".,. (1 + n)4 - 2 

1 1 1 1 ^' 

»i + I 2 {n + 2)'^ 4> (n + i) '^ ^n {n + ^n) '^ n" 

The result when m is given is easily evaluated by the 
aid of a table of logarithms. 

For instance, if n = 8, the numerator is 7342 and the 
denominator is '1934. Hence X = 3"796. Therefore if the 
speculator possess 8 florins he may give nearly 3f for the 
venture. 

If n = 32, the numerator is '2297, and the denominator is 
•0570. Hence X = 4'025. Therefore if the speculator have 
32 florins he may give rather more than 4 for the venture. 

If n = 1024 the numerator is "012, and the denominator 
is '001943. Therefore if the speculator have 1024 florins he 
may give very little more than 6 florins for the venture. 

The result at which we have arrived is not to be classed 
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with the arbitrary methods which have been again and again 
propounded to evade the difficulty of the Petersburg problem 
and other problems of a similar character. Formulae have 
often been proposed, which have possessed the one virtue 
of presenting a finite result in the case of this famous pro- 
blem, but they have often had no intelligible basis to rest 
upon, or, if they have been established on sound principles, 
sufficient care has not been taken to draw a distinguishing 
line between the significance of the result obtained, and the 
different result arrived at when the mathematical expec- 
tation is calculated. 

We have not assigned any new value to the mathematical 
expectation ; we have not substituted a new expression for 
the old ; but we have deduced a separate result, which with- 
out disturbing the mathematical expectation has a definite 
meaning of its own. We have found not the fair price at 
which a contingent prospect may be transferred from one 
inan to another, but the value which such a prospect has 
to a man in given circumstances. We have simply deter- 
mined the terms at which a man may purchase a contingent 
prospect of advantage, so that by repeating the operation — 
each time on a scale proportionate to his funds at that time — 
he may be left neither richer nor poorer when each issue of 
the venture shall have occurred its own average number of 
times. By continuing the operation indefinitely, the re- 
currences of each issue will tend to be proportional to their 
respective probabilities, and, therefore, the condition we have 
taken is equivalent to the condition that in the long run the 
man may expect to be neither richer nor poorer. 

It would be a great mistake to suppose that the price 
which one man may prudently give for a venture is the price 
which the man with whom he is dealing may prudently take 
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for it, or that it is a fair price at which to make the compact. 
The price which the man may prudently give is not even 
the price which the same man may prudently take if he 
change sides with his fellow gambler. The sum in con- 
sideration of which a man possessed of n pounds may accept 
a position in which p^ is the chance of his having to pay 
Pj, p^ the chance of his having to pay p^, amd so on (where 
Sp = 1) must be obtained by changing the algebraical 
signs of X, Pj, Pjj.-.in the formulae of Propositions LIX. 
and LX. 

Thus on the hypothesis of Proposition LIX. (Cor.) we 
shall have 

Z = 2 (pP) + ^ [S ipP') - {S (j>P)n 

and in the more general case dealt with in Proposition LX. 
we shall have 



X 



n — P^ n — F^ n —P^ 



CHAPTER X. 

THE GEOMETRICAL REPRESENTATION OF CHANCES. 

It is often convenient to represent or depict chances 

by a geometrical figure. As every chance expressed in terms 

of certainty is a proper fraction, or a ratio of lesser inequality, 

it may be represented by the ratio of a smaller length to 

a larger length, or a smaller area to a larger area, or (in 

solid geometry) a smaller volume to a larger volume. 

Especially it is often convenient to represent it as the ratio 

of a part of a line (or area or volume) to the whole line (or 

area or volume). And in this case the complementary 

chance is at the same time represented by the ratio of the 

remainder to the whole, and the odds are represented by the 

AB 
ratio of the part to the remainder. Thus if -jj^ (figure 1) 

represent the chance of a given event happening, -j^i '^ill 

be the chance of its not happening, and AB : BG the odds 
in favour of its happening. 

Sometimes the question under consideration is geometri- 
cal in its character, and the result comes out naturally in 
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a geometrical form. For instance, a chain AG (figure 1) 

Figure 1. 
A B C 

consists of a length AB oi iron and a length BG of brass : 
required the chance that a link taken at random will be 
iron. The chance is evidently AB -i- AG. 

So, if a point be taken at random in an area (or volume) 
a, the chance that it will be within a smaller interior area (or 
volume) b is expressed by the ratio of the areas, and is 6 -=- a. 

But in other cases where the question is not of a 
geometrical nature, the chances involved in it may be con- 
veniently represented by the ratios of geometrical quan- 
tities. If an event may happen, or an experiment turn 
out in several ways not all equally likely, we may represent 
the probabilities of the several ways by contiguous segments 
of a straight line, the segments being proportional in length 
to the respective probabilities. Then if one of the ways 
must happen the sum of the segments will correspond to 
certainty, and the ratio of the several segments to the 
whole will represent the chances of the several ways. 

PROPOSITION LXII. 

To express geometrically the probability of an event Z, 
which depends uptm the way in which a previous event X 
may have happened, X necessarily happening in one of a 
finite number of ways. 

Suppose that X can happen in a variety of ways denoted 
by A, B, C...M; and let a, b, c.m be the respective 
chances of these ways ; where 

a + b + c + ... + 'm=h 
Also when A has happened let a be the chance of Z 
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happening ; and when B has happened let /S be the chance 
of Z; and when G has happened let 7 be the chance of 
Z, and so on. 



























a 


b 


c 


d 






m 



Let the straight line PQ of length unity be divided into 
segments of the respective lengths a, b, c.m. And on 
each of these segments describe a rectangle of height unity. 
And from the rectangles whose bases are a, h, c, &c., cut off 
segments of height a, /3, 7, &c., and let these segments be 
shaded. 

Then the area of the first shaded segment is aa, and it 
therefore represents the chance that X should happen in 
the first way (A), and that ^should then happen. 

So the area of the second shaded segment represents 
the chance that X should happen in the second way (5), 
and that Z should then happen. And so on. 

Hence the whole shaded area (or its ratio to the area of 
the great square which is unity) will represent the total 
chance of the event Z, which was required. 



PROPOSITION LXIII. 

To express geometrically the prohahility of an event Z, 
which depends upon the way in which a previous event X 
shall have happened, X necessarily happening in one {and 
only one) of an infinitely great number of ways. 
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Make the same construction as in the last case, but with 
the provision that the number of the segments of PQ is 
ultimately to be increased indefinitely, and therewith the 
number of the rectangles upon the segments. 

If the problem be determinate at all, the height of the 
shaded rectangles must follow some definite law, and this 
law will deteimine a curve FGHK such that each rectangle 
is inscribed with one of its angular points upon the curve. 

Then (as in Newton, Book I., Lemmas 2 and 3), when 
the number of the rectangles is increased indefinitely and 




or 




their breadth diminished indefinitely, the sum of their areas 
will be the area bounded by the curved line FGHK, and 
the straight lines FP, P Q, QK. This curvilinear area (or ' 
its ratio to the square which is unity) will therefore express 
the chance required. 



Example I. A and B each throw once with a common 
die. What is the chance that A throws higher than B ? 

Let the straight line AO representing unity be divided 
into six equal segments AB, BG, CD, BE, EF, FG, repre- 
senting respectively the (equal) chances of B throwing 
1, 2, 3, 4, 5, 6. On each segment erect a rectangle of height 
unity. Then 
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I I I — I — r 



A B c a E F 

AB represents the chance of B throwing 1. In this 

5 

case A's chance of throwing higher is g. Therefore we 

c 

may take gths (shaded) of the rectangle on AB to represent 

A's chance of success in this case. 

BC represents the chance of B throwing 2. We must 

4 

take gths (shaded) of the rectangle on BG to represent A'& 

chance of success in this case. 
And so on. 

We thus find A's whole chance of success is represented 
by the 15 shaded squares in the figure. 

15 ^ 
36 °^ 12- 

Note. Of course Es chance is equally ^, and the 
chance of a tie is g. 

Example II. The sides of a rectangle are taken at 
random, each less than 1 inch, and all lengths equally likely. 
What is the chance that the diagonal is less than 1 inch ? 

Let HK be a line of length one inch, from which we 
are to cut off the bsise of the rectangle. Then the ratio of 
the small segment PQ to the whole Une HK will represent 
the chance that the end of the base measured from H falls 
on that segment PQ. 

w. 16 
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On HK describe a square, and suppose it divided into 
rectangles on small bases, such as PQ. Let NQ be the 
rectangle oh PQ. Let a circle from centre H, radius HK, 
cut PN in B. Then the other side of the rectangle, of 
which one side is HP, may be any segment of PN, and the 
diagonal will be greater or less than the radius HR, accord- 
ing as the segment is greater or less than PR. That is, the 
diagonal will be less than 1 inch, provided the extremity of 
the segment of PN lie in PR, and the chance of this is 
proportional to PR. Hence the question comes under Prop. 
LXIIL, and the required chance will be the ratio of the 
quadrant of the circle to the square on HK. That is, the 

chance is j. 

Example III. A and B are going to a garden party 
for an hour each. A will arrive between 3 and 5 p.m., all 




H P 
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times within, these limits being equally likely ; and B 
will arrive between 4 and 7 p.m., aU times equally likely. 
What is the chance that they are there together ? 

Take the straight line HK to represent the two hours 
during which A may arrive, so that the ratio of any segment 
PQ to the whole HK expresses the chance of A arriving in 
the interval of time represented by the segment PQ. 

And on the same scale let HM (at right angles to HK) 
represent the three hours during which B may arrive. 
Complete the rectangle MHKN. 

Let HK be divided into very small segments, to be 
ultimately increased indefinitely in number and diminished 
indefinitely in magnitude. And let PQ be one of these 
segments, and on PQ erect a rectangle QS of height equal 
to HM. Bisect the right angle MHK by the straight line 
NRV, cutting PS and KN in R and V. 

Suppose A arrives in the interval of time denoted by 
PQ. Say at P. He will leave at the expiration of time 
HP after 4 p.m. If he is to meet B, B must arrive before 
the expiration of this time, but B may arrive at any instant 
in the period HM after 4 p.m. Therefore the chance of 
their meeting (if A arrives at the time PQ) is HP -=- HM, 
or PR -i-PS; or it is the ratio of the rectangle QR to the 
rectangle QS. Hence the series of rectangles on the seg- 
ments of WK, bounded by the diagonal JVF, will represent 
by their ratio to the rectangles of height NM, the respective 
chances of A and B meeting when A arrives at the various 
instants represented by the segments of HK. Therefore 
the method of Prop. LXIII. is applicable, and the whole 
chance of A and B meeting is the ratio of the triangle 

HKV to the rectangle MK; that is, the chance is g. 

16—2 
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CHOICE. 



GROUP I. (on Chap. I.) 

1. If there are five routes from London to Cambridge, and three routes 
from Cambridge to Lincoln, how many ways are there of going from London 
to Lincoln via Cambridge ? 

2. Two hostile companies of 100 men each agreed to settle their dispute 
by single combat. In how many ways could the two champions be chosen ? 

3. Having four seals and five sorts of sealing wax, in how many ways 
can we seal a letter ? 

4. In how many ways can a consonant and a vowel be chosen out of the 
letters of the word almost? 

5. In how many ways can a consonant and a vowel be chosen out of the 
letters of the word orange? 

6. A die of six faces and a teetotum of eight faces are thrown. In how 
many ways can they fall ? 

7. There are five routes to the top of a mountain, in how many ways 
can a person go up and down ? 

8. Out of 20 knives and 24 forks, in how many ways can a man choose 
a knife and fork? And then, in how many ways can another man take 
another knife and fork? 

9. Out of a list of 12 regular and 5 irregular verbs in how many ways 
can we choose an example of each? 
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10. Out of 12 maseuline words, 9 feminine and 10 neuter, in how many 
ways can we choose an example of each ? 

11. Having six pairs of gloves, in how many ways can you take a right- 
hand and a left-hand glove without taking a pair ? 

12. Out of 5 bibles and 12 prayer books, in how many ways can I select 
a bible and prayer book ? 

13. Out of three bibles, seven prayer books and seven hymn books, in 
how many ways can I select a bible, prayer book and hymn book ? 

14. A bookseller shews me six bibles, three prayer books and four hymn 
books, also five volumes each containing a bible and a prayer book bound 
together, and seven volumes each containing a prayer book and hynm book 
bound together. In how many ways can I select a bible, prayer book and 
hymn book ? 

15. If in addition the bookseller produced three volumes, each con- 
taining a bible and a hymn book, what would my choice now be ? 

16. A basket contains 12 apples and 10 oranges, John is to choose an 
apple or an orange, and then Tom is to choose an apple and an orange. 
Shew that if John chooses an apple, Tom will have more choice than if John 
chooses an orange. 

17. How many changes can be rung upon eight bells? And in how 
many of these will an assigned bell be rung last ? 

18. There are three teetotums, having respectively 6, 8, 10 sides. In 
how many ways can they fall? and in how many of these will at least 
two aces be turned up ? 

19. Having bunting of five different colours, in how many ways can I 
select three colours for a tricolour flag ? 

20. In how many ways can I make the tricolour, the three selected 
colours being arranged in horizontal order ? 

GEOUP II. (on Chap. I.) 

21. A pubhsher proposes to issue a set of dictionaries to translate from 
any one language to any other. If he confines his system to five languages, 
how many dictionaries must he publish ? 

22. If he extend his system to ten languages, how many more dictionaries 
must he issue? 

23. A man lives within reach of three boys' schools and four girls' 
schools. In how many ways can he send his three sons and two daughters 
to school? 
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24. If there be 300 Christian names, in how many ways can a child be 
named without giving it more than three Christian names? 

25. In how many ways can four persons sit at a round table, so that all 
shaU not have the same neighbours in any two arrangements 1 

26. In how many ways can seven persons sit as in the last question? 
And in how many of these will two assigned persons be neighbours ? And 
in how many will an assigned person have the same two neighbours 1 

27. Five ladies and three gentlemen are going to play at croquet; in 
how many ways can they divide themselves into sides of four each, so that 
the gentlemen may not be all on one side? 

28. I have six letters to be delivered, and three boys offer their services 
to deliver them. In how many ways haye I the choice of sending the 
letters? 

29. A has seven different books, B has nine different books ; in how many 
ways can one of A'z books be exchanged for one of B's ? 

30. In the case of the last question, in how many ways can two books 
be exchanged for two ? 

81. Five men, A,B, G, D, E, are going to speak at a meeting; in how 
many ways can they take their turns without B speaking before A ? 
.32. In how many ways, so that A speaks immediately before B ? 

33. A company of soldiers consists of three officers, four sergeants and 
sixty privates. In how many ways can a detachment be made consisting of 
an officer, two sergeants and twenty privates ? In how many of these ways 
will the captain and the senior sergeant appear ? 

34. Out of a party of twelve ladies and fifteen gentlemen, in how many 
ways can four gentlemen and four ladies be selected for a dance ? 

35. A man belongs to a club of thirty members, and every day he 
invites five members to dine with him, making a different party every day. 
For how many days can he do this ? 

36. Shew that the letters of anticipation can be arranged in three 
times as many ways as the letters ot commencem,ent. 

37. How many five-lettered words can be made out of 26 letters, repe- 
titions being allowed, but no consecutive repetitions (i.e. no letter must 
foUow itself in the same word) ? 

38. A boat's crew consists of eight men, of whom two can only row on 
the stroke side of the boat, and three only on the bow side. In how many 
ways can the crew be arranged? 

39. Having three copies of one book, two copies of a second book, and 
one copy of a third book, in how many ways can I give them to a class of 
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twelve boys, (1) so that no boy receives more than one book; and (2) so that 
no boy receives more than one copy of any book? 

40. In how many ways can a set of twelve black and twelve white 
draught-men be placed on the black squares of a draught-board? 



GROUP III. (ON Chap. I.) 

41. In how many ways can the letters of the word possessions be 
arranged? 

42. In how many ways can the letters of cockatoohe arranged ? 

43. Shew that the letters ot cocoon can be arranged in twice as. many 
ways as the letters oicocoa. 

44. In how many ways can the letters oi pallmallhe arranged with- 
out letting aU the Vb come together? 

45. In how many ways can the letters of oiseau be arranged so as to 
have the vowels in their natural order ? 

46. In how many ways can the letters of coco a be arranged so that a 
may have the middle place? 

47. In how many ways can the letters oi quartushe arranged so that 
q may be followed by «? 

48. In how many ways can the letters of ubiquitoushe arranged so 
that 2 may be followed by m ? 

49. In how many ways may the letters of quisquis be ajranged So 
that each q may be followed by m ? 

50. In how many ways can the letters of indivisibility be 
arranged without letting two i's come together ? 

51. In how many ways can the letters of fa eetioushe arranged with- 
out two vowels coming together? 

52. In how many ways can the letters of facetious be rearranged 
without changing the order of the vowels? 

53. In how many ways can the letters of abstemiously Toe rearranged 
without changing the order of the vowels ? 

54. In how many ways can the letters of parallelism be rearranged 
without changing the order of the vowels ? 

55. In how many ways can the letters of almosthe rearranged, keeping 
the vowels at their present distance apart ? 

56. In how many ways can the letters of logarithms be rearranged, 
so that the second, fourth and sixth places may be occupied by consonants ? 
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57; In how many ways can two consonants and a vowel be chosen out 
of the word logarithms, and in how many of these will the letter s occur? 

58. In how many ways can the letters of syzygy\>e arranged without 
letting the three y'e come together ? 

59. In how many ways without letting two ^'s come together? 

60. In how many ways can we arrange the letters of the words choice 
and chance without letting two c's come together? 

GBOUP IV. (OS Chap I.) 

61. In how many ways can ten books be made into five parcels of two 
books each? 

62. In how many ways can nine books be made up in four parcels of two 
books each and one book over ? 

63. In how many ways can they be made into three parcels of three 
books each? 

64. Ten men and their wives are to be formed into five parties, each 
consisting of two men and two women. In how many ways can this be 
done? 

65. In how many of these ways will an assigned man find himself in the 
same party with his wife ? 

66. In how many will two assigned men and their wives be together in 
one party? 

67. In how many ways can a purchaser select half a dozen handkerchiefs 
at a shop where seven sorts are kept ? 

68. A choir contains 10 members. In how many ways can a different 
six be selected every day for three days ? 

69. A man has six friends and he invites three of them to dinner every 
day for twenty days. In how many ways can he do this without having the 
same party twice ? 

70. Find the total number of selections that can be made out of the 
letters ned needs nineteen nets, 

71. Find the total number of selections that can be made out of the 
letters daddy did a deadly deed. 

72. How many selections of three letters can be made out of the letters 
in the last question ? 

73. How many arrangements of three letters can be made out of the 
same ? 
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74. Shew that there are 8 combinations 3-together of the letters veneer, 
and 16 combinations 4-together of the letters veneered. 

75. How many are the combinations 3-together of the letters weddedt 

76. How many are the combinations 4-together of the letters re- 
deemedl 

77. The number of combinations 5-together of the letters ever 
esteemed is 32. 

78. In how many ways can three persons divide among themselves the 
letters ever esteemed? 

79. In how many ways can they divide them so that each may take 
four? 

80. A has the letters esteem, B has feeble, and G has veneer. 
In how many ways can they exchange so that each shall have sis 1 

GEOUP V. (on Chap. I.) 

81. In how many ways can the letters oi falsity be arranged, keeping 
the consonants in their natural order, and the vowels also in their natural 
order ? 

82. In how many ways can the letters of affection be arranged, 
keeping the vowels in their natural order and not letting the two /'s come 
together ? 

83. In how many ways can the letters of kaffeekanne be arranged 
so that the consonants and vowels come alternately ? 

84. In how many ways can the letters of delete be arranged, keeping 
the consonants in their natural order? 

85. In how many ways can the letters of delete be arranged, keeping 
the consonants in their natural order and not letting two e's come together ? 

86. In how many ways can the letters of delirious be arranged, 
keeping the consonants in their natural order and the vowels in their 
natural order ? 

87. What would be the answer of the last question if the two i's must 
not come together? 

88. In how many ways can the letters of fulfil be arranged without 
letting two letters which are alike come together ? 

89. In how many ways can the letters oi murmur he arranged without 
letting two letters which are alike come together ? 

90. How many selections of four letters can be made out of the letters of 
murmur; and how many arrangements of four letters? 
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91. How many arrangements of four letters can be made oiit of the 
letters of /Mi/iZ. 2. 

92. How many arrangements of five letters can be made out of the 
letters oipallmall? 

93. How many arrangements of four letters can be made out of the 
letters of k affe e Jeanne without letting the three e's come together ? 

94. How many arrangements of six letters can be made out of the letters 
of nineteen tennis nets? 

95. How many arrangements of six letters can be made out of the letters 
of little pipe without letting two letters which are alike come together ? 

96. How many arrangements of five letters can be made out of the letters 
of murmur er without letting the three r's come together ? 

97. In how many ways can the letters of quisquis be arranged 
without letting two letters which are alike come together ? 

98. In how many ways can the .letters ot feminine be arranged 
without letting two letters which are alike come together ? 

99. In how many ways can the letters of muhamm,acLan\>e arranged 
without letting three letters which are alike come together ? 

100. In how many ways can the same letters be arranged without letting 
two letters which are alike come together ? 

GEOUP VI. (on Chap. I.) 

101. Out of 20 consecutive numbers, in how many ways can two be 
selected whose sum shall be odd ? 

102. Out of 30 consecutive integers, in how many ways can three be 
selected whose sum shall be even ? 

103. Out of an unlimited number of pence, half-pence and farthings, in 
how many ways can twenty coins be selected ? 

104. A person holds five coins and asks you to guess what they are. 
Knowing that he can only have sovereigns, half-sovereigns, crowns, half- 
crowns, florins, shillings, sixpences, fourpences, or threepences, how many 
wrong guesses is it possible to make 1 

105. In the ordinary scale of notation how many numbers are there con- 
sisting of five digits ? In how many of these is every digit an odd number ? 
In how many is every digit an even number? In how many is there no 
digit lower than 6 ? In how many is there no digit higher than 3 ? How 
many contain aU the digits 1, 2, 3,4, 5 ? and how many contain all the 
digits 0, 2, 4, 6, 8 ? 
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106. How many different sums can be thrown with two dice, the faces of 
each die being numbered 0, 1, 3, 7, 15, 31 ? 

107. How many different sums can be thrown with three dice, the faces 
of each die being numbered 1, 4, 13, 40, 121, 364? 

108. At a post-office they keep ten sorts of postage-stamps. In how many 
ways can a person buy twelve stamps? In how many ways can he buy 
eight stamps? In how many ways can he buy eight different stamps? 

109. In how many ways can a pack of 52 cards be dealt to 13 players, 
four to each, (1) so that every one may have a card of each suit, (2) so that 
one may have a card of each suit, and no one else have cards of more than 
one suit ? 

110. In how many ways can a pack of cards be dealt to four players, 
subject to the condition that each player shall have three cards of each of 
three suits and four cards of the remaining suit ? 

111. In how many ways can 18 different things be divided among five 
persons, (1) so that four of them have four each, and the fifth has two 
things ; (2) so that three of them have four each and the other two have 
three each ? 

112. If there be 14 sorts of things, and two things of each sort, find the 
total number of selections that can be made. 

113. If there be twenty sorts of things and nine things of each sort, shew 
that 99999999999999999999 different selections can be made. 

114. The game of bagatelle is played with 8 balls aU alike and 1 different. 
The object is to get as many as possible of these balls into 9 different holes, 
no hole being capable of more than one ball. How many different dispositions 
of balls in the holes are possible ? 

115. If there were 7 balls alike and 2 others alike, how may dispositions 
would be possible ? 

116. If there were 7 balls alike and 2 others different, how many 
dispositions would be possible? 

117. In how many ways can 27 different books be distributed to A, B, C, 
so that A and G together may have twice as many as B ? 

118. Shew that out of 99 things the number of ways of selecting 70 is to 
the number of ways of selecting 30 as 3 to 7. 

119. Four boys are in attendance at a telegraph office when 8 messages 
arrive. In how many ways can the messages be given to the boys without 
leaving any boy unemployed ? 

120. Out of the first 100 integers, in how many ways can three be 
selected whose sum shall be divisible by 3 ? 
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GROUP Vn. (ON Chap. II.) 

121. The number of ways of selecting a; things out of 2a; + 2 is to the 
number of ways of selecting x things out of 2x - 2 as 99 to 7. Find x, 

122. If (^+iJ^=P?, findn. If (^+JJ?=|P?, find re. 

123. IfBi!=mi^and(7Ei3'=reC^, findaandy. 

124. Shew that CJ+' : Br^=(^-' : iJS+^ 

125. Shew that {n-r)R^ a; = nK C>'. 

126. Shewthat {c"4;-c;}C!;:}-7-{(C",)^-c?'^}c;:l}=?-. 

127. Shew that out of m+ra- 1 things the choice in selecting m things 
is to the choice in selecting n things as n to m. 

128. There are m parcels, of which the first contains n things; the 
second 2m things ; the third Sn things ; and so on. Shew that the number 
of ways of taking n things out of each parcel is Imre -=■ {Ire}™. 

129. Shew that the number of ways of dividing 2re+2 things into two 
equal parcels is the sum of the number of combinations of 2re things, re and 
re - 1 together. 

130. Shew that when repetitions are allowed the number of selections of 
re things out of m+ 1 is the same as the number of selections of m things out 
of re+1. 

131. Shew that JB^=2B^ and iJf=3i?5„. 

132. When repetitions are allowed the choice of m things out of n is to 
the choice of re tilings out of m as re to m. 

133. A basket contains 2re + r apples and 2n-r pears. Shew that the 
choice of re apples and re pears is greatest when r=0, n being constant. 

134 Out of 3re consecutive integers, in how.many ways can three be se- 
lected whose sum shall be divisible by 3 ? 

135. If pq + r different things are to be divided as equally as possible 
among J) persons, in how many ways can it be done? {r<:p). 

136. Prove that the number of ways in which p positive signs and n 
negative signs may be placed in a row, so that no two negative signs shall 
be together, is equal to the number of combinations of ^i + 1 things taken re 
together. {p>n). 

137. The number of boys in the several classes of a school are in arith- 
metical progression, and a number of prizes equal to the common difference 
of the progression is to be given to each class, no boy receiving more than 
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one prize. Shew that if the prizes are all different the number of ways of 
giving them is the same as if all were to be given to the largest class. 

138. The number of different throws that can be made with n dice is 

139. The number of ways of selecting four things out of n different things 
is one-sixth of the number of ways of selecting four things out of 2n things 
which are two and two alike of n sorts : find n. 

140. If bagatelle is played with n balls alike and one different, and there 
are n+1 holes each capable of receiving one ball, the whole number of ways 
in which the balls can be disposed is (n+ 3) 2" - 1. 



GEOUP vni. 

141. In how many ways can a triangle be formed, having its angular 
points at three of the angular points of a given hexagon ? 

142. How many triangles can be formed having every side either 4 or 5 
or 6 or 7 inches long ? 

143. How many different rectangular parallelepipeds can be constructed, 
the length of each edge being an integral number of inches not exceed- 
ing 10? 

144. If four straight lines be drawn in a plane and produced indefinitely, 
how many points of intersection will there generally be ? 

145. If four straight lines be drawn in a plane, no two being parallel and 
no three concurrent, how many triangles will they form ? 

146. There are n points in a plane, no three being in a straight line, 
except p of them which are all in a straight line ; how many triangles can be 
formed having some of these points for vertices ? 

147. There are p points in a straight Une, and g points on a parallel 
straight line ; how many triangles can be formed having some of these points 
for vertices ? 

148. If there be r more points lying on another parallel straight line, 
how many additional triangles can be formed, assuming that no three points 
lie on any transverse straight line ? 

149. Each side of a square is divided into n parts. How many triangles 
can be formed having their vertices at points of section ? 

150. If n straight lines be drawn in a plane, no two being parallel and 
no three concurrent, how many points of intersection will there be ? 
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151. If n straight lines be drawn in a plane, no two being parallel and 
no three concurrent, except p, which meet in one point, and q which meet in 
another point, how many other points of intersection will there be ? 

152. Into how many parts is an infinite plane divided by n straight lines, 
of which no three are concurrent and no two parallel ? 

153. Into how many parts is infinite space divided by n planes, of which 
no four meet in a point and no two are parallel ? 

154. A large floor is paved with sguare and triangular tiles, all the sides 
of the squares and triangles being equal. Every square is adjacent to four 
triangles, and every triangle is adjacent to two squares and a triangle. Shew 
that the number of angular points must be the same as the number of 
triangles, and that this must be double of the number of squares. 

155. If, in a different pattern, the triangles be placed in blocks of three 
forming a trapezium, and every trapezium be adjacent to five squares, the 
same results will hold good as in the last question. 

156. In how many ways can we form a triangle having each of its sides 
an integral number of inches, greater than n and not greater than in ? 

157. How many of these wiU be isosceles, and how many equilateral ? 

158. The number of triangles that can be formed having each of their 
sides an integral number of inches not exceeding 2ra is ^n(n+V) (4n+5). 
And excluding all equilateral and isosceles triangles it is i w (n - 1) (4™ - 5). 

159. If the number of inches is not to exceed 2m - 1 the number of 
triangles will be ^re(re + l) (4n- 1). And excluding all equilateral and 
isosceles triangles it will be ^ (» - 1) (n - 2) (4ra - 3). 

160. If there be n straight lines in one plane, no three of which meet in 
a point, the number of groups of n of their points of intersection, in each of 
which no three points lie in one of the straight lines, is i In - 1. 

GROUP IX. 

161. The number of ways of dividing 2n different things into two equal 
parts, is to the number of ways of similarly dividing 4n different things, as 
the continued product of the first n odd numbers to the continued product of 
the n odd numbers succeeding. 

162. Shew that there are 2"-i ways of selecting an odd number of things 
out of n things. 

163. If there be one card marked 1, two marked 2, three marked 8, and 
so on : the number of ways of selecting two cards on which the sum of the 
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numbers shall be n is f^n (n^ - 1) or jV* (m" - 4) aeoording as n is odd or 
even. 

164. There are 3m + 1 things of which n are alike and the rest all differ- 
ent : shew that there are 2^" ways of selecting n things out of them. 

165. In how many ways can three numbers in arithmetical progression 
be selected from the series 1, 2, 3...2n, and in how many ways from the 
series 1, 2, 3...(2n+l)? 

166. By considering the selections of n things out of n things with repeti- 
tions, writing down separately the number of selections when 1, 2, 3... or m 
different things are selected, shew that 

167. Find the number of ways in which 37i different books may be 
distributed to three different persons so that their shares may be in 
Arithmetical Progression, ..(The cases in which the shares would be 
0, «, 2re or n, n, n are to be included.) 

168. If M^ be the number of permutations of m things taken r together, 
and N^ the number of permutations of n things taken r together, prove that 
the number of permutations of m + n things r together will be ob- 
tained by expanding {M+N)'', and in the result replacing the indices by 
suffixes. 

169. In the expansion of ((Sj-l-ffij-l- ... -i- Oj,)" where n is an integer not 
greater than p, there are CJ terms, in none of which any one of the 
quantities a^, a^-.-Op occurs more than once as a factor; and the coefBcient 
of each of these terms is In. 

170. There are 2n letters, two and two alike of n different sorts. Shew 
that the number of orders in which they may be arranged, so that no two 
letters which are alike may come together, is 



-., |.,.-^'2|2n-l-h'^g^^2^ |2«-2 -&c. to n-i-1 termsl. 



2»|l — 1 



171. The number of ways in which r different things may be distributed 
among n+p persons so that certain n of those persons may have one 
at least is 

{n+pY -n{n+p-lf+''^^^ (n+p~2)'- -&a. 

172. Shew that, for n different things, 1 - (number of partitions into 
two parts)-!- 12 (number of partitions into three parts) - ... ± Ib- 1 (number 
of partitions into n parts) =0. 
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173. Shew that, if m>n, 

SS{i^-=-i?} = (m + l)-r-(m-n + l). 

174. Shew that 

SS {c:C-i- C^}= (2n + 1)-H(n+ 1).' 

175. Prove that, to n terms, 



and 



iJi" + a'iff + 3=JC + . . . = (n + l)''iC+' - (2m + 3) JJr*^ + 2iC^- 
Verify the results when s=2. 

176. Prove that 

m m(m+l) m(m + iy(m + 2) . , 

= ^ + ^i|L+l) H- "("+l)("^+2) + ... to ^ terms. . 

177. Shew that |2re-l -f- ( |m - 1)= is the sum to n terms of the series 

(C5)2 + 2(CS)» + 3(C?)»+.... 

178. Apply Prop. xiv. to shew that 

\n+r-l „\n+r-3 mfe-H |m+r-5 \n\n-l 

I -^ 1 + ''<"/JI -&c. (tiU it Stops) = H ■ 

|r 1 |r-2 1.2 [r-4 ■ ^ ' |r | ra-r 



Or, putting ra=r, 

|2«-1 „ 1^-3 „(„_!) J2«-5 ^ 
Ib 1 |m-2 "^ 1.2 |re-4 I : 



179. Shew that, to n terms. 



\n + a 



\a \ a + l \a+2 ^ \n+b-l \b-l 
)6 "^ ]6 + l "^ ]6 + 2 '^•••^ a-6+1 



180. Shew that, to n terms, 



la + l |<i-?» + l 



la la - 1 la 



-2 



|6 |6-1 ^ | 6- 



: + ...= 



|6 | S-7i 

a-6+1 
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GEOUP X. (on Chaps. H. IH. IV.) 

181. In how many ways can four black balls, four white balls, and four 
red balls be put into six pockets when one or more may be left empty? 

182. In how many ways can 3 sovereigns and 10 shillings be put into 
4 pockets? (One or more may be left empty.) 

183. In how many ways can 12 sovereigns be distributed into five pockets, 
none being left empty ? 

184. In how many ways can 20 books be arranged in a bookcase contain- 
ing five shelves, each shelf long enough to contain all the books? 

185. In how many ways can a person wear five rings on the fingers (not 
the thumb) of one hand? 

186; A debating society has to select one out of five subjects proposed. 
If thirty members vote, each for one subject, in how many ways can the 
votes fall ? 

187. A bookbinder has 12 different books to bind in red, green or black 
cloth. In how many different ways can he bind them, binding at least one in 
each colour ? 

188. In how many ways can 26 different letters be made into six words, 
each letter being used once and only once? 

189. The total number of partitions of n is equal to the number of n- 
partitions of 2n. 

190. Shew that the number of (7-+a;)-partitxons of 2r+a; is the same 
whatever be x. 

191. In how many ways can an examiner assign a total of 30 marks to 
eight questions without giving less than two marks to any question? 

192. A body of n members has to elect one member as a representative of 
the body. If every member gives a vote, in how many ways can the votes 
be given? And how many different forms may the result of the poU assume, 
regarding only the number of votes given to each member and not the 
names of his supporters ? 

193. Find the number of ways in which m indifferent black balls and 
II indifferent white balls can be arranged in a row, so that there may be 
2r - 1 contacts of black with white. 

194. In how many ways can the same baUs be arranged, so that there 
may be 2r contacts of black with white ? 

195. The number of ways in which two persons can divide 2ji things of 
one sort, and 27i of another, and In of a third sort, so that each person may 
have 3n things is 3m^ + 3«-|-l. 

W. 17 
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196. If there be 2n. more things of a fourth sort the number of ways in 
which the persons can take 4n things each is ^ (2n + l) {8n' + 8n + S). 

197. In the last two questions if the things were to be equally divided 
into two indifferent parcels the number of ways would be ^(3re'i + 3n+2) 
and i (n + 1) {8rc'+4n+S) respectively. Explain why these results are not 
the halves of the previous results. 

198. If there be m sorts of things and 2k things of each sort, the number 
of ways in which two persons can divide them so that each may have mn 
things is 

m-l 1 7n — 1 2 m— 1 ' 

the (a; + l)th term beingi C^ (7™+m-i-«(2>t+-i)_ and the number of terms being 
the integer next less than {mn + m + Mj-i-{2n + 1). 

199. In how many ways can five black balls, five red balls, and five 
white balls be distributed into three different bags, five into each? 

200. If there be 3 sorts of things, and re things of each sort, the number 
of ways in which three persons can divide them so as to have n things each is 

C^-K Cj"+?-3 Cj+s = -I (n + 1) (n + 2) (n^ + Sn+i). 

GROUP XI. 

201. In how many ways can six Englishmen, seven Russians, and ten 
Turks be arranged in a row, so that each Englishman may stand between a 
Russian and a Turk, and no Russian and Turk may stand together? 

202. In how many ways can five Englishmen, seven Russians, and ten 
Turks be arranged in a row, so that each Englishman may stand between a 
Russian and a Turk, and no Russian and Turk may stand together? 

203. Find the number of combinations that can be formed out of the 
letters of the following Une (Soph. PMloct. 746) : 

airainrairac TairairiraTraTnTairainTairaiy 

taking them (1) 5 together, and (2) 25 together. 

204. "What is the total number of combinations that can be made out of 
the same letters ? 

205. How many solutions can be given to the following problem? "Find 
two numbers whose greatest common measure shall be G and their least 
common multiple M= Ga°- b^ c^ d' ; u,, 6, c, d being prime numbers." 

206. How many solutions can be given to the following problem? "Find 
two numbers of which G shall be a common measure, and M (as in the last 
question) a common multiple." 
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207. Out of 20 letters how many combinations of six letters can be made, 
no letter occurring more than twice in the same combination? 

208. A certain symmetrical function of x, y, z is such that x is found in 
five of its terms, xy in three terms, xyz in two terms, and there is one 
term without x, or y, or 2. How many terms are there altogether ? 

209. I have six friends, each of whom I have met at dinner 12 times. 1 
have met every two of them 6 times, every three of them 4 times, and every 
four of them 3 times, every five twice, all six once, and I have dined out eight 
times without meeting any of them. How many times have I dined out 
altogether ? 

210. Two examiners, working simultaneously, examine a class of 12 
boys, the one in classics the other in mathematics. The boys are examined 
individually for five minutes each in each subject. In how many ways can 
a suitable arrangement be made so that no boy may be wanted by both 
examiners at once? 

211. Out of six pairs of gloves, in how many ways can six persons take 
«ach a right-handed and a left-handed glove without any person taking a 
pair? 

212. Out of nine pairs of gloves, in how many ways can six persons take 
€ach a right-handed and a left-handed glove without any person taking a 
pair? 

213. A square is divided into 16 equal squares by vertical and horizontal 
lines. In how many ways can 4 of these be painted white, 4 black, 4 red, 
and 4 blue, without repeating the same colour in the same vertical or hori- 
zontal row ? 

214. The number of ways of deranging a row oi m+n terms so that m 
are displaced and n not displaced is 

\m+n llm 



Im In 

215. Shew that, if n be an integer, Ib^ is divisible by ( [n)"+' ; and if m and 
n are odd numbers \mn is divisible by 

(|m) ^ (|«) = . 

216. If there be an odd number of dominoes in a set that begins with 
double-blank and if the total number of pips on the whole set be even, the 
number of pips on the highest domino will be a multiple of 8. 

217. If /„ denote the number of derangements of n terms in circular 
j)roeession so that no term may follow the term which it followed originally, 

/»+/n+l= Wlh 

17—2 
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218. Find the number of positive integral solutions of the equation 
x+y+ii+ ... {p variables) =m, the variables being restricted to lie between 
2 and n, both inclusive. 

219. If there be seven copies of one book, eight of another, and nine of 
another, in how many ways can two persons divide them, each taking 12 
books? 

220. The squares on a chess-board are painted with 8 colours, 8 squares 
with each colour. The colours are to be arranged so that every horizontal 
line contains every colour, but the vertical lines are only subject to the 
condition that no two adjacent squares must be alike. How many arrange- 
ments are possible ? 

GROUP XII. 

221. There are n things alike and n others all different; shew that 
there are 2" ways of selecting n things out of them, and that the number of 
orders in which all the 2m things can be arranged is 2" . 1 . 3 . 5. ..(2m- 1). 

222. If a set of dominoes be made from double blank up to double n, 
prove that the number of them whose pips are m-r is the same as the num- 
ber whose pips are n + r, and this number is i(2m-2j'-|-3±l) ; and the 
total number of dominoes is ^ (m-l-1) (m-H2). 

223. If all the combinations of n letters (1, 2, 3. ..or n together) be 
written down, the number of times each letter wUl occur is 2'^'. 

224. The total number of permutations [1, 2, 3. ..or {m+n) together} 
which can be made out of m things all alike and n other things all alike is 
(with the notation of page 70) Gf^i^^^i - 2. 

225. If we write down all possible permutations [1, 2, 3... or (m+ji) 
together] of m a's and m ;8's, we shall write a 



and we shall write /3 



, mm-l-m-1 ^ 

— m+2 — ^'»+i."+i times; 



, 7mi + n- 1 „ 
"'' m + 2 "^^ "+' ^^• 



226. Write down all the permutations 1, 2, 3, 4 or 5 together of the 
letters mamma, and verify the result of the last question. 

227. The total number of permutations [1, 2, 3. ..or {m+n + 1) together] 
which can be made out of m things alike, n other things alike, and one 
different thing, always using the one different thing is, 

, mn+m + n 
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228. The total number of permutations [1, 2, 3 or...(m+w+l) together] 
■which can be made out of m things alike, n other things alike, and one 
different thing, is 

(m+l)(«+l) 

m + n + 3 ^'-*^'^-^- 

229. Write down all the permutations, one or more together, of the 
letters peppe r, and verify the result of the last question. 

230. The total number of permutations of n things [1, 2, 3. ..or n 
"together] is the integer nearest to c In - 1. 

231. The total number of permutations of n things [1, 2, 3,. ..or n 
together] is greater than e I » - 1 — and less than e I m - 1 =- . 

232. If all the permutations of n letters (1, 2, 3. ..or n together) be 
■written do^wn, the number of times each letter ■will occur is the integer 
nearest to « (m - 1) I ra - 1. 

233. The integer in the last question is always greater than e (» - 1) |» - 1 

2 
-and less than e(re-l)|n-lH — 5 — -. 

234. In how many different orders can seven men and five women get 
into a carriage, one by one, so that there may never be more women than 
men in it ? 

235. In how many orders can m positive units and 11, negative units be 
arranged so that the sum to any number of terms may never be negative? 

236. In how many orders can m even powers of x and n odd powers of x 
be arranged so that when x=-l the sum to any number of terms may 
never be negative ? 

237. In how many orders can a man ■win m games and lose n games so 
as at no period to have lost more than he has won ? 

238. In how many different orders can a man possessed of h pounds 
•win m wagers and lose n wagers of 1 pound each without being ruined 
during the process ? 

239. If p, q, r be integers, such that the two lowest are together 
greater than the highest, and p + q+r='is, the number of ways in which 
-two men can divide p black balls, q white and r red, so that each may take s 
baUs, is 8^ + s + 1 - J (;)2 + j2 + ^2). 

240. If the two lowest are together less than the highest (q+r<p) the 
result in the last question must be increased by J (j) - s) (p - s -F 1) . 
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GEOUP XIII. (on Chap. VI.) 

241. If a letter be taken at random from the word organize, what is 
the chance that it is a vowel ? 

242. What is the chance that a letter taken at random from res-plen- 
dence should be e, and what is the chance that it should be ra? 

243. What is the chance that a letter taken at random from para- 
phrase should be a vowel, and if it be known to be a vowel what is the 
chance that it is a? 

244. If two letters are taken at random out of esteemed, shew that 
the odds against both being e are the same as the odds in favour of one at 
least being e. 

245. If two letters be taken at random out of murmurer, what is the 
chance that they should be both alike ? 

246. What is the chance that two letters taken at random from 
obsequious should both be vowels ? 

247. Three letters are taken at random from association, what is the 
chance that one of them is c ? 

248. What is the chance that at least one of them is s ? 

249. What is the chance that two of them are alike ? 

250. What is the chance that one and only one is s ? 

251. If the letters of obsequious he arranged at random, what is the 
chance that all the vowels come together ? 

252. If the letters of oiseauhe arranged at random, what is the chance 
that the vowels occur in their natural order ? 

253. A letter is taken at random out ot assistant and a letter out of 
statistics. What is the chance that they are the same letter ? 

254. A letter is taken at random out of effete and a letter out of 
fe e t; shew that the odds are 5 to B against their being the same letter. 

255. Two letters are taken at random out of cocoa and two out of 
cocoon. Find the chance that the four letters should be aU different. 
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256. If the letters oi replete he arranged at random, find the chance 
that no two c's come together. 

257. Find the chance that all the e's come together. 

258. How are the last two results affected if the letters be arranged in a 
ring instead of a line? 

259. What is the chance that three letters taken at random from 
muhammadan should be all different? 

260. What is the chance that five taken at random should be all 
different ? 



GEOUP XIV. (ON Chap. VI.). 

261. If ten persons form a ring, what is the chance that two assigned 
persons will be together ? 

262. H ten persons stand in a line, what is the chance that two assigned 
persons will stand together ? 

263. A letter is chosen at random out of each of the words tinsel and 
silent. What is the chance that they are the same letter? And what 
does the chance become if it is known that they are either both consonants, 
or both vowels ? 

264. A letter is chosen at random out of each of the words musical 
and amusing: what is the chance that the same letter is chosen in 
each case? 

265. A letter is taken at random out of each of the words choice and 
chance: what is the chance that they should be the same letter? 

266. What is the chance that two letters taken at random out of the 
word myrrh should be the same as two taken at random out of merry? 

267. 120 men are to be formed at random into a solid rectangle of 12 
men by 10 ; all sides are equally likely to be in front. What is the chance 
that an assigned man is in the front ? 

268. If the 26 letters of the alphabet are written down in a ring so that 
no two vowels come together, what is the chance that a is next to 6 ? 

269. If the 26 letters of the alphabet are written down in a row so that 
no two vowels come together, what is the chance that a is next to 6 ? 

270. A, B, G have equal claims for a prize. A says to B, let us two 
draw lots, let the loser withdraw and the winner draw lots with G for the 
prize. Is this fair ? 

271. A and B stand in a line with 10 other persons. If the arrangement 
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is made at random what is the chance that there are exactly 3 persons between 
^andB? 

272. What would the chance be if they stood in a ring instead 
of a line ? 

273. Five men, A, B, G, D, E, speak at a meeting, and it is known 
that A speaks before B, what is the chance that A speaks immediately 
before B ? 

274. Two numbers are chosen at random, find the chance that their 
sum is even, 

275. A bag contains six black balls and one red. A person is to draw 
them out in succession, and is to receive a shilling for every ball he draws 
until he draws the red one. What is his expectation ? 

276. There are ten tickets, five of which are numbered 1, 2, 3, 4, 5, and 
the other five are blank. What is the probability of drawing a total of ten 
in three trials, one ticket being drawn out and replaced at each trial? 

277. What is the probabiUty in the preceding question if the tickets are 
not replaced ? 

278. A person has ten coins, which he throws down in succession. He 
is to receive one shilling if the first falls head, two shillings m/yre if the 
second also falls head, four shillings more if the third also falls head, and so 
on, the amount doubling each time; but as soon as a coin falls tail, he 
ceases to receive anything. What is the value of his expectation ? 

279. A and B play at chess, and A wins on an average two games out of 
three. Find the chance of A winning exactly four games out of the first 
six, drawn games beiug disregarded. 

280. Four flies come into a room in which there are four lumps of 
sugar, of different degrees of attractiveness, proportional to the numbers 8, 
9, 10, 12; what is the chance that the flies will all select different lumps ? 

GBOUP XV. 

281. A teetotum of eight faces numbered from one to eight, and a 
common die are thrown : what is the chance that the same number is 
turned up on each ? 

282. Out of a set of dominoes, numbered from double one to double six, 
one is drawn at random. At the same time a pair of common dice are 
thrown. What is the chance that the numbers turned up on the dice will 
be the same as those on the domino 1 and what is the chance that they wiE 
have one number at least in common ? 
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283. What are the odds against throwing seven twice at least in.three 
throws with two dice ? 

284. Two persons play for a stake, each throwing two dice. They throw 
in turn, A commencing. A wins if he throws 6, B if he throws 7 ; the game 
ceasing as soon aa either event happens. Shew that A'b chance is to B'a as 
30 to 31. 

285. A, B, C amongst them stake £9. 2s., and throw in turn with 
a single die, until an ace is thrown, the thrower of the ace to take all 
the stakes. In what proportion ought they to contribute the stakes ? 

286. Two faces of a die are marked with even numbers and the other 
four faces with odd numbers. Shew that the odds are 41 to 40 in favour of 
the sum of four throws being an even number. 

287. An archer hits his target on an average 3 times out of 4, find the 
chance that in the next four trials he will hit it three times exactly. 

288. A man wins on an average 3 games out of 5, find the chance that 
out of the next five games he wins exactly 3. 

289. On an average out of 10 games a player wins 3, loses 5, and the 
others are drawn. Find the chance that out of the next ten games he wins 
exactly 3, and loses exactly 5. 

290. An experiment succeeds twice as often as it fails. Find the chance 
that in the next six trials there will be at least four successes. 

291. A bag contains four red balls and two others, each of which is 
equally likely to be red or white. Three times in succession a ball is drawn 
and replaced. Find the chance that all the drawings are red. 

292. If in Question 109 (page 149) the man is to go on drawing till he 
draws a blank, what is his expectation ? 

293. A box contains 10 pairs of gloves. A draws out a single glove : 
then B draws one : then A draws a second : then B draws a second. Shew 
that A'a chance of drawing a, pair is the same as B's and that the chance of 
neither drawing a pair is 290-j-323. 

294. A boy tries to jump a ditch : in jumping from the upper bank to 
the lower he succeeds five times out of six, in jumping from the lower to the 
upper he succeeds three times out of five. What is the chance that after 
four trials he leaves oft on the same side on which he began ? 

295. Shew that the odds are eleven to three against a month selected at 
random containing portions of six different weeks. 

296. A walks at an uniform speed known to be greater than 3 and less 
than 4 miles an hour between 2 places 20 miles apart. An hour having 
elapsed since A'a departure, B starts after him for the same place walking at 
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the uniform speed of 4 miles an hour. Find the odds against B'a overtaking 
A, (1) on the hypothesis that within the given limits all distances per hour 
are equally likely, (2) on the hypothesis that -within the limits aU times 
per mile are equally likely. 

297. Three different persons have each to name an integer not greater 
than n. Find the chance that the integers named wiU be such that every 
two are together greater than the third. 

298. A and B play at chess, and A wins on an average five games out 
of nine. Find A's chance of winning a majority (1) out of three games, 
(2) out of four games, drawn games not being counted. 

299. If the odds on every game between two players are two to one 
in favour of the winner of the preceding game, what is the chance that he who 
wins the first game shall win at least two out of the next three ? 

300. A, B, G play at a game in which each has a separate score, and the 
game is won by the player who first scores 3. If the chances are respectively 
i, i, ij that any point is scored by A, B, C, find the respective chances of 
the three players winning -the game. 
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801. The chance of one event happening is the square of the chance of 
a second event, but the odds against the first are the cube of the odds against 
the second. Find the chance of each. 

302. With two dice having their faces numbered alike in any way 
whatever, the chance of throwing an even number can never be less than ^_ 

303. If irm men are formed into a solid column with m men in front and 
n in depth, find the chance that a given man will be on the outside of the 
column. 

304. If n men, among whom are A and B, stand in a row, what is the 
chance that there will be exactly r men between them ? 

305. If they stand in a ring instead of a row, the chance will be in- 
dependent of r. 

306. If A agrees to pay B a shilling for every man who stands between 
them, what is B'a expectation when the n men are arranged at random in a 
row? 

307. What is B's expectation if they stand in a ring and count the 
shortest distance between them ? 

308. What is it, in the last case, if they count from A'a right to B ? 
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309. A bag contains m white and n black balls. (1) If they are drawn 
out one by one, find the chance of first drawing a white and then a black, 
and so on alternately, until the balls remaining are all of one colour. (2) If 
m balls are drawn at once, what is the chance that all the white balls will be 
drawn at the first trial ? 

310. A boy who on an average does four sums out of five correctly is 
given five sums to do. Shew that the odds are more than two to one against 
their being all right. 

811. A spins a teetotum with a faces, numbered 1, 2, 3 ... n respectively,. 
B spins one with 6 faces, similarly numbered from 1 to 6. Each spins 
once and the highest number- wins. Shew that if a>6, A'a chance is 

1 — - — , B'a chance is -= — , and the chance of a tie is - . 
2a 2a a 

312. If in the last exercise they are to spin again in case of a tie, A'& 

chance of winning will be — = =— , and B'a chance will be ^ = . 

2a — 2 2a - 2 

313. Out of 2n tickets, numbered consecutively, three are drawn at 
random. Find the chance that the numbers on them are in a. p. 

314. Out of 2» + 1 tickets, consecutively numbered, three are drawn at 
random. Find the chance that the numbers on them are in a. p. 

315. A and B shoot at a mark, and A hits it once in n times, and B 
once in n - 1 times. If they shoot alternately, A commencing, compare 
their chances of first hitting the mark. 

316. If there be m sorts of things and n things of each sort, shew that the 
chance that m-r things selected at random may be all different is 

317. If « things (a, /3, y, &o.) be arranged in a row, subject to the con- 
dition that a comes before /3, what is the chance that a comes next before /S ? 

318. There are « counters marked with odd numbers, and n more 
marked with even numbers ; if two are drawn at random shew that the odds 
are n to « - 1 against the sum of the numbers drawn being even. 

319. If a head counts for one and a tail for two, shew that Sn is the 
most likely number to throw when 2n coins are tossed. Also shew that the 
chance of throwing 3 (n+1) with 2(b+1) coins is less than the chance of 
throwing 3m with 27i coins in the ratio 2b +1 . 2n + 2. 

320. A red card has been removed from a pack. Thirteen cards are then 
drawn and found to be all of one colour. Shew that the odds are 2 to 1 that 
this colour is black. 
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321. Two squares are marked at random on a chess board. Shew that 
the odds are 17 to 1 against their being adjacent. 

322. If two squares of opposite colour are marked at random on a chess 
board the chance that they are adjacent is jt ? 

328. If two squares are marked at random on a chess board the chance 
that they have. contact at a corner is 7 ? 

324. If two squares of the same colour are marked at random on a chess 
board the chance that they have contact at a comer is J^ ? 

325. Two squares are chosen at random on a chess-board : what is the 
chance that one is a castle's move from the other ? 

826. What is the chance that both are the same colour, and one a 
■castle's move from the other ? 

327. Two squares are chosen at random on a chess-board : what is the 
chance that one is a knight's move from the other ? 

328. What is the chance that one is a bishop's move from the other ? 

329. What is the chance that one is a queen's move from the other ? 

330. What is the chance that one is a king's move from the other ? 

331. Pour squares are chosen at random on a chess-board : what is the 
•chance that they should form a knight's circuit ? (N.B. A knight's circuit 
is a set of four squares such that a knight can move from one to another, 
ending where he began.) 

832. Two black squares and two white squares are chosen at random 
on a chess-board : what is the chance that they should form a knight's 
circuit ? 

333. Two boards are divided into squares coloured alternately Uke a 
chess-board. One has 9 rows of 16 squares each. The other has 12 rows of 
12 squares. If two squares are chosen at random, shew that they are more 
likely to be adjacent on the square board than on the oblong one, in the ratio 
of 264 to 268 ? 

334. In the last question if the squares were chosen at random of 
opposite colours, the square board would still have the same advantage over 
the oblong ? 

335. The two squares in Question 333 are more likely to have comer- 
contact on the square board than on the oblong one, in the ratio of 121 
to 120? 
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336. If three squares be chosen at random on a chess-board, the chance 
that they are in the same line, excluding diagonal lines, is ^j ? 

337. The chance that they should be in a diagonal line, is -yxj ' 

338. If four squares be chosen at random on a chess-board, find the 
chance that they be at the corners of a square having its sides parallel to the 
sides of the board. 

339. Find the chance that they be at the corners of a square having its 
sides parallel to the diagonals of the board. 

340. What would be the chance in the last question if the four squares 
were taken at random of one colour ? 

GEOUP xvni. 

341. In a single throw with four dice, what is the chance of throwing 
two doublets ? 

342. What is the chance of the throw containing a single doublet ? 

343. If six dice are thrown together, what is the chance that the throw 
will be (1) three doublets, (2) two triplets, (3) a quartett and a doublet ? 

344. Compare the chances of throwing four with one die, eight with two 
dice, and twelve with three dice, having two trials in each case. 

345. What is the probability of throwing not more than eight in a 
single throw with three dice ? 

346. There is a greater chance of throwing nine in a single throw with 
three dice than with two dice. Shew that the chances are as 25 to 24. 

347. In a single throw with three dice, the chance that the sum turned 
up will be a multiple of three is one-third ; and the chance that it will be a 
multiple of six is one-sixth. 

348. A prize is to be won by A as soon as he throws five with two dice, 
or by jB as soon as he throws ten with three dice. If they throw alternately, 
A commencing, shew that their chances of winning are equal. 

349. A and B have each a pair of dice : shew that the odds are nearly 
19 to 1 against their making the same throw in one trial. And if they throw 
with three dice each, the odds are nearly 46 to 1. 

350. The chance of throwing 14 is greater with three dice than with 
five as 54 to 49. 

351. The chance of throwing 15 is less with three dice than with five as 
36 to 55. 

352. If we throw with two dice and count the difference of the two 
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numbers which turn up, this is as likely as not to be one-or-two. Also the 
chance of zero is the same as the chance of three, and is the same as the 
chance of four-or-five. 

353. A, B, C, D throw with two dice in succession, the highest throw 
winning a prize of one guinea. If two or more throw equal sums (higher 
than their competitors) they divide the prize. A having thrown 9, what is 
the value of his expectation ? 

354. A die is loaded so that six turns up twice as often as ace and three 
times as often as any other face. Another die is loaded so that six turns up 
three times as often as ace and twice as often as any other face. If these 
•dice be thrown together what is the chance of throwing sixes ? 

355. What is the chance of throwing at least one six ? 

356. What is the chance of throwing at least eleven ? 

357. What is the chance of throwing doublets ? 

358. What is the chance of throwing seven ? 

859. Shew that if each die is loaded so that six turns up oftener than 
any other face in the ratio 7 : 4, the odds are 41 to 40 in favour of a throw 
with two dice exceeding seven ? 

860. If each be so loaded that six turns up less often than any other 
face in the ratio 2 : 5 the odds wiU be 55 to 26 against the throw exceed- 
ing seven. 

GBOUP XIX. 

361. Eleven cards are marked with the letters of the word Hammer- 
smith, and one is lost. ■ Out of the remaining ten a card is drawn and is 
found to be m. What is the chance that the lost letter was m? 

362. If in the last question the drawn card is replaced and again a card 
drawn at random is found to be m, what is the chance that the lost 
letter was m? And if the same operation be repeated again with the same 
result, what does the chance then become? 

363. If in the last question the drawn card had not been replaced, what 
would the chances have been after each operation? 

364. It is not known whether a set of dominoes goes to double eight or 
double nine, each being equally likely. Two dominoes are drawn and found 
to contain no number higher than eight. Shew that the odds are now three 
to two in favour of the set going only to double eight. 

365. Two letters have fallen out of the word Mis sis s ipp i ; they are 
picked up and placed at random in the two blank spaces. Find the chance 
that the letters are in right order. 
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366. A box contains four dice two of which are true, and the others are 
so loaded that with either of them the chance of throwing six is i and the 
chance of throwing ace is -jV . I take two dice at random out of the box and 
throw them. If they turn up sixes find the chance (1) that both are loaded, 
(2) that one only is loaded, and (3) that neither is loaded. 

367. What would be the chances in the last question, if six and Jive had 
turned up ? 

368. "What would be the chances in the same question if six and one had 
turned up? 

369. One card out of a pack has been lost. From the remainder of the 
pack thirteen cards are drawn at random, and are found to consist of two 
spades, three clubs, four hearts, and four diamonds. What are the respect- 
ive chances that the missing card is a spade, a club, a heart, or a diamond? 

370. A man has left his umbrella in one of three shops which he visited 
in succession. He is in the habit of leaving it, on an average, once in every 
four times that he goes to a shop. Find the chance of his having left it in 
the first, second, and third shops respectively. 

371. Eleven cricketers had to elect a captain. Bach was as likely as 
not to vote for himself. Otherwise he voted at random. What are the odds 
that a man who polled five votes, voted for himself? 

372. The odds are estimated as 2 to 1 that a man wiU write rigorous 
rather than rigourous. Out of the word which he writes a letter is taken 
at random and is found to be u. What are now the odds that he wrote the 
word in the former way? 

373. If two letters had been taken at random out of the word and found 
to be both alike, what would be the odds that the word was written in the 
former way? 

374. The face of a die, which should have been marked ace, has been 
accidentally marked with one of the other five numbers. A six is thrown twice 
in two throws. What is the chance that the third throw will give a six ? 

375. Eeference is made to a month which contains portions of six differ- 
ent weeks : what is the chance that it contains thirty-one days? 

376. One card has been lost out of a pack. From the remainder 
13 cards are drawn and are found to be all black. Find the chance that the 
lost card is red. 

377. A bag contains seven cards inscribed with the letters of the word 
singing. Another bag contains the letters of morning, and a third bag 
the letters of evening. From one of the bags two letters are drawn and 
are found to be n and g. What is the chance that it was the first bag? 



272 CHANCE. 

378. From one of the bags in the last question two letters are drawn 
and are both alike, what are the respective chances of the bag having been 
the first, the second or the third? 

379. One letter each ia drawn from two of the bags, and the two letters 
drawn are found to be both alike. What are the respective chances that the 
bag not drawn from was the first, the second or the third? 

380. In six trials, on an average, A hits the centre 3 times, the outer 
twice, and misses once. B misses 8 times, hits the outer twice, and the 
centre once. A man who is equally likely to be 4 or B is observed to fire 
three shots, two of which hit the centre and one misses. Shew that the odds 
are now 3 to 1 that the man is A. 

GBOUP XX. 

381. If two letters are taken at random out oi little lilies shew that 
the odds are 5 to 1 against their being both alike. 

382. If three of the letters are taken at random the odds are 6 to 5 
against two (at least) being alike. 

383. Pour persons draw each a card from an ordinary pack. Find the 
chance (i) that one card is of each suit : (ii) that no two cards are of equal 
value : (iii) that one card is of each suit and no two of equal value. 

384. Each of four persons draws a card from an ordinary pack. Find 
the chance that one card is of each suit, and that in addition, on a second 
drawing, each person shall draw a card of the same suit as before. 

885. All the cards marked 1, 2, 3, 4, 5 are dealt into one heap, and all 
marked 6, 7, 8, 9, 10 into another. If a card be taken at random out of 
each heap, what is the chance that the sum of the numbers on them is 
eleven? 

886. If two cards be taken out of each heap what is the chance that the 
sum is twenty- two ? 

387. A has a bag of 6 tickets numbered from 2 to 7, JS has a box of 
dominoes numbered from double 1 to double 6, and C has a pair of common 
dice. A draws a ticket from his bag, then B draws a domino from his box, 
then G throws his dice, and they continue to do this in order, without re- 
placing ticket or domino, until someone has drawn or thrown 7, and he is 
declared the winner. Compare their respective chances of winning. 

388. A man undertakes to win two games consecutively out of three 
games, playing alternately with two opponents of unequal skill. Shew that 
it is to his advantage to begin by playing with the more skilful opponent. 

889. When A and B play at chess A wins on an average two games out 
of three. What are the respective chances of A winning each of the following 
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matches, A undertaking (1) to win two games out of the first three, (2) to 
win two consecutive games out of the first four, (3) to win four games out of 
the first six? 

390. Two men engage in a match to win two games out of three, the 
odds in every game being three to two in favour of the player who begins. 
If the winner of any game always begins the next game, shew that the odds 
on the match are 69 : 56 in favour of the player who begins the first game. 

391. A and B play at chess. If A has the first move the odds are 
eleven to six in favour of his winning the game, but if B has the first 
move the odds are only nine to five in A'a favour. It is known that A has 
won a game, what are the odds that he had first move? 

392. In the last Question, if A has the first move in the first game, and 
the loser of each game plays first in the next game, what is A'b chance' of 
winning at least two out of the first three games? 

393. A marksman's score is made up of centres counting 2 each and 
outers counting 1 each. He finds that he hits the centre once in five trials 
and he hits the outer ring as often as he misses altogether. What score 
may he expect to make in 5 shots, and what is the chance that he makes 
exactly this? 

394. What is the chance that he makes more than the expected score, 
and what is the chance that he makes less? 

395. There are ten counters in a bag marked with numbers. A person 
is allowed to draw two of them. If the sum of the numbers drawn is an odd 
number, he receives that number of shillings ; if it is an even number, he 
pays that number of shillings. Is the value of his expectation greater when 
the counters are numbered from to 9 or from 1 to 10? 

396. A bag contains six shillings and two sovereigns. What is the value 
of one's expectation if one is allowed to draw till one draws a sovereign? 

397. One of two bags contains ten sovereigns, and the other ten shil- 
lings. One coin is taken out of each and placed in the other. This is re- 
peated ten times. What is now the expectation of each bag? 

398. Four whist players cut for partners (i.e. each draws a card, the two 
highest to play together and the two lowest together), what is the chance 
that they will have to cut again? 

399. The whole number of possible ways in which four whist players 
can have 13 cards each is 53644737765488792839237440000. Hence shew 
that if a party play a hundred millions of games the odds are more than a 
biUiou to one against their ever having the same distribution of cards twice. 

w. 18 



274 CHANCE. 

400. A and B play at cards. A'e skill : B'a :: 3 : 2. Nothing is known 
as to whether either has a confederate; if one has and the other has not, the 
odds on the dishonest player are doubled ; B wins 3 games successively, what 
is the chance he will win the next game? 
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The table of Mortality gwen on page 168 is to he used in tlie exercises of (his grawp. 

401. "What is the chance that two persons aged 33 and 57 should both be 
alive two yeais hence? 

402. What is the chance that they should both be dead? 

403. Find the chance that one and only one is dead. 

404. If it be known that one and only one is aJive, find the chance 
that the youngest is alive. 

405. If at the age of 89 the expectation of life is 2-95 years what is the 
expectation at the age of 88? 

406. What is the expectation at the age of 87? 

407. Given that at the age of four the expectation of life is 52"1 shew 
that this is greater than the expectation either at three or five. 

408. I promise to pay a boy's school fees for the next five years provided 
we both live. The fees are £50 per annum payable yearly in advance. If 
my age is 52 and the boy's age 13 what is the present value of the boy's 
expectation? (Interest at 5 per cent.) 

409. Twelve months later we are both aUve, for what immediate sum 
might I fairly compound the future payments? 

410. On the hypothesis of p. 169 what would be the expectation at the 
age of 90 ? 

411. Compare the chance of a person aged 20 living to be 60, with the 
chance of a person aged 60 living to be 80. 

412. A person is now aged 20, shew that the chance of his dying before 
he is 60 is nearly equal to the chance of his dying between 60 and 80. 

418. Shew that the odds are 2 to 1 against a child 5 years old living to 
be 70. 

414. Shew that the odds are 2 to 1 (nearly) in favour of a child 5 years 
old living to be 50. 

415. A man emigrated leaving two brothers aged 51 and 61. Five years 
afterwards he hears that one is aUve and one is dead. Find the odds in 
favour of the younger one being aUve. 



EXEECISES. 275 

416. Three men are known to have been alive four years ago when their 
ages were 34, 59 and 70. Find the chance that they are all alive now. 

417. Fiad the chance that two and only two are alive now. 

418. Find the chance that one and only one is alive now. 

419. If it be known that one and only one is alive find the chance that it 
is the youngest. 

420. Find the chance that it is the eldest. 

GROUP XXII. (CAiajs: seqdenges amk paibs.) 

Throughout this group a "kamd" Tneans a collection of cards dealt at random out of 
an ordinary pack qf 62 cards. 

A "pair" means Inoo cards alike of different suits, as two aces or two hinge. Three 
ca/rds alike would give three pairs, as they can be taken two and two in three ways. So, 
four cards alike give six pairs'. 

A "sequence'* means a set of ca/rds numbered successively, whether qf the sa/me suit 
or not. In reckoning sequences the kna/iie, queen and king, are regarded as they were 
'marked eleven, twelve, wad thirteen. 

4S,\. What is the chance that a hand of 5 cards contains at least 
two aces ? 

422. What is the chance that it contains exactly three aces ? 

423. What is the chance that it contains a pair ? 

424. What is the chance that it contains two pairs and no more ? 

425. What is the chance that it contains exactly three pairs ? 

426. What is the chance of having six pairs exactly in a hand of 
six cards ? 

427. What is the chance of having seven pairs in a hand of six cards ? 

428. What is the chance of having a sequence of three cards and no 
more in a hand of five cards ? 

429. What is the chance that a hand of four cards should be a 
sequence ? 

430. A has a hand of four cards containing three aces. B has a hand 
of four cards out of the same pack. What is the chance that he has at least 
three cards aUke ? 

431. Two aces, three kings and a queen having been removed from a 
pack, what is the chance that a hand of four cards should contain at least 
two alike ? 

432. All the sevens having been removed from a pack what is 
, the chance that a hand of six cards should be a sequence? 

18—2 
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433. What would the chance be, if all the tens were removed instead of 
all the sevens ? 

434. Three cards out of a hand of six are seen to be seven, eight, 
nine. What is the chance that the whole hand forms a sequence ? 

435. What is the chance that it consists of three pairs? 

436. What is the chance that it contains no pair? 

437. If the three cards seen were seven, eight, ten, what would be 
the chance of the whole hand forming a sequence ? 

438. A and B have each a hand of five cards out of the same pack. If 
A' a cards form a sequence of five beginning from ace, what is the chance that 
JB's cards also form a sequence ? 

439. A draws a black and a red card from a pack and B draws two 
black. Shew that A'i chance of drawing a pair is greater than B's in the 
ratio of 25 : 13. 

440. Shew that in the last question B's chance is the same whether ^'s 
cards be replaced or not. 
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441. Shew that the chance of throwing doublets with two dice oneof 
which is true and the other loaded is the same as if both were true. 

442. Shew that the chance of throwing seven is the same as if both 
were true. 

443. There are three dice A, B, C, two of which are true and one is 
loaded so that in twelve throws it turns up six 8 times, ace once, and each 
of the other faces twice. Each of the dice is thrown three times and A turns 
up 6, 6, 1 ; B turns up 6, 5, 4 ; and C turns up 8, 2, 1. What are now the 
respective chances that A, B ox G is loaded? 

444. If the dice in the last question are thrown onee more and A turns 
up 6, B 1, and G 4, what are now the respective chances that A,B or C 
is loaded ? 

445. If two dice are loaded alike in any way whatever, shew that 
the chance of throwing doublets is increased by the loading. 

446. Shew that the chance of throwing doublets-or-seven is increased by 
the loading, except in one particular case in which it is unaltered. 
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447. In the case where two dice are loaded alike, ao that the chance of 
throwing doublets-or-seven is unaltered, if A+/ be the chance of throwing 
doublets, the chance of throwing triplets with three such dice will be 

448. The chance of throwing three such dice so that two may turn up 
aUke and the other different is ^+^. 

449. The chance of throwing the same three dice so that all may turn 
up different is -g - 2/. 

450. There are 1 + 2" dice of which one is loaded so that the chance of 
throwing six with it is X ; the rest are all true. If one of the dice be thrown 
n times and always turns up six, shew that it is as likely as not to be 
the loaded one. 

451. If in the n throws there be only )• sixes the odds will be 5"" to 2""' 
against the die being the loaded one. 

452. If there be two dice, loaded so that with either the chances of 
throwing 1, 2, 3, 4, 5, 6 are as 1-a; : l + 2a; : 1-x : 1+x : l-2x -. 1 + x, 
shew that the chances of throwing more-than-seven, seven, and less-than-seven 
areas5+'^a;2 : 2-iii? : 5 + 2x2. 

453. Shew that with three dice loaded as in the last question the odds 
against throwing more-than-ten are as 18 + a; + Sx' to 18 - a; - 5a^. 

454. Shew that the most likely sum to be thrown with 2n dice is 7n: 
and with 2n+l dice the most likely sums are 2«+3 and 271+4. 

455. If n dice be thrown the chance of an even number of aces turning 
up is one-half of 1 + (#)", and the chance that the number of aces is a multi- 
ple of 4 is one-fourth of the sum of the nth powers of the roots of the equa- 
tion (Ba- 5)*= 1. 

456. A and B play for a stake which is to be won by hiin who makes 
the highest score in fonr throws of a die. After two throws, A has scored 
12, and B 9. What is ^'s chance of winning? 

457. A and B throw for a stake, A having a die whose faces are numbered 
10, 13, 16, 20, 21, 25 ; and B a die whose faces are numbered 5, 10, 15, 20, 
25, 30. The highest throw to win, and equal throws to go for nothing. Prove 
that the odds are 17 to 16 in favour of A. ' 

458. A die of any number of faces has /i of its faces marked 1, and 
v marked - 1, the rest being zero. It is repeatedly thrown tmtil the sum of 
the ntimbers turned up no longer lies between the limits m and -n. Shew 
that either extreme of these limits is equally likely to be reached if 



278 CHANCE. 

459. A and B throw each with a pair of dice until one of them throws 
sixes. A'b dice are true, but one of B's is loaded so that the chance of its 
turning up six is ^. Shew that if A has the first throw their expectations 
are equal. 

460. A and B throw each with a pair of dice until one of them has 
thrown six-and-one. A's dice are true, but one of B's is loaded so that six 
turns up three times as often as any other face. Shew that the odds are 17 
to 12 against A if he begins, and 18 to 11 against 4 if B begins. 

GEOUP XXIV. 

461. A bag contains 2ra counters, of which half are marked with odd 
numbers and half with even numbers, the sum of all the numbers being 5, 
A man is to draw two counters. If the sum of the numbers drawn be an odd 
number, he is to receive that number of shillings ; if an even number, he is 
to pay that number of shillings. Shew that his expectation is worth 

(in shillings) 

8 



n{2n-l)' ^ 

462. If in the case of the last question there hem+n counters, of which 
m are marked with odd numbers, amounting to M, and n with even num- 
bers amounting to N, the man's expectation is worth 

M+N-{m-n)(M-N) 
^(m, + n){m+n-l) 

463. A says that B says that C says that D says that a certain coin 
turned up head. If the odds are a: bin favour of any person making a true 
report shew that the odds are a^ + Ga'i^+b* to 4a'6+4a6' in favour of the 
coin having turned up head. 

464. In the last question if the evidence came through a chain of n 
witnesses, shew that the odds in favour of the event would be 

(0+5)" + (a -6)" to (o + 6)"-(a-6)''. 

465. All the combinations of n letters, r together, repetitions permis- 
sible, are written down. Find the chance that a combination selected at 
random will contain no repetition. {n>r.) 

466. All the combinations of n letters, r together, repetitions permis- 
sible, are written down. Find the chance that a combination selected at 
random will contain aE the n letters. («<r.) 

467. AH the combinations n together of mn letters being written down, 
a person selects m of these combinations at random. Find the chance that 
the resulting combination will contain all the mn letters. 
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468. A reading society of 13 membeis passes books in cirenlar rotation 
from member to member in defined order. If for a new year the order be 
rearranged at random, what is the chance that no one will pass his books to 
the same member as in the previous year? 

469. In a company of sixty members, each member votes for one of the 
members to fill an ofSce. If the votes be regarded as given at random, what 
is the chance that some member shall get a majority of the whole number of 
votes? Also determine the chance of the same event on the hypothesis that 
every different result of the poU is equally likely to occur. 

470. A boy has done n sums; the odds are n : 1 against any given sum 
being wrong ; and the odds are k : 1 against the examiner seeing that any 
given wrong sum is wrong. If the examiner discovers that r sums are 
wrong, shew that the most likely number to be wrong is the greatest 
integer in {rh+nk+ rhk) -^-{h + k + hk). 

471. If the odds against your getting full marks for any answer you send 
up be 10 : 1, how many must you send up to make it as probable as not that 
you will get fnU marks for one at least? 

472. A series is summed to the number of terms given by the throw (1) 
of a single die, (2) of a pair of dice. Find the expectation, in each case, 
when the series is 1 + 3 + 5 + .... 

473. Find the expectation when the series is 1+4 + 9 + 16+.... 

474. If the throw be made with two dice, the expectation will be equal 
to the sum of seven terms, if the series be such that the 8th term is equal to 
the 7th, the 9th to the 6th, and so on. 

For example : let the series be 1 . 14+2 . 13 + 3 . 12+ ... . 

475. Three customers order amongst them Bts copies of a pamphlet. In 
how many proportions may their orders have been given? and it all proportions 
are equally Utely, what is the chance that the numbers ordered are unequal 
and in arithmetical progression? 

476. Of three independent events the chance that the first only should 
happen is a; the chance of the second only is b; the chance of the third 
only is c. Shew that the independent chances of the three events are 
respectively 

a b c 

a+x' b+x' c+x' 
where x is a root of the equation 

{a+x){b+x)(c+x)=x'. 

477. The theorem of the last question can be extended to the case of n 
events, x being then a root of the equation 

(a+x)IJ>+x)[c+x)..,ton factors = a""'. 
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478. If three numbers be named at random it is just as likely as 
not that every two of them will be greater than the third. 

479. If the chance of any given person being ill at any given time is ff, 
what is the most likely population of a parish in which there are r persons 
HI? And what is the most likely number of persons to be ill at once in a 
parish of population n? 

480. It is not known whether a set of dominoes goes to double six, 
double eight, or double nine. All three are equally likely, n dominoes are 
drawn from the set and contain no number higher than six. What are now 
the respective chances that the set goes to double six, double eight, or 
double nine? 
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481. A floor is paved with rectangular bricks each a inches long and b 
inches wide. A stick c inches long is thrown upon the floor so as to fall 
parallel to a diagonal of the bricks. Shew that the chance that it lies 
entirely on one brick is {a,^+V—c^-i-(a^+b'). 

482. A circle, of diameter c, is thrown down on the same floor, shew 
that the chance that it lies on one brick is {a -c) (6 - c)-hab. 

483. A ball of diameter c inches is thrown at random against a trellis 
composed of bars of width b inches crossing one another at right angles so 
as to leave openings of a inches square : shew that the chance of the ball 
passing clear through the treUis is {a-c)'-i-{a + b)^. 

484. An indefinitely large piece of bread contains a spherical plimi of 
diameters. If the bread is cut up into cubical dice (each side=a>6), find 
the chance that the plum is cut. 

485. A shot fired at a target of radius a makes a hole of radius b. If the 
centre of the shot is equally likely to hit all points of the target, find the 
chance that the hole made is completely within the circumference of 
the target. 

486. If a point be taken at random on a finite straight line it is as 
likely as not that one of the parts into which it divides the line wiU be at 
least three times as great as the other. 

487. If two points be taken at random on the circumference of a circle, 
it is as likely as not that one of the arcs into which they divide the circum- 
ference will be at least three times as great as the other. 
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488. In either of the last two questions the ehanoe that one part should 

2 

be at least m times the other is = . 

m + 1 

489. If two points be taken at random on the ciroumferenee of a circle, 
the odds are 2 to 1 that their (rectilinear) distance apart will be greater than 
the radius of the circle. 

490. The odds are also 2 to 1 that their distance apart wUl be less than 
^B times the radius of the circle. 

491. Their distance is as likely as not to exceed ^^2 times the radius of 
the circle. 

492. If a chord equal to the radius be drawn in a circle, and taken as the 
base of a triangle whose Tertes is a, point taken at random on the circum- 
ference, the area of the triangle is as likely as not to exceed the area of an 
equilateral triangle whose sides are equal to the radius. 

493. The odds are 5 to 1 against the area of the triangle being more than 
double that of the equilateral triangle. 

494. Two chords each equal to the radius are placed at random iri a circle 
so as not to intersect. If they become the opposite sides of a quadrilateral, 
the area of the quadrilateral is as likely as not to be more than 3 times as 
great as its least possible area. 

495. A point is taken at random in each of two adjacent sides of a 
square. Shew that the average area of the triangle formed by joining them 
is one eighth of the area of the square. 

496. If the points be taken on two adjacent sides of a triangle the average 
area wiU be one fourth of the area of the triangle. 

497. If two points be taken at random on a finite straight line their 
average distance apart wUl be one third of the line. 

498. On opposite sides of a rectangle two points are taken at random 
and are joined by a straight line, dividing the rectangle into two quadrilaterals. 
Find the chance that the area of one is more than n times the area of 
the other. 

499. A coin whose diameter is one third of a side of a tile is thrown on 
the pavement of Question 154. Find the chance that it falls entirely on one 
tile. 

500. On a chess-board, in which the' side of every square is a, there is 
thrown a coin of diameter 6, so as to be entirely on the board, which includes 
a border of width c outside the squares. Find the chance that the eoin is 
entirely on one square. (a>6>c.) 
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GEOUP XXVI. 

501. A purse contains 2 sovereigns and 10 shillings. The coins are to 
be drawn out one by one and I am to receive aU the shillings that are drawn 
between the two sovereigns. What is my expectation ? 

502. A die is thrown until every face has turned up at least once. Shew 
that on an average 14-^ throws will be required. 

503. A pack of cards is repeatedly cut until at least one card of every 
suit has been exposed. Shew that on an average it must be out 10|- times. 

504. Cards are drawn one by one from a pack until at least one card of 
every suit has been drawn. Shew that on an average 9444 cards must be 
drawn. 

505. A deals from a pack of cards tiU he has dealt a spade : B takes the 
remainder of the pack and deals till he has dealt a spade : C takes the 
remainder and deals till he has dealt a spade. Shew that their expectations 
(of the number of cards they wiU deal) are equal. 

506. A person draws cards one by one from a pack until he has drawn n 
hearts. Shew that his expectation is -^ re cards. 

507. A person draws cards one by one from a pack untU he has drawn 
all the aces. How many cards may he expect to draw ? 

508. A person draws cards one by one from a pack and replaces them till 
he has drawn two consecutive aces. How many cards may he expect to draw? 

509. If he draw till he have drawn four consecutive spades how many 
cards may he expect to draw ? 

510. One throws a die until one has thrown two consecutive sixes, and 
then receives a shilling for every six he has thrown. What is the value of 
his expectation ? 

511. A pair of dice is to be thrown until doublets have turned up in 
every possible way. How many throws are to be expected ? 

512. A bag contains m sovereigns and n shillings. A man is allowed to 
draw coins one by one until he has drawn p shillings. Shew that the value 

of his expectation is — £=- + ^ pounds. 

513. What would be the expectation in the last question if each coin 
drawn were scored to the drawer's credit and replaced before the next 
drawing? 

514. If he were to draw until he had drawn p pounds his expectation 

would be worth -^ + 20to shiUings. 
n+l 
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515. If an experiment is equally likely to succeed or fail, the chance 
that it will succeed exactly n times in 2n trials is the ratio of the product of 
the first n odd numbers to the product of the first n even numbers. 

516. If an experiment succeeds n+ 1 times for n times that it fails, the 
chance that it will succeed exactly «+ 1 times in 2»+ 1 trials is to the chance 
in the last question as {1- (2n+l)-'i}" to 1, or nearly as 4»+3 to 4n + 4. 

517. If on an average 18 male children are bom for 17 female, find 
the chance that among the next 35 births there are exactly 18 males. 

518. If the odds are m to n (where m>n) in favour of an experiment 
succeeding, the most likely number of successes in m+n trials is m; and 
m + 1 is a more likely number than m — 1 in the ratio of m« + m to mn + n ; but 
less likely than m in the ratio of m to ni+ 1. 

519. If the chance of a trial succeeding is to its chance of failing as 
m : n, the most likely event in (m+n)r trials is mr successes and nr 
failures. 

520. A candidate who correctly solves on an average » - 1 questions out 
of n goes in for an examination in two parts. In each part n questions are 
proposed and he is required to solve n - 1 of them. Shew that if the two 
parts were merged in one and he were required to solve 2 (m - 1) questions 
out of the 2n, his chance of passing would be improved in the ratio of 4 to 5 
very nearly. [Accurately as 4m^ - 47i + 1 to Sn" - 5n + 1.] 
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521. A r afflin g match is composed of five persons each throwing three 
times with seven coins, the one turning up the greatest number of heads to 
be the winner. A player having turned up 20 heads, it is required to find his 
chance of winning. 

522. A and B play at a game which is such that no two consecutive 
games can be drawn. Their skill is such that when a game may be drawn 
the probability of it is q. Prove that the chance of r games being drawn 
o\itotpisCf-'^{l-qy-^{p-{q + l)r+l}^{^-2r+l). 

523. In a game of mingled chance and skill, which cannot be drawn, 
the odds are 3 to 1 that any game will be decided by superiority of play and 
not by luck. A plays three games with B, and wins two. Prove that the 
odds are 3 to 1 in favour of A being the better player. If also B beat G two 
games out of three, prove that the chance of A winning the first three games 
he plays with C is ^^. 
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524. My chance of muniug a game against A is a; against £ it is ^; 
against it is 7 ; and so on. One of these players in disguise enters into 
play with me and I win the first n games, shew that the chance of my win- 
ning the next game is (a"+i+^''+'+7"+i + ...)-i-(o"+j3^+7"+ ...). 

525. At a chess tournament the players are supposed to be divisible into 
2 classes, the odds on a member of the first in a game with a member of the 
second being 2 to 1. The second class is twice as numerous as the first. 
A player is observed to win a game, and a bet of 7 to 10 is made that he 
belongs to the first class. Shew that this is fair if there are 18 players. 

526. A player has reckoned his chance of success in a game to be a, but 
he considers that there is an even chance that he has made an error in his 
caJcnlation affecting the result by p (either in excess or defect). Shew that 
this consideration does not affect his chance of success in a single game, but 
increases his chance of winning a series of games. 

527. A and B play at draughts and bet £1 even on every game, the 
odds are 11, : 1 m favour of the player who has the first move. If it be 
agreed that the winner of each game have the first move in the next, 
shew that the advantage of having the first move in the first game is 
£/t-l. 

528. Seven clubs compete annually for a challenge cup, which is to 
become the property of any club which wins it three consecutive years. 
Assuming aU the clubs to be equally good, what is the chance that last 
year's winner (not having won the previous year) will ultimately own the 
cup? 

529. What is the chance of a club that has won the last two years? 

530. If there be n clubs and the cup have to be won h years in succes- 
sion, what is the chance of a club that has won the last r years ultimately 
owning the cup? 

531. Two players of equal skill engage in a match to play at draughts 
until one of them has won Ic games in succession. Shew that after A has 
won r games in succession, the odds are 2' +2' -2 to 2* -2' in favour of his 
winning the match. 

532. A and B agree to play at chess until one has won k games more 
than the other. If they play equally well, when one has won r games more 
than the other, the odds are It + r : A; - r in favour of his winning the match. 
But if A plays /i times as well as B, then when A has won r games the odds 
are ij?' - pf'' : /i'"' - 1 in favour of his winning the match. 
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533. A'e ohanoe of scoring any point being better than J5's chance in 
the ratio of five to four, A engages to score 14 in excess of B before B shall 
have scored three in excess of A. Shew that the odds are very slightly 
(about 265 : 263) in favour of A winning the match. 

534. A and B play at a game which cannot be drawn, and the odds are 
seven to five in favour of A winning any assigned game. They agree to 
play until either A shall win by scoring 10 points ahead of B, or B shfffl 
win by scoring two points ahead of A. Shew that the odds are about 121 
to 120 in favour of B winning the match. 

535. A and B play at a game which cannot be drawn. A undertakes 
to win m games in excess of B, before B has won n in excess of A. Shew 
that, if the match is fair, ^'s chance of winning a single game must exceed 
JS's chance in the ratio 



: 1 very nearly. 

536. A and B play a set of games, in which A'b chance of winning a 
single game is p, and B's chance q. Find 

(i) the chance that A wins m out of the first m+n, 
(ii) the chance that when A has won m games, m+n have been played, 
(iii) the chance that A wins m games before B wins n games. 

537. A number of persons A, B, C, D ... play at a game, their chances 
of winning any particular game being o, j3, 7, 5 ... respectively. The match 
is won by j1 if he gains a games in succession ; by 5 if he gains 6 games in 
succession ; and so on. The play continues till one of these events happens. 
Shew that their chances of winning the match are proportional to 

l-a" ' l-;86 ■' *"• 

538. A man possessed of a+ 1 pounds plays even wagers for a stake of 1 
pound. Find the chance that he is ruined at the (a + 2x+ 1)"" wager and not 
before. 

539. If a man playing for a constant stake, win 2re games and lose n 
games, the chance that he is never worse off than at the beginning and never 
better off than at the end is (n^ + n+2)-i-(im'+ 6«+2). 

540. If he win 2n + 1 games and lose n+\ games, the chance is 

n-=-{4«+6). 
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GROUP XXVm. (Expectation or Life.) 

Questions of Present YaVue are to be solved approximately , interest being calculated 
at 5 per cent. 

541. Prove that at birth the expectation of life is 

542. Prove that if E be the expectation at birth, the expectation at the 
age of a; years willbe^ + (i;-JBj^.i-B;t4^-Bj^^3-...)-7-iJ-5. 

543. Thirteen persons meet at dinner, their ages being n, m + 1, m+2, 
and so on, to »+ 12. Shew that the chance that they will all be alive a year 
hence is JJ,^i3-r-E„, and express the chance that they will all be alive five 
years hence. 

544. Three persons bom on the same day keep their 21st birthday 
together. They agree to keep in like maimer their 31st, 4lEt, Slst, &c., as 
long as they are all alive. How many such celebrations are there Kkely 
to be? 

545. An aunt aged 70 has a nephew bom to-day and she promises to 
make him three annual payments of £100 commencing on his 15th birthday, 
subject to their both being alive. What is the chance that the nephew will 
be entitled to aU the 3 payments? And what is the chance that he will receive 
none of them? 

546. What is the present value of the aunt's gift? 

547. If aunt and nephew are both aUve 5 years hence what wUl then be 
the value of the nephew's expectation? 

548. If out of 100 persons who reach the age of 87 years, 19 die in 
the first year, 17 the next, year, 15 the next and so on in a. p., shew that the 
expectation of life at 87 is 3-35 years, at 88 it is 3-0i85, and at 89 it is 
2-6875. 

549. On the hypothesis of the last question what is the present value of 
an annuity of £100 per annum on the life of a person aged 87: the first 
payment being due a year hence? 

550. On the same hypothesis what annual premium should a person pay 
for an insurance of £1000, the first payment being made on his 87th 
birthday? 

551. A who is aged 87 is entitled to the reversion of an annuity of £100 
a year on his own life after the death of S who is just three years older than 
himself. What is the present value of 4's expectation on the hypothesis of 
the last three questions? 
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552. What is the value of his expectation on the hypothesis that out of 
9 persons who reach the age of 87, two die in the first year and one every 
year afterwards till all are dead? 

553. If (on another planet) the conditions of life are such that out of 
every 95 persons who reach the age of 5 years one dies every year till all are 
dead, what is the chance that a person aged m years will outlive another 
person whose age is n years ? («>m>5.) 

554. If out of n persons who reach the age of N years one dies every year 
till all are dead, shew that the expectation of life at the age of N+r is 
i(B-r). 

555. On the hypothesis of the last question the chance that three persons 
aged N, N+a, N+2a respectively should all be alive a years hence is 
{n-3a)-i-n. 

556. On the same hypothesis find the present value of an annuity on 
the Ufe of a person aged N years, £t being the interest on £1 for 1 year. 

557. On the same hypothesis find the present value of an annuity to 
continue during the joint lives of two persons now aged N and N+ a. 

558. What would be the present value of the annuity in the last question 
if it were to continue until both persons were dead ? 

559. If out of m* persons who reach the age of N years, 2» - 1 die in the 
first year, 2tt-3 in the second, 2n — 5 in the third, and so on, shew that 

the expectation of life at the age of ^+r is —^ — i--^. . 

"^ 3 6(»— r) 

560. On the hypothesis of the last question, shew that the chance that 
p persons whose ages are N, N+ 1, N+ 2, ... N+p - 1, will live another year 

is 1 1 - - J , and the chance that they will all live for r years is { C> "^-v- C? }^. 

GEOUP XXIX. (Balls from Bags, &o.) 

561. A bag contains 2m balls of which 2n are white. A second contains 
3m balls of which 3« are white. If two balls are to be drawn from each bag, 
which bag is the more likely to give both white? and which is the more 
likely to give at least one white? 

562. Each of two bags contains m sovereigns and n shillings. If a man 
draw a coin out of each bag he is more likely to draw two sovereigns than if 
all the coins were in one bag and he drew two. 

563. There are 3 balls in a bag, and each of them may with equal proba- 
bility be white, black, and red. A person puts in his hand and draws a 
ball. It is white. It is then replaced. Find the chance (i) of aU the baUs 
being white, (ii) that the next drawing will give a red ball. 
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564. A bag contains a black balls and h white balls. A second bag 
contains a+c black balls and 6-c white balls, m balls are drawn from one 
and n from the other, and are found to be all black. Shew that the odds are 
<^»,o-».: <?,.o-» i'l favour of the m balls having been drawn from the first 
bag. 

565. A bag contains counters, one marked 1, two marked 4, three 
marked 9, &o. A person draws out a counter marked at random, and is to 
receive as many shillings as the number marked on it. Prove that the 
value of his expectation varies as the square of the number of counters in 
the bag. 

566. Counters (m) marked with consecutive numbers are placed in a bag, 
from which a number of counters (m) are to be drawn at random. Shew 
that the expectation of the sum of the numbers drawn is the arithmetic 
mean between the greatest and least sums which can be indicated by the 
number of counters (m) to be drawn. 

567. There are n tickets in a bag numbered 1, 2, 3, ... m. A man draws 
two tickets at once, and is to receive a number of sovereigns equal to the 
product of the numbers drawn. What is his expectation ? 

568. What would be the expectation in the last exercise if three tickets 
were drawn and their continued product taken 1 

569. A bag contains m counters marked with odd numbers, and n 
counters marked with even numbers. If r counters he drawn at random 
the chance that the sum of the numbers drawn be odd is 1 (l + /x), and 
that it be even ^ (l-i«)i where /i is the coefScient of x'' in the expan- 
sion of (1 - a:)™ (1 + a;)"-^ Cf^. 

570. A bag contains a number of counters known not to exceed m, 
numbered in order from 1 upwards. A person draws r times, replacing the 
counters drawn, and the highest number drawn is found to be n. What is 
the chance that the number of counters does not exceed p? 

571. A bag contains balls, iome of which are white, and I am entitled to 
receive a shilling for every ball I draw as long as I continue to draw white 
balls only ; the balls drawn not being replaced. But an additional ball, not 
white, having been introduced into the bag, I claim as a compensation to 
replace every white ball I draw. Shew that this is a fair equivalent. 

572. There are m white balls and m black ones : m balls are placed in 
one bag, and the remaining m in a second bag, the^number of white and black 
n each being unknown. If one ball be drawn from each bag, find the chance 
that they are of the same colour. 
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573. In the last exercise, if m=i, and a ball of the same colour has 
been drawn from each, find the chance that a second drawing will give balls 
of the same colour: (i) if the baUs drawn at first haye been replaced, and 
(ii) if they have not been replaced. 

574. A bag contains m white and n black baUs, and from it balls are 
drawn one by one tiU a white baU is drawn. A bets B at each drawing, 
xtoy, that a black ball is drawn. Prove that the value of A's expectation 

at the beginning of the drawing is — =^ — as. 

m+1 

575. From a bag containing m gold and n silver coins, a coin is drawn 
at random, and then replaced; and this operation is performed p times. 
Find the chance that aU the gold coins wiU be included in the coins thus 
drawn. 

576. A hag contains a £10 note, two £5 notes and three pieces of blank 
paper. I find that I succeed twice out of three times, by the aid of the 
sense of touch, in drawing a bank note. What ought I to give for the 
privilege of drawing one piece of paper from the bag ? 

577. On the principle of Prop. lix. what should I give for the expecta- 
tion in the last question when my available funds are (1) twenty pounds or 
(2) five hundred pounds ? 

578. Nine black balls and 5 white balls are drawn, one by one, from a 
bag. Find the chance that throughout the process there shall never have 
been more white than black drawn. 

579. If mm balls have been distributed into m bags, n into each, what is 
the chance that two specified balls wiU be found in the same bag ? And 
what does the chance become when r bags have been examined and found 
not to contain either ball? 

580. A bag contains m white balls and n black balls, and balls are to be 

drawn from it so long as they are aU drawn of the same colour. If this be 

' r(r+l) 

white, A pays'B x shillings for the first, rx for the second, ' x for 

the third, -^ ^ ■ x for the fourth, and so on ; but if black, S pays A y 

E 
shiUings for the first, ry for the second, and so on. Find the value of A'a 
expectation at the beginning of the drawing. 

GEOUP XXX. {Averages, &a.) 

581. If two milestones be selected at random on a road n miles long, shew 
that their average distance apart will be J (m+2). 

W. 19 
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582. A town is surrounded by a road n miles long. If two milestones 
be selected at random, find their average distance apart measured the shortest 
way along the road. 

583. If the road form a regular hexagon six mUes long with a milestone 
at every angle, find the average distance measured in a straight line from one 
milestone to the other. 

584. If two squares be taken at random on a chess-board as the opposite 
corners of a rectangle formed of complete squares, find the average number of 
squares in the rectangle. 

585. Two squares are marked at random on a chess-board. If we are to 
move from one to the other by stepping from every square to an adjacent one 
(not diagonally), what is the average number of steps required ? 

586. What will the average be reduced to if diagonal steps are 
admissible? 

587. Two squares are marked at random on a chess-board and a knight 
moves (by as short a route as possible) from one to the other. Shew that if 
one of the squares be at a corner of the board the average number of moves 
is 344 ; but if one of the squares be one of the four central ones the average 
will be only 2||. 

588. If a knight be placed at random on a chess-board the odds are 3 to 
1 against his having 8 possible moves ; and his expectation is 5^ moves. 

589. A rectangular parallelepiped a feet long, 6 wide, and c high, is 
formed of wire, and is divided by wires into abc cubes, of one foot each ; by 
how many routes can a fly travel along the wires from one corner to the 
opposite comer without travelling more than a+b + c feet? 

590. How many joints will there be in the parallelepiped ? And if two of 
the joints be marked at random what wiU be their average distance apart, 
measured as shortly as possible along the wires? 

591. What is the chance that two joints marked at random are connected 
by one straight line of wire? 

592. A pyramidal pile of cannon balls is formed as follows : — the base is 
an equUateral triangle with n balls along each side : on this balls are placed 
forming another triangle with m - 1 along each side : and so on until the pile 
is crowned by a single ball. Find the chance that an assigned ball wiU be 
on one of the sloping faces of the pyramid. 

593. Find the chance that two assigned balls wiU touch one another. 

594. Find the chance that two assigned balls will be at the same height 
from the ground. 
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595. Find the average distance apart of two balls which are known to be 
in a line parallel to one of the edges. 

596. If the centres of the balls in any layer be at a height 6 above the 
centres in the next lower layer, and if the lowest layer be simk into the 
ground up to their centres, find the average distance of all the balls above the 
ground. 

597. If two lengths be taken at random each greater than 5 and less than 
a, the chance that their sum shall be less than 26 +c is J c'^-H (a - 6)^ ; and 
the chance that their difference shall exceed c is (a - 6 - c)'-h (a - 6)^. 

598. The chance that the sum of their squares shall exceed a^ is 



,{.(l-|+sin-^-3-4. 



599. If a point taken at random within a triangle be joined to the two 
extremities of the base, the chance that the triangle thus formed wiU bear to 
the whole triangle a ratio greater than ?s — 1 to n is l-=-m^. 

600. Within the area of an equilateral triangle three points are taken at 
random so as to form another triangle with its sides parallel to the sides of 
the original triangle. Shew that the average area of the triangle thus 
formed is one-tenth of the area of the original triangle. 

GBOUP XXXI. 

601. An omnibus makes m journeys and carries a total of n passengers. 
If each passenger is equally likely to take any journey, find the chance that 
on a given journey there will be no passengers. 

602. Find the chance that on r given journeys there wiU be no pas- 
sengers. 

603. Shew that the expectation of a person who is to receive £1 for 
every journey until the first passenger is carried, will be (in pounds) 

(1"-H2''-i-3»-I- ...to m-1 terms)-=-m». 

604. If the omnibus make 10 journeys and carry 15 passengers, what is 
the chance that there will be at least one passenger on every journey ? 

605. If 20 omnibuses an hour pass my house, what is the chance that in 
the next five minutes none will pass ? 

606. If 100 persons an hour cross a certain bridge, each taking a minute 
to traverse it, what is the chance that at a given instant no one will be on 
the bridge? 
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607. If there pass over the bridge in an hour a persons who traverse it 
in a minutes each, 6 persons who traverse in /S minutes each, c persons who 
traverse it in y minutes each, and so on, shew that the chance that at a 
given instant there is no one on the bridge is 

608. A railway company carries n passengers an average of 10 miles 
each for every one passenger who is fatally injured. What is the chance 
that a passenger makes a given journey of 100 miles in safety ? 

609. In reading a French book I have to refer to a dictionary for two 
words a page on an average ; what is the chance that I shall read the next 
page I come to without referring to a dictionary ? 

610. A rider on a bicycle has a fall on an average once in 10 miles. 
What is the chance that he will perform a given journey of 15 miles without 
a fall? 

611. If aU the permutations (1, 2, 3 or more together) of the 26 letters of 
the alphabet be written down, and one of them be selected at random, the 
chance that this one contains a is very nearly %i, 

612. The chance that the selected permutation contains all the letters 
of the alphabet is very nearly |^ • 

613. If a man can throw a pair of dice 10 times in a minute, how many 
hours must he expect to play before he throws double sixes five times in 
succession? 

614. Shew that when a whist player has dealt more than Cg log, 2 times 
it is 'more likely than not that he has held at some time aU the trumps. 

615. Two players of equal skiU play for 36 nights, stopping each night 
as soon as one of them has won three games in succession. The winner of 
each game begins the next game and this gives him an advantage over his 
opponent in the ratio 3:2. Shew that their expectation is 196 games. But 
if the loser of each game were to begin the next game tlieir expectation would 
be 351 games. 

616. A die is thrown m times : shew that the chance that every face has 
turned up at least once is (^)"' Irm times the coefficient of a?" in (e* - 1)^ For 
instance if it be thrown 10 times the chance is 38045-7-139968. 

617. If x>y, both being even or both odd, so that x+y=2s ; and if x be 
expressed as the sum of y integers, aU the ways of so expressing it being 
equally likely, the chance of aU the y integers being odd is nj-hllj. 

(Notation of page 101.) 



EXERCISES. 293 

618. A pack of cards consists of ^ suits of g cards each, numbered from 
1 up to g. A card is drawn and turned up : and r other cards are drawn at 
random. Find the chance that the card first drawn is the highest of its suit 
among all the cards drawn. 

619. A pack of n different cards is laid face downwards on «, table. 
A person names a certain card. That and aU the cards above it are shewn 
to him, and removed. He names another; and the process is repeated 
until there are no cards left. Find the chance that, in the course of the 
operation, 'a card was named which was (at the time) at the top of the 



620. If the birth rate is double the death rate, shew that the annual 
multiplier is given by the equation 

(Notation of p. 196, S„ denoting 1 - iJ„. ) 

GEoup xxxn. 

621. A man writes a number of letters greater than eight, and directs 
the same number of envelopes. If he puts one letter into each envelope 
at random, the chance that all go wrong is (to six decimal places) -367879. 

622. A class of twelve men is arranged in order of merit: find the 
chance that no name is in the place it would have occupied if the class had 
been in alphabetical order. 

623. A list is to be published in three classes. The odds are m to 1 that 
the examiners wiU decide to arrange each class in order of merit, but if they 
are not so arranged, the names in each will be arranged in alphabetical 
order. The list appears, and the names in each class are observed to be in 
alphabetical order, the numbers in the several classes being a, b, and c. 
What is the chance that the order in each class is also the order of 
merit? 

624. A goes to haU p times in q consecutive days and sees B there 
r times. What is the most probable number of times that B was in hall in 
the q days ? 

Ex. Supposep=4, g=7, r=S. 

625. If n witnesses concur in reporting an event of which they received 
information from another person, the chance that the report is true will 
be (p»^'- + 5r^i)^(jp"+g'') wherep=l-3 is the chance of the correctness of 
a report made by any single person. 
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626. A judges correctly 5 times out of 6, and B 3 times out of 4. The 
same four £5 notes have been submitted to them both independently. 
A declares that 3 of the notes are good without specifying them. B declares 
that only one is good. How much ought one to give for the notes ? 

627. There are two clerks in an office, each of whom goes out for an 
hour in the afternoon, one may start at any time between two and three 
o'clock, the other at any time between three and four, and all times within 
these limits are equally likely. Find the chance that they are not out 
together. 

628. The reserved seats in a concert-room are numbered consecutively 
from 1 to m+m+r. I send for m consecutive tickets for one concert and n 
consecutive tickets for another concert. What is the chance that I shall find 
no number common to the two sets of tickets? 

629. Two persons are known to have passed over the same route in 
opposite directions within a period of time m+n+r, the one occupying time 
m, and the other time n: find the chance that they will have met. 

630. A writes to B requiring an answer within n days. It is known 
that B will be at the address on some one of these days, any one equally 
likely. It is a y-days' post between A and B. If one in every q letters is 
lost in transit, find the chance that A receives an answer in time. (M>2p.) 

631. There are n vessels containing wine, and n vessels containing water. 
Each vessel is known to hold a, a + 1, a +2, ... or a+m-1 gallons. Find 
the chance that the mixture formed from them aU will contain just as much 
wine as water. 

632. A vessel is fiUed with three liquids whose specific gravities in 
descending order of magnitude are Sj, 8^ Sy All volumes of the several 
liquids being equally likely, prove that the chance of the specific gravity of 
the mixture being greater than S is 

(Si -SJ (Si -S3)' ""^ (Sa- S3) (Si -S3)' 
according as S lies between Sj and 8^, or between Sj and S3. 

633. A man drinks in random order n glasses of wine and n glasses of 
water (all equal) ; shew that the odds are ?i to 1 against his never having 
drunk throughout the process more wine than water. 

634. If n men and their wives go over a bridge in single file, in random 
order, subject only to the condition that there are to be never more men 
than women gone over, prove that the chance that no man goes over before 
his wife is {n+ 1) 2~". 
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636. A dinner party consists of n gentlemen and their wives. When 
« - 1 gentlemen have taken m - 1 ladies down to dinner, no gentleman taking 
his own wife, and aJl possible arrangements being equally likely, the odds 
are ||« to |[m-l against the gentleman and lady remaining being husband 
and wife. 

636. A coin is tossed m+n times, where m>re. Shew that the chance of 
there being at least m consecutive heads is (n+2)-=-2"'+i. 

637. If a coin be tossed n times, the chance that there will not be k con- 
secutive heads is the coe£Gicient of x" in the expansion of 

1^ 1 +x+t'+ ... +x'~^ _ 
2"' l-a;-x2-...-a;« 

638. A person throws up a coin n times : for every sequence of m throws, 
heads or taUs, for all possible values of m, he is to receive 2™ - 1 shillings ; 
prove that the value of his expeotaion is 3» (n+ 3) pence. 

639. A having a single penny, throws for a stake of a penny with B, 
who has at least 8 pence. Shew that the chance that A loses his peimy at 
the 17th throw and not before is 1430 h-21'. 

640. If a player repeatedly stake the same sum in a, series of either 2n 
or 2» - 1 even wagers, the chance that throughout the play he is never worse 
off than he was at the beginning is expressed by the ratio of the product of 
the first n odd numbers to the product of the first n even numbers. 
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Cambridge Calendar. Published Annually {Auguit). 6». 6d. 
Student's Guide to the University of Cambridge. 
The School Calendar. FubliBhed Annually {December). It. 



BIBLIOTHECA CLASSICA. 

A Seriet of Qrteh and Latin Avthort, viith Engliih Notet, edited by 

eminent Scholari. 8vo. 
\* The Wcrkt with an asterisk (*) preJUeecL can only hs had in the Sets of 36 7ol». 

Aesohylna. By F, A. Faley, M.A., LL.I>. 81, 

Olcero'g Orations. By G. Long, M.A, 4 toIs. 32<. 

DemoatheneB. By B. Whiston, M.A, 3 vols. 10>. 

fiuripldes. By P. A. Paley, M.A., IiL.D. Svola. 24». ('Vol.L) 

Homer. By F. A. Faley, M.A., LL.D. The Iliad, 2 toIb. 14t. 

Herodotus. By Bev. J. W. Blakesley, B.D, 2 vols. 12(. 

Heslod. By F. A. Paley, M.A., LL.D. 5: 

Horace. By Bev. A. J, Hacleane, M.A. 8>. 

Juvenal and Ferslus. By Ber. A. J, Macleans, M.A. 6i. 

Plato. By W. H. Thompson, D.D. 3 yols. St. each, 

Vol. I. Phaedms. 

*Vol. n. Gorgias. 

Sophocles. Vol. I. By Bev. F. H. Blaydes, M.A. 8(. 

Vol. n. F.A.Paley, M.A., LL.D. 6». 

•Tacitus: The Annala. By the Bev. P. Frost, 8(, 

•Terence. By E. St. J. Parry, M.A. 8». 

VirgU. By J. Conington, M.A, Bevised by Professor H. Nettleshlp. 
3 vols. 10s. Gd. each. 

An Atlas of Classical Oeograpby; 24 Maps with oolonred Out- 
lines. Imp. 8to. 68, 



George Bell and 8on^ 



QRAMMAR-SCHOOL CLASSICS. 

A Series of Oreei and Latin Anthers, mith English Notes, 

Fcap, 8vo. 

OtBiu : De Bello Qallloo. By George Long, M.A. 4s. 

Books L-HI. ForJnniorCIasBeB. By Q. Long, M.A. ls.6d. 

Booka lY. and V. 1(. 6d. Books YI. and VII., Is. Gd. 

-, Books I., II., and III.*, with Vocabulary, Is. 6d. each. 

OataUaB, Tlbnllns, and FropertluB. Selected Poems. WithLile. 
By Bev. A. H. WratiBlaw. 2s. 6d. 

CUoero: De Seneotnte, De Amioitia, and Select Epistles. By 

George Iiong, M.A. 3a. 

Oomellus Nepoa. By BeT. J. F. Maomiohael. 3«. 

Homer: Iliad. Books I.-Xn. By F. A. Faley, M.A., I1L.D. 

4a. M. Also in 2 parte, 2a. 6cl. each. 

Eoraoe : With Life. By A. J. Maoleane, M.A. 8«. 6d. In 

2 ports, 2a. each. Odes, Book 1., witli Vocabulary, la. 61I. 

Javenal: Sixteen Satires. By H. Prior, M.A. Ss.6d, 

Martial: Select Epigrams. With Life. By F. A. Faley, M.A., LL.D. 

4s. Sol. 

OTld : the Fasti. By F. A. Puley, M.A., LL.D. 8(. 6d. Books I. 
and n., la. 6d. Books HI. and IT., la. 6d. 

SalluBt: Oatilina and Jngortha. With Life. By G. Long, M.A, 
and J. Ot. Frazer. 3a. 6d., or separately, 2a. each. 

Taeitus : Germania and Agricola. By Bev. P. Frost. 2s. 6d. 

Virgil: Bucolics, Georgics, and ^neid. Books I.-IV. Abridged 
from Professor Oonin^on's Edition. 4fi. 6d. — ^neid. Books V.-XII., 4s. Gd; 
Also in 9 separate Volumes, as follows, la. 6c[. eacli:— Bucolics — Georgics, 
I. and II.— Georgics, III. and IV.— iBneid, I. and II.— ^neld. III. and 
IV.— .fflinoid, V. and VI.— .aineld, VII. and VIII.— .Slneid, IX. and X.— 
^neid, XI. and XII. ^neid, Book I,, mth Vocabulary, la. 6d. 

Ze&ophon: The Anabasis. With Life. ByBev. J.F.Maomichael. 

Sa. 6d. Also in 4 separate Tolumes, la. &d. each: — Book I. (with Life, 
Introdnotion, Itinerary, and Three Maps)- Books II. and III. — IV. and V. 
—VI. and VII. 

The Oyropssdia. By G. M. Gorham, M.A. 3f. 6d. Books 

I. and II., la. 6«.— Books V. and VI., la. 6(1. 
•^— Memorabilia. By Percival Frost, M.A. 3<. 

A Orammar-School Atlas of Olassloal Geography, oontuning 

Xen seleoted Uaps. Imperial Svo. 3a. 

Uniform with the Series, 
The Kew Testament, in Greek. With English Notes, &o. By 
Ber. J. V. Hacmiohael. 48. M. The Four Gospels and the Acts, separately. 
Sewed, ed. each.- 



Sducational Works. 



CAMBRIDGE GREEK AND LATIN TEXTS 

Aeaehylna. By F. A. Faley, M.A., LL.D, 3*. 
OsBBar: De Bello QalUoo. By Q. Long, M.A. It, 6d. 
Cioero: De Seneotute et Da Amloitla, et Eplstolsa Selectee. 

B7 a. Long, U.A. Is. M. 

Oloeronls Oratlones. In Yerrem. By Q, Long, M.A, 3>.6d. 

Euripides. By F. A. Faley, M.A., LL.D. 8 vols. a>, each. 

Herodotus. By J. O. Blakeeley, B.D. 3 vols. 6<. 

Homeri lUas. I.-XII. By F. A. Faley, M.A., LL.D. 1>. 6(1, 

Eoratlus. By A. J. Macleane, M.A. la. 6d. 

Juvenal et Perslns. By A. J. Macleane, M.A, It, dd. 

Luoretlus. By H. A. J. Munro, M.A. 2s. 

Sallustl OrlBpl OatiUna et Tugurtlia. By O, Long, M.A. li, 6d, 

Sophooles. By F. A. Faley, M.A., LL.D. 2s. 6(1, 

Terentl OoracBdlse, By W, Wagner, Fh,D. 2t. 

Thnoydldes. By J. G. Donaldson, D.D, 3 toIb, 4f. 

yirglUna. By J. Conington, M.A, 2>. 

ZenophontlB Ezpedltlo Oyrl. By J. F, Maomiohael, B.A, I>, 6d. 

NoTum Testamentum O-reeoe. By F. H. Scrivener, M.A., D.O.L. 
4s. 6d. An edition with wide margin for notes, lublf bonnd, 128. Editio 
Uaiob, with additional Beadinga and BeterenceB, 7s. 61I. (Ss< page 15.) 



CAMBRIDGE TEXTS WITH NOTES. 

A Selection of the most vsvalVy read qf the Qreek and, Laijvn AutTwrSt Awnotatedfor 
SGhools. Edited by laell-known Claseioal Scholars, f cap. Sw. Is, 6d. each, 
with excepiMns. 

* Dr. Faley's vast learning and keen appreciation of the difflonlties of 
beginners make bis school editions as valnable as they are popular. In 
many respects he sets a brilliant example to younger scholars,' — AthencBum, 

* We hold in high value these handy Cambridge texts with Notes.*— 
Saturday Beeiew. 

AeaohrlOS. FromethenB Vinotns, — Septem OOntra Thebaa. — Aga- 
memnon.— Persae.—Bnmenides,—Ohoephoroe. By F. A. Paley, M. A., LL.D. 

Euripides. Alcestis.— Medea.—Hippolytns — Hecnba. — Baoohae. 
—Ion. 28.— Orestes.— PhoeniB8ae,—Troad6S.— Hercules Furenfl.— Andro- 
mache.— Iphigenia in Taurls.— Supplicea. By F. A. Faley, M.A., LL.D. 

Homer. Iliad. Book I. By F. A. Faley, M.A., LL.D. 1«. 

Sophooles. Oedipna Tyrannns, — Oedipns Ooloneus. — AQtigone. 
— Blectra.— AJax. By F. A. Paley, M.A.. LL.D. 

Zenophon. Anabasis. In 6 vols. By J. E. Melhnish, M.A., 
Assistant Classical Master at St. Paul's SchooL 

Hellenics, Book I. By L. D. Dowdall, M.A., B.D. 2s. 

Hellenios, Book H. By L. D. Dowdall, M.A., B.D. 2s. 

Oloero. De Senectute, De Amioitia, and Epistolffi Seleotse. By 
G. Long, M.A. 

Ovid. Fasti. By F. A. Paley, M.A., LL.D. In 3 vols., 2 books 
in each. 2s. eaoh vol* 



George Bell and Sons* 



Ovid. Beleotiona. Amoiea, Triatia, HeroideB, Metamorphosea. 

B7 A, J, Madleane, M.A, 
Terenoe. Audiia Hauton Timorameuoa.— Fhonnio.— Adelphoa. 

By FrofeBEor Wagner, FI1.B. 
VlrgU. Frofeaaor Conington'a edition, abridged in 12 toIb, 

* The handiest HiS well as the Bonndeat of modem editions.' 

PUBLIC SCHOOL SERIES. 

Aiistophanes. The Peace. By F. A. Faley, M.A.,LL.D. i$. 6d. 

The Acharniana. By F. A. Faley, M.A„ LL.D. 4«. 6d. 

The Froga. By F. A. Faley, M.A., LL.D. At. 6d. 

Cicero. The Lettera to Attiona. Bk. I. By A.Fretor, M.A. 3rd 

Edition. 4s. 6d. 

Demosthenes de Falsa Legatlone. By B. ffiiilleto, M,A. 7tb 

Edition. 68. 

The Law of Leptinea. By B. W. Beataon, M.A. 3rd 

Edition. Ss, 6d. 

Livy. Book XXI. Edited, with Introduction, Notea, and Mapa, 

by the Bev. L. D. Bowdall, M.A., B.D. Ss. 6d. 
Book XXII. Edited, &o., by Bev. L. D. Dowdall, M.A., 

B.D. 38. 6d. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Fh.D. 

12th Edition. Ss. 6d. Oheap Edition, limp cloth, 28. 6d. 

The Phiedo. 9th Edition. By W. Wagner, Fh.D. 6(. 6(1. 

The Frotagoraa. 7th Edition. By W. Wayte, M.A. 4*. 6(1. 

The Enthyphro. 3rd Edition. By Q. H. Wella, M.A. 3>. 

The Euthydemna. By G. H. Wells, M.A. is. 

The Bepnblio. Books I. & II. By Qt. H.Wells, M.A. 3rd 

Edition, 58. 6d. 
Plautus. The Aulularia. By W.Wagner, Ph.D. SthEdition. .4«.6d. 

TheTrinmnmnB. ByW.Wagner,Fh.D. 5th Edition. 48.6(i. 

The Menaechmei. By W.Wagner, Fh.D. 2nd Edit. 4(.6d, 

.—— The Mostellaria. By Prof. E. A, Sonnenschein. 5<. 
SophooleB. The Trachiniae. By A. Fretbr, M.A. A». 6d. 

The Oedipna Tyrarmus, By B. H. Kennedy, D.D. 5». 

Terenoe. By W. Wagner, Ph.D. 3rd Edition. 7». &d. 
TheoorltUB. By F. A. Faley, M.A., LL.D. 2nd Edition. 4f. 6d. 

ThuoydldoB. Book YI. By T. W. Dongan, M.A., Fellow of St. 
John's College, Cambridge. Ss. 6(1, 



CRITICAL AND ANNOTATED EDITIONS. 

Aiistophanls Oomoediae, By H. A, Holden, LL.D. 8to, 3 vols. 
Notes, Blnstratious, and Maps. 238. 6d. Flays sold separately. 

Csesar's Seventh Campaign In Oaiil, B.C. 52, By Bev, W, G, 
Gompton, U.A,, Head Master, Borer College. 2nd Edition, with Map 
and Illustrations. Crown 8to. 48. 

CalpunaiuB Slculus. By 0, H, Eeene, M.A. Crown 8vo, 6(, 



Educational Works. 



OatuUviB. A New Text, with Oriiioal Notes and Inirodnotion 

b; Dr. J. F. Fost^te. Foolscap 8to. 3t, 

Corpus Foetartim Latlnonim. Edited by Walker. 1 vol. 8vo. 18s. 

Iiivy. The first five Books. By J. Frendeville. New Edition, 
revised* and the notes in great part rewritten, by J. H. Freese, M.A. 
BookB I., n., III., IV., and T. Is. 6*. each. 

Lucau. The Fhaiealia. By C. E. HaBkius, M.A., aud W. E. 
Heitland, M.A. Demy Sro. 14s. 

Lucretius. With Commentary by H. A. J. Munro. 4th Edition. 
Vols. I. and II. Introduction, Text, and Notes. 18s. Vol. III. Trans- 
lation. 6s. 

Ovid. F. OvidiiNasonisHeroidesXrV. ByA.Falmer,liI.A. 8vo.6<. 

F. Ovidii Nasonis Acs Amatoria et Amores. By the Bev. 

E. Williams, M.A. 3s. ei. 

Metamorphoses. BookXHT. By Ohas. HEunes Keene, M.A. 



2s. 6d. 

Epistplfiram ex Ponto Liber Frunns, ByO.H.Eeene,M.A. 3>. 

Fropertluai Sex Aorelii I^opertii Carmina, ByS'.A.Paley.M.A., 

LL.D. Bm. 01oth,5s. 
Sex Propertii Elegianim. Libri IV. Becensnit A. Falmer, 

GoUegii Sacrosanotfs et Individnss Trinitatis jnxta Dnblinnm Sodnfl. 

Foap. 8to. 3s. 6d. 

Sophocles. The Oedipus Tyrannus. By B. H. Kennedy, D.D. 

Grown 8to. 8s. 

Thuoydldes. The History ol the Feloponnesian War. By Biohaid 
Bhilleto, U.'A. Book I. Sro. 6s. 6d. Book II. Svo. Ss. ed. 



TRANSLATIONS, SELECTIONS, &o. 

AesohyluB. Translated into English Frose by F. A. Faley, M.A., 

LL.D. 2nd Edition. 8to. 7s. 6d. 
Translated into English Yerse by Anna Swanwick. 4th 

Edition. Post 8vo. Ss. 
Calpurnlus, The Eclogues of. Latin Text and English Verse. 

Translation by E. J. L. Scott, M.A. 3s. 6d. 
Horace. The Odes and Cangien Ssecnlare. In English Verse by 

J. Gonington, ^.A. llth edition. Feap. 8to. 3s. 6d. 
The Satires and Epistles. In English Verse by J. Coning- 

ton, U.A. 8tll edition. 3s. 6d. 
Plato. Gorgias. Translated by E. M. Cope, M.A. 8vo. 2nd Ed. 7». 
Prudentiua, Selections from. Text, with Verse Translation, In- 
troduction, &o., by tbe Rev. F. St. J. Thackeray, Grown 8to. 7s. 6d. 
Sophocles. Oedipus Tyrannus. By Dr. Kennedy. Is. 
The Dramas of. Eeudered into English Verse by Sic 

George Youhg, Bart., M.A. 8yo. 123. Si. 
TheoorltuB. In English Verse, by 0. S. Calverley, M.A. 3rd 

Edition. Grown Sro. 78. 6d. 
Translations into English and Latin. By 0. S. Calverley, M.A. 

Post 8to. 7s. 6i3. 
Translations intoEnglish, Latin, and Greek. ByB. C. Jebb, Litt.D., 

H. Jackson, Litt.D., and W. E. Currey, M.A. Second Edition. 8s. 
Folia SUvulffi, eive Eologs Foetamm Anglicomm in Latinum et 

GrsBcom oonverass. By E. A. Holden, LL.D. Svo. Vol. II. 4s. 6d. 
Sabrinae Corolla in Hortulis Beglae Scholae Salopiensia 

Gontezuernnt Tres Tiri Floribus Legeudia. Fourth Edition, thoroughly 

Beviaed and Biearranged. Large post 8to. 10s. 6d. 



Qeorge Bell and Sons' 



LOWER FORM SERIES. 

With Notet and Vocahulariei, 
Virgil's iBneid. Book I. Abridged from Conington's Edition, 

With TocabnlaiT by W. F. B. Sbilleto. It. 6d. 
Caesar de BeUo aaUloo. Books I., II., and m. With Kotes by 
Oeorge Iiong, M.A., and Vooabnlary by W. F. B. Shilleto. la. 6d. each. 

Horace. Book I. Macleane's Edition, with Vocabnlaiy by 

A. H. Dennis. It. 6d. 
Frost. BologsB Latlnaa ; oi, Frcst Latin Beading-Book, with English 
Kotes and a Diotiouary, By tbe late Bev. P. Frost, II.A. New Edition. 
Fcap. 8to. la. 6ol. 

A Latin Vene,-Book. An Introdnotaiy Work on Hexa- 
meters and Pentameters. New Edition, Foap. 8to. 2t. Key ({or Tutors 
only), 5t, 

Analeota Ghnaoa Minora, mth Introdnotory SentenoeB, 



English Notes, and a Diofaonary. New Edition. Fcap. 8to. 2a. 

Wells. Tales for Latin Prose Composition. With Notes and 

Vocabulary. By G. H. Wells, M.A. is. 
Stedman. Latin Vocabnlariea for Bepetition, By A. M. M, 

Stedman, M.A. 2nd Edition, revised. Fcap. 8to. It. 6d. 

Easy Latin Passages for Unseen Translation. Fcap. 

8va. It. 6d. 

Greek Testament Selections. 2nd Edition, enlargedi 



with Notes and Yooabnlary. Fcap. 8vo. 2a, Bi. 



CLASSICAL TABLES. 

Latin Aoddenoe. By the BeT. F. Frost, U.A. It. 

Latin Verslftoation. It, 

Notabllla Qusadam; or the Principal Tenses of most ol the 

Irregnlor Greek Verbs and Elementary Greek, Latin, and French Gon- 

stnution. New Edition. It. 

Blehmond Rules for the Ovldlan Distich, &a. By J, Tate, M, A. It. 

The Principles of Latin Syntax. It. . 

Qreek Verbs. A Oatalogne of 'Verbs, Irregnlar and Defective. By 

J. S. Baird, T.O.D. 8th Edition. 2i. 6d. 
Ghreek Accents (Notes on). By A. Barry, D.D. New Edition, It. 
Homeric Dialect. Its Leading Forms and Peculiarities. By J. 8. 

Baird, T.O.D. New Edition, by W. G. Bntherford, LIi.D. la. 

Greek Aoeldeuoe. By the Bev. P. Frost, M.A, New Edition. It. 



LATIN AND GREEK CLASS-BOOKS. 

Baddeley. Aiudlla Latlna. A Series of Frogressive Latin 

Exercises. By U, J. B. Baddeley, M.A. Fcap. 8to. Fart I., Accidence. 
5th Edition. 2f. Part II. Sth Edition. 2a. Key to Fart n., 2a. 6(3. 

Church. Latin Prose Lessons. By Prof. Chnrch, M.A. 9th 

Edition. Fcap. 8to. 2a. 6il. 
Colltas. Latin Exercises and Grammar Papers. By T. Collins, 
M.A., H. 11. of the Latin School, Newport, Salop. 7tli Edit. Fcap, 8to. 
2a. 6d. 

Unseen Papers in Latin Prose and Verse. With Ez> 

amination Questions. 6th Edition, Fcap. Sro. 2a. 6d. 

■ Unseen Papers in Greek Prose and Verse. With Ex- 

uuijuiitioa Qneetiona. 3rd Edition. Foap. Sro. St. 



Educational Works. 



Collins. Easy Translations flrom Nepos, Oessar, Oloero, Livy, 

&o., for Betranslation into Latin. With Notes. 28. 
Compton. Kudlments of Attio Construotlon and Idiom. By 

the BeT. W. 0. Compton, U.A., Head Master of Dover College. 3>. 
Clapin. A Latin Primer. By Eev. A. 0. Clapin, M.A. It. 
Frost. EclogsB Latins ; or, First Latin Beading Book. With 

Notes and Vooabulary by the late Eev. P. H:oat, M.A. New Edition. 

Poap. 8vo. Is. 6i. 
Analecta Grgaca Minora. With Notes and Dictionary. 

New Edition. Tcap. 8vo. 2s. 

Materials for Latin Prose Composition. By the late Bev. 



F. Treat, U.A. New Edition. Foap. 8to, 2s. Key (tor Tutors only), 4s. 

A Latin Verse Book, New Edition. Foap. 8to. 2s. 

Key (for Tutors only), 5s. 

Materials for Greek Prose Composition. New Edition, 



Foap. 8to. 2s. 6iJ. Key (tor Tntors only), Ss. 
Earkness. A Latin Grammar. By Albeit Harkness. Post 8vo. 

6s. 

Key. A Latin Grammar. By T. H. Key, M.A,, P.R.B. 6th 
Thousand. Post 8to. 8s. 

A Short Latin Grammar for Schools. 16th Edition. 

Post 8to. 3s. 6(i. 
Holden. Foliorum SUvula. Fart I. Passages for Translation 

into Latin Elegiac and Heroic Verse, ByH.A. Holden, LL,D. 12th Hdit. 

FostSro. 7s. 6d. 

Foliorum Silvuia. Fart II. Select Passages for Trans- 
lation into Latin Lyric and Gomio Iambic Verse. Srd Edition. Post 8to. 
Ss. 

FoUomm Centnrlss. Select Fassages lor Translation 

into Latin and Greek Prose. 10th Edition. Post 8vo. 8s. 
Jebb, Jackson, and Currey. Extracts for Translation in Greek, 

Latin, and English. By B. 0. Jebb, Litt. D., LL.D., H. Jackson, Lltt. D., 

and W. E. Currey, M.A. is. ii. 
Mason. Analytical Latin Exercises. By C. P. Mason, B.A. 

4th Edition. Fart I., Is. 6d. Fart II., 2s. 6d. 
NettlesMp. Passages for Translation Into Latin Pr6se. By 

Frof. H. NettlesMp, M.A. Ss. Key (for Tutors only), 4s. 6d. 

* The introduction ought to be studied by every teacher of Latin.' 

Guardian. 
Paley. Greek Particles and their Combinations according to 

Attic Usage. A Short Treatise. Bv F. A. Paley, M.A., LL.D. 2s. 6d^ 
Penrose. Latin Elegiac Verse, Easy Exercises in. By the Bev. 

J. Penrose. New Edition. 2s. (Key, 3s. 6d.) 

Preston. Greek Verse Composition. By G, Preston, M.A 

Sth Edition. Crown 8vo. 48. 6d. 
Seager. Eaclliora. An Elementary Latin Book on a new 

principle. By the Rev. J. L. Seager, M.A. 28. 6d. 
Stedman (A. M. M.). First Latin Lessons. By A. M. M. 

Stedman, M.A., Wa^iam College, Oxford. Second Edition, enlarged. 

Crown 8vo. 2s. 
First Latin Reader. With Notes adapted to the Shorter 

Latin Primer and Vocabulary. Crown 8vo. Is. 6d. 
Easy Latin Fassages for Unseen Translation. 2nd and 

enlarged Edition. Pcap. 8vo. Is. 6d. 
Easy Latin Exercises on the Syntax of the Shorter and 

Revised Latin Primers. With Vocabulary. Srd Edition. Crown 8vo. 

2s. 6d. 



George £eU and Sons* 



Stedmau (A. M. M.) Notaxida QneedEun. Miscellaneona IJatin 
Exercises on Oommon Bnles and idioms. IVsap. 8to. Is. 6d, 

Latin Vocabularies for Bepetitiou : arranged according 

to Subjects. 4th Edition. Fcap. 8to. Is. 6d. 

First Greek Lessons. [In pr^aration. 

Easy Greek Passages for Unseen Translation. Fcap. 



8vo. Is. ed. 

Easy Greek Exercises on Elementary Syntax. 

lln prsparaUon. 

Greek Vocabularies for Bei>etitlon. Fcap. 8vo. Is. 6d. 

Greek Testament Seleetions for the U^e of Schools. 



2nd Edit. ■With IntrodncKon, Notes, aid Vooabnlary. Fcap. Sto. Zs. 6i. 
Thackeray, j^thplo^iai G^i^eBca. A Selection of Greek Poetry, 

with Notes. By F. St. John'^hackeray. 5th Edition. 16mo. 4s. 64. 
Anthologia La,tina. A Selection of Latin Poetry, from 

Nsevins to Boethius, with Notes. By Oct. F. St. J. Thackeray. 5th Edit. 

16mo. 4;. 6d. 

Wells. Tales for Latin Prose Composition. With Notes and 
Tocabnli^. By G. E. Wells, M.A. Fcap. 8to. 2s.. 

Donaldson. The Theatre of the Greeks. By J. W. Donaldson, 

D.D. loth Edition. Post 8to. 5s. 
Kelghtley. The Mythology of Greece and Italy. By Thomas 

Seightley. 4th Edition. Berised by L. Schmitz, Fh.D., Ui.I>. Ss. 
Mayor. A Guide to the Choice of Classical Books. By J. B. 

Mayor, M.A. 3rd Edition. Crown 8vo. 4s. 6d. 
Teuffel. A History of Roman Literature. By Prof. W. S. 

Tenflel. 5th Edition, revised by Prof. Ti, Schwabe, and translated by 

Prof. Gr. 0. W. Warr, of King's College. 2 vols, medium 8to. 158. each. 

CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetic for Schools. By 0, Pendlebury, M.A. 5th Edition, 

stereotyped, with or without answers, 4fl. 6d. Or in two parts, 28. 6d. each. 

Fart 2 contains the CommerctaZ^nthmetic. AEeyto Fart2 in preparation. 
EzAUFLES (nearly 8000), without answers, in a separate vol 3s. 

In use at St. Paiil's, Winchester, Wellington, Marlborough, Charterhouse, 

Merchant Taylors', Christ's Hospital, Sherborne, Smrewsbury, &c. &c. 

Algelsra. Choice and Chance. By W. A. Whitwoith, M.A 4th 

Edition. 68. 
Euclid. Newly translated from the Greek Text, with Snpple- 

ment^y Propositions, Chapters on Modem Geometry, and numerous 

Ezeroiiea. By Horace Deighton. M.A., Head Master of Harrison College, 

Barbados Sew Edition, Bevised, with Symbohs and Abbreviatiaus. 

Crovm 8n>. 4s. 6d. 

Book I Is. I Books I. to UI. ... 28. 6d. 

Books I. and IL ... Is. 6d. | Books ni. and IT. Is. 6d. 
Euclid, Exercises on Euclid and in Modem Qeometry. By 

J. McDowell, M.A. 4th Edition. 6s. 
Elementary Trigonometry. By J. M. Dyer, M.A., and Eev. 

B. H. Whitcombe, M.A., Assistant Masters, Eton College. 48. 6d. 
Trigonometry. Plane. By Bev.T.Yyvyan.M.A. 3rd Edit. Ss.6d. 
Geometrioal Conic Secttons. By H. Q. WUlis, M.A. 5«. 
Conlos. The Elementary Geometry ot, 7th Edition, revised and 

enlarged. B; 0. Taylor, D.D. 4s. 6d. 

SoUd (Jeomatry. By W. S. Aldis, M.A, 4th Edit, revised. 6(. 
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Geometrical Optics. By W. S. Aldis, M.A. 3rd Edition, is. 
Eigid Dynalnioa. By W. S. Aldis, M.A. 4». 
Elementary Dynaraica. ByW.Garnett,M.A.,D.C.L. 5th Ed. 6». 
Dynamics. A Treatise on. By W. H. Beaant, So.D., F.E.S. 7«. 6d. 
Heat. An Elementary Treatise. By W. Gamett, M.A., D.O.L. 5th 

Edition, revised and enlargred. 4s. 6cl. 
Elementary Physios. Examples in. By W. Gallatly, M.A. is. 
Elementary Hydrostatics. By W. H. Besant, Sc.D., F.E.S. 15th 

Edition, rewritten. Crown 8to. 4s. Gd, 
i Hydromeohanios. By W. H. Besant, Sc.D.,P.B.S. 5thEdition. 

Fart I. Hydrostatics. 55. 
Mathematical Examples. By J. M. Dyer, M.A., Eton College, 

and B. Prowde Smith, M.A., Cheltenham College. 6s. 
Mechamos. Problems in Elementary. By W. Walton, M.A, 6s. 
Notes on Bonlettes and Glissettes. By W. H. Besant, Sc.D., 

P.B.S. 2nd Edition, enlarged. Crown 8to. Bs. 



CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Stiidents. 
.Arithmetic. By Bey.C.Elsee,M.A. Fcap. 8to. 14th Edit. 3s. ed. 

By A. Wrigley, M.A. 3«. 64 

■ A Progressive Course of Examples. With Answers. By 

I. Watson, M.A. 7th Edition, revised. By W. P. Grondie, B. A. 2s. 6d. 
Algebra. By the Bev. C. Elsee, M.A. 8th Edit. is. 
Progressive Course of Examples. By Eev. W. F. 

M'Miehael,M.A.,andB.Frowde Smith, M.A. 4th Edition. 3s. 6d. With 

Answers. 4s. 6d. 
Plane Astronomy. An Introduction to. By P. T. Main, M.A. 

6th Edition, revised. 4s. 
Conic Sections treated Geometrically. By W. H. Besant, Sc.D, 

8th Edition. 48, 6d. Solution to the Examples. 4s. 

Enunciations and Figures Separately. Is. 

Statios, Elementary. By Bev. H. Goodwin, D.D. 2nd Edit. 3s. 
Mensuration, AnElementary Treatise on. By B.T.Moore, M.A. 3s.6d. 
Newton's Prinoipia, The First Three Sections of, with an Appen- 
dix; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 

Edition, by F. T. Main, M.A. 4s. 
Analytical Geometry for Schools. ByT.G.Vyvyan. 5th Edit. is.Sd. 
Greek Testament, Companion to the. By A. C. Barrett, M.A. 

5th Edition, revised. Fcap. Svo. 5s. 
Book of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. G. Humphry, B.D. 6th Edition. Fcap. Svo. 2s. 6ii. 
Mttsio, Text-book of. By Professor H. 0. Banister, loth Edition, 

revised. 5s. 
.. Concise History of. By Eev. H. G. Bonavia Hunt, 

Mns. Boc. l>ahlin. 12th Edition, revised. 3s'. Gd. 
i.2 
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ARITHMETIC. (See alio the two foregoing Seriei.) 

Elementary Arithmetlo. By Charles Pendlebury, M.A., Senior 
Mathematical Master, St. Paul's School; and W. S. Beard, F.R.G.g., 
Assistant Master, Christ's Hospital. With 2500 Examples, Written and 
Oral, Crown 8to. Is. QA, With or without Answers. 

AritUmetic, Examination Papers in. Consisting of 140 papers, 
each containing 7 questions. 357 more difficult problems follow. A col- 
lection of recent Public Examination Papers are appended. By 0. 
Pendlebnry, M.A. 2s. Qd. Key, for Masters only, 5s. 

Graduated Bxercises in Addition (Simple and Compound). By 
W. S. Beard, C. 8. Department Rochester Mathematical School. Is. For 
Candidates for Commercial Certificates and Civil Service Exams. 

B O OK-KEEPIN G. 

Book-keeping Papers, set at various Public Examinations. 
Collected and Written by J. T. Medhurst, Lecturer on Book-keeping in 
the City of London College. 2nd Edition. 3s. 

GEOMETRY AND EUCLID. 

Euclid. Books I.-VI. and part of XI. A New Translation. By 
H. Deighton. (See p. 8.) 

The Definitions of, with Explanations and Exercises, 

and an Appendix of Exercises on the first Book. By B. Webb, M.A. 
Crown 8to. Is. 6d, 

Book I. With Notes and Exercises for the use of Pre- 
paratory Schools, &c. By Braithwaite Amett, M.A. Svo. is. 6d. 

The First Two Books explained to Beginners. By 0. F. 



Mason, B.A. 2nd Edition. Fcap. Svo. 2s. 6d. 
The Enunciations and Figures to EuoUd'8 Elements. By Bev. 

J. Brasse, D.D. New Edition. Fcap. Svo. Is. Without the Figures, 6c[. 
Exercises on Euclid. By J. McDowell, M.A. (See p. 8.) 
MensuraUon. By B. T. Moore, M.A. 3s. 6d. (See p. 9.) 
Geometrical Conic Sections. By H. G, Willis, M.A. (See p. 8.) 
Geometrical Conic Sections. By W. H. Beaant, ScD. (See p. 9.) 
Elementary Geometry of Conies. By C. Taylor, D.D. (See p. 8.) 
An Introduction to Ancient and Modem Geometry of Conies. 

By C. Taylor, D.D., Master of St. John's Coll., Camb. Svo. 15s. 
An Introduction to Analytical Plane Geometary. By W. P, 

Tumbnn,M.A. Svo. 12«. 
Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M.A. Svo. 16s. 
Trilinear Co-ordinates, and Modem Analytical Geometry bi 

Two Dimensions. By W. A. Whitworth, M.A. Svo. 168. 
An Elementary Treatise on Solid Geometry. By W. S, Aldis, 

M.A. 4th Edition revised. Cr. Svo. 6s. 
Elliptic Functions, Elementcury Treatise on. By A. Cayley.D.Sc. 

Professor of Pore Mathematics at Cambridge TTniversity. Demy Svo. 15s. 

TRIGONOMETRY. 

Trigonometry. By Eev. T. G. Yyvyan. 3s. 6d. (See p. 8.) 
Trigonometry, Elementary. By J. M. Dyer, M.A., and Bev. B. H. 

Whitcombe, liC.A., Asst. Masters, Eton College. 4s. 6cl. (See p. S.) 
Trigonometiry, Examination Papers in. By G. H. Ward, M.A,r 

Assistant Master at St. Paul's School. Orown Svo, 2s. 6d. 
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MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elemental;. By H. Goodwin, D.D. Fcap. 8yo. 2ncl 

Edition. 3s. 
DynamloB, A Treatise on Elementary. By W. Gamett, M,A., 

D.G.L. 5th Edition. Crown Sro. 6s. 
DyxLamios, Bigid. By W. S. Aldis, M.A. ii. 
Dynamics, A Treatise on. ByW.H. Besant, So.D.,F.E.S. la.Gd. 
Momentary Mechanics, Problems in. By W. Walton, M.A. New 

Edition. Crown 8yo. 6s. 
Theoretical Mechanics, Problems in. By W. Walton, M.A. 3rd 

Edition. Demy Sro. 16s. 
Structural Mechanics. By E. M. Parkinson, Assoc. M.I.O.B. 

Crown 8vo. 4s. 6d. 

Elementary Mechanics. Stages I. and II. By J. C. Horobin, B.A. 
Is. 6ii. eaoli. 

Theoretical Mechanics. Division I. (for Science and Art Ex- 
aminations). By J. C. Horobin, B.A. Crown 8to. 2s. 6d. 

EydrostatlCB. By W.E.Besant, ScD. Cr.Svo. 15th Edit. it. 6d. 

Hydromechanics, A Treatise on. By W. E. Besant, ScD., F.B.3. 
8to. 5th Edition, revised. Fart I. Hydrostatics. .^. 

Hydiodynamics, A Treatise on. Vol. I., 10s. 6d. ; Vol. IT., 12». 6d. 
A. B. Basset, M.A., 7.11.8. 

Hydrodynamics and Sound, An Elementary Treatise on. By 

A. B. Basset, M.A., E.B.S. Bemy 8ro. 7s. 6<i. 

Physical Optics, A Treatise on. By A. B. Basset, M.A., F.B.S. 

Demy 8yo. 16s. 
Optics, Geometriciil. By W. S. Aldis, M.A. Crown 8to. 3rd 

Edition. 4s. 
Double Keflraotion, A Chapter on Fresnel's Theory of. By W, S. 

Aldis, M.A. 8to. 2s. 
Eoulettes and Glissettes. By W. H. Besant, ScD., F.E.S. 2nd- 

Edition, 5s. 
Heat, An Elementary Treatise on. By W. Gamett, M.A., D.C.L, 

Crown Sto. 5th Edition. 48. 6d. 
Elementary Physics, Examples and Examination Papers in. By 

W. GaUatly, M.A. 4s. 
Newton b Principla, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.Ai 5th- 

Edition. Edited by F. T. Main, M.A. 4a. 
Astronomy, An Introduction to Plane. By P. T. Main, H,A. 

Fcap. 8vo. cloth. 6th Edition. 4s, 

Practical imd Spherical. By B. Main, M.A. 8to. 14«. 

Mathematical Examples. Pure and Mixed. By J. M.Dyer, M.A,,. 

and B. Frowde Smith, M.A. 6s. 
Pure Mathematics and Natural Philoaophy, A Compendium of' 

Facts and Formnlse in. By G. R. Smalley. 2nd Edition, revised by 

J. McDowell, M.A. Fcap. 8to. 2s. 

Elementary CourBe of MathematloB. By H. Goodwin, D,D, 

6th Edition. 8vo. 16s. 
A Collection of Examples and Problems la Arithmetic, 
Algebra, Geometry, Logarithms, Trigonometry, Gonio Sections, Mechanics, 
&c., with Answers, By Bev. A. Wrigley. 20th Thousand. Ss. 6<1.. 
Key. 10s. gd. 
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FOREIGN CLASSICS.^ 

A Seriet far use in SchooU, with English Notes, grammatical and 

explaaatory, and renderings of difficult idiomatic expressions. 

Fcap. Svo. 

Sohlller'B WallenBteln. By Dr. A. Bnchheim. 5th Sdit. 5s. 

Or the Lager and Ficcolomini, 2s. 6(1. Wallenstein's Tod, 29. Si. 

Maid of Orleans. By Dr. W. Wagnei. 2nd Edit. Is. 661^ 

Maria Stuart. By Y. Eastner. 3rd Edition. It. 6d. 

Qoethe'a Hermann and Dorothea. By E. Bell, M.A,, and 

E. Wolfel. New Edition.'Bevised. Is. 6(2. 
German Ballads, from Uhland, Goethe, and Schiller. By C. L. 

Bielefeld. Stli Edition. Is. 6d. 
OharleB ZII., par Voltaire. By Ii. Direy. 7th Edition. Is. 6d. 
Aventures de T6Umaque, par FSnelon. By 0. J. Delille. 4th 

Edition. 2s. 6d. 
Select Fables of La Fontaine. ByF.E.A.Gaao. 18th Edit. Is.Gd, 
Flcolola, by X.B. Saintine. By Dr.Dnbnc. 16th Thousand. Is. 6d, 
Xiamartine's Le TaUleur de Fierres de Saint-Point. By 

J. Boielle, 6tli Thousand. Ecap. Svo. Is. 6il. 

Italian Primer. By Bev. A. C. Clapin, M.A. Fcap. 8to. It, 



FRENCH CLASS-BOOKS. 

French Qrammar for Public Schools. By Bev. A. 0, Olapin, M.A. 

Foap. Svo. 13th Edition. 2s. 6d. 
Rrenoh Primer. ByBev. A. 0. Clapin, M.A, Foap. Svo. 9thEd. 1». 
Filmer of French Philology. By Bev. A. 0. Clapin. Fcap. Svo. 

5th Edit. Is. 

Le Nouveau Trdsor; or, French Student's Ccnupanion. By 

M. E. 8. 19th Edition. Foap. Svo. Is. 6d. 
French Papers for the Prelim. Army Exams. Collected by 

J. F. Davis, D.tit. 2s. 6d. 
French Sizamination Papers in Miscellaneous Grammar and 
Idioms. Compiled by A. M. M. Stedman, M.A. 4th Edition. Crown 
Svo. 2s. 6(J. Key. Ss. (For Teachers or Mvate Students only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Crown 

8vo. 3s. 

Lexicon of Conversational French. By A. HoUoway. 3rd 
Edition. Grown Svo. 3s. 6d. 

PEOF. A. BAEBEBE'S FEENCH COUESE. 
Junior Graduated French Course. Crown Svo. Is. 6d. 
Elements of French Grammar and First Steps in Idiom, 

Crown Svo. 2s. 

Precis of ComparatiTe French Grammar. 2nd Edition. Crows 

Svo, 3s, 60. 
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F. B. A. GASO'S FBENOH OOITBSE. 
First French Book. Crown 8to. 116th Thoiisimd. If. 
Etooond French Book. S2nd Thoasand. Foap. 8to. Is. M,. 
Key to FiiBt and Second French Books. 5th Edit. Fcp.Svo, 83.6(2. 
French Fables fear Beginners, in Prose, with Index. 16th Thousand. 

12ino. la. 6d. 
Select Fables of La Fontaine. 18th Thousand. Fcap.Svo. U.6d. 

HlBtolres Amusantes et IiutruotlveB. With Notes. 17th Thou- 
sand. Fcap. 8to. i». 
Fractloal O-ulde to Modem French Oonversatlon. 18th Thou- 

sand. Fcap. Sro. Is. 6d. 
French Poetry for the Young. With Notes. 6th Ed. Fcp. 8vo. 8t. 

Uaterlals for French Prose Composition; or. Selections from 
the best English Prose Writers. 19th Thons. Fcap. 8to. 3a. Key, 6a. 

Prosateurs Contemporalns. With Notes. 11th Edition, re- 
vised. 12mo- 3s. 6d. 

Le Petit GoinpEkgnon ; a French Talk-Book for Little Children. 
12th Thonsand. 16iao. la. 6d. 

An Improved Modem Pocket Dictionary of the French and 
English Iiangnages. 47th Thonsand. 16mo. 28. 6d. 

Modem French-English and lingllsh-French Dictionary. 5th 
Edition, Ferised. 10s. 6d. Innseat Harrow, Rugby, Westminster, 
SbrewsbnTjr, Hadley, &c. 

The ABC Tourist's French Interpreter of all Immediate 

Wants. B; F. £. A. Oasc. Is. 

MODERN FEENCH AUTHOES. 

Edited, with Introductions and Notes, by Jambs BoieIiLE, Senior 
French Master at Dulwich College, 

Daudet's La Belle Niveruaise. 2s. 6f2, Vor Beginners. 
Hugo's Bug Jargal, 3s. For Advanced Students. 
Balzac's Ursule Mlrouet. 3s. For Advanced Students. 



QOMBEBT'S FBENCH DBAMA. 

Being a Selection of the best Tragedies and Comedies of MoliSre. 
Bacine, Gomeille, and. Voltaire. With Arguments and Notes b^ .A. 
Gombert. New Edition, revised by F. B. A. Gaso. Fcap. Sro. la. each 

™™*'**- OOHTKHTB. 

Mou&SB : — Le Misanthrope. L'Avare. Jje Bonrgeoifl Gentilhomme. Le 
Tartofie. Le lialade Imaginaire. Les Femmes Savantes. Les Foorberies 
de Scapin. Les Pr^oifinses Bidionlee. L'Eoole des Femmes. L'Eoole des 
Maris. Le M^decin ma]gr£ Lni. 

R&curs: — Ph^dre. Esther. Athalie. Iphig^nie. Les Plaidenra. La 
ThtfbaSde; on, Les Frdres Ennemis. Andromaqne. Britannicos. 

F. OoBSxiLLX:— LeOid. Horaoe. Oinna. Falrencte. 

T0LIUB> :— Zaire. 
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GERMAN CLASS-BOOKS. 

UaterlalB for Gtorman Prose OompoBltlon. By Dr. Bnohheim 

14tli Edition. Fcap. 4s.6<l. Key, Parts I. and 11., Sa. Farts III. and 17., 
Goethe's Faust. Parti. Text, Hay ward's Prose Translation, and 

Notes. Edited by Dr. Bnchheim. 5s. 
German. The Candidate's Vade Meoum. Five Hundred Easy 

Sentences and Idioms. By an Army Tutor, Cloth, la. Tor Arm^ Emms, 

Wortfolge, or Bules and Ezerolaes on the Order of Words In 

Glerman Sentences. By Dr. V. Stock, 1>. 6d. 

A German Grammar for Pnblio Schools. By the Ber. A. 0. 

OlapinandE. HollUailer. 5th Edition. Fcap. 2i. 6d. 
A German Primer, irith Szercises. By Bev. A. C. Olapin. 
2nd lEdition. la. 

Eotzebue'R Der Gefangene. With Notes by Dr. W.Stromberg. 1«, 
German Examination Papers In Grammar and Idiom. By 

R. J. Uorioh. 2nd Edition. 2s. 6d, Key for Tntors only, 5a. 

By Fbz. liASQE, Ph.D., Professor B.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria XJuiTersity, Manchester. 

A Concise German Grammar. In Three Parts. Fart I., Ele- 
mentary, 2s. Fart II., Intermediate, 2s. Fart III., Advanced, Sa. 6il. 
German Examination Course. Elementary, 2>. Intermediate, 2>. 

Advanced, Is. 6d. 

German Reader. Elementary, Is, 6d, Advanced, 3s, 



MODEBN GEBMAN SCHOOL CLASSICS, 
Small Crown 8to. 

Hey's Pabeln Ftir Kinder, Edited, with Vocabulary, by Prof. 
F. Lange, Ph.D. Printed in Honum characters. Is. 6d. 

The same with Phonetic Transcription of Text, <fec. 2<. 

Benedix's Dr. Wespe. Edited by P. Lange, Ph.D. 2». 6d!, 

Hofiknan's Meister Martin, der £iifner. By Prof, F, Laage, Fh,D, 

ued. 
Heyse's Hans Lange. By A. A. Macdonell, M.A., Ph.D. 2). 

Auerbach's Auf Wache, and Boquette's Der Gei^orene KusB. 
By A. A. Macdonell, M.A. 2s. 

Moser's Der Bibliothekar. By Prof. F, Lange, Fh.D, 3rd Edi- 
tion. 25. 

Ebers' Edne Frage. By F. Storr, B.A. 2s. 

Freytag's Die Joumalisten, By Prof. F. Lange, Fh.D, 2ud Edi- 
tion, revised. 2s. 6d. 
Gutzkow'8 Zopf und Sohwert. By Prof. F, Lange, Ph.D. 2>. 
German Epic Tales. Edited by Kar Neuhans, Ph.D. 2s, 6(2. 
Scheffel's Ekkehard. Edited by Dr. H. Hager 3s. 
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DIVINITY, MORAL PHILOSOPHY, &e. 

By ibe lati Bet. F. H. SoBirsNiB, A.M., LL.D., D.O.L. 

Novum TeBtamenttuu OMOoe. Editio major. Being an enlarged 
Edition, oontajning the Readings of Bishop Westoott; and Dr. Hort, and 
those adopted by the Bevisers, &o, 7b. 6d. (For otlur Edifrums see page 3.) 

A Plain Introduotloii to the Orltlolsm of the New Testament. 
With Forty Facsimiles from Ancient Mauosoripts. Ith Edition, revised 
by Bev. E. Miller, U.A. 8to. 18i, 

Codez Beta OantabrlglenBlB. 4to. 10«. 6d. 



The New Teetament for English Headers. By the late H. Alford, 
D.D. ToL I. Part I. 3rd Bdit. T3a. Vol. I. Fart II. 2nd Edit. 10s. 6d. 
Vol. n. Fart 1. 2nd Edit. ISs. Vol. n. Fart U. 2nd Edit. 16i. 

The Greek TeBtament. By the late H. Alford, CD. Vol. I. 7th 
Edit. II. 8a. Vol. n. 8th Edit. U. 4s. Vol. HI. 10th Edit. 18s. Vol. IV. 
Fart 1. 5th Edit. ISs. Vol. IV. Fart II. 10th Edit. 14s. Vol. IV. II. 12>. 

Companion to the Q-reek Testament. By A. 0. Barrett, M.A. 

6th Edition, revised. Foap. 8to. Ss. 

Qulde to the Textual Criticism of the New Testament, By 
Rev. E. Miller, M.A. Grown 8to. 4s. 

The Book of Fsalms. A New Translation, with Introdnotions, &o. 
By the Et. Bev. J. J. Stewart Ferowne, D.D., Bishop of Woroester. 8vo. 
Vol. I. 8th Edition, 18s. Vol. II. 7th Edit. 16s. 

^^— Abridged for Schools, 7th Edition. Crown 8to. lOi, 6d. 

History of the Articles of Bellglon. By C. H. Eardwick. 8id 

Edition. Post 8to. Si. 
History of the Creeds. By Bev, Professor Lnmby, D.D. 3rd 

Edition. Grown Bro. 7s. 6d. 

Pearson on the Creed. Carefully printed from an early edition. 

With Analysis and Index by E. Waltord, M.A, Post 8to. 6s. 

Liturgies and Offices of the Church, for the Use of English 
Headers, in Dlnstratiou of the Book of Common Prayer. By the Bev. 
Edward Bnrbidge, M.A. Grown Sro. 9s. 

An Historical and Explanatory Treatise on the Book of 

Gommon Prayer. By Bev. W. G. Hnmphiy, B.D. Gth Edition, enlarged. 
Small Post 8to. 2s. 6d. ; Cheap Edition, Is. 

A Commentary on the Gospels, Epistles, and Acts of the 
Apostles. By Bev. W. Denton, A.M. New Edition. 7y<:Js. 8to. 9s. each. 

Notes on the Catechism. By Bt, Bev. Bishop Barry. 9th Edit. 

Fcap. 2s. 

The Winton Church Cateohlst. Questions and Answers on the 
Teaching of the Ghnroh Catecbism. By the late Ber. J. S. B. Monsell, 
IJ1.D. 4th Edition. Gloth, Ss. ; or in Foor Parte, sewed. 

The Church Teacher's Manual of Christian Inatrnetton. By 

BoT. M. F. Sadler. 43rd Thonsand. 2i.8d. 
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TECHNOLOGICAL HANDBOOKS. 

Edited by Sib H. Tbuemak Wood, Secretory of the Society of Arts, 
Dyeing and Tissue Printing. By W. Crookes, F.B.S. 6a. 

Q-lasB Manufacture. By Henry Chance, M.A.; H. J. Fowell, B.A.; 

and H. Q. Hanis. 3a. Si. 
Cotton Spinning. By Bichard Marsden, of Manchester. 3rd 

Edition, reviBed. 68. 6d. 
Ohemlstry of Coal- Tar Colours. By Prof. Benediki, and Dr. 

Eneoht of Bradford Teclinioal College. 2iid Edition, enlarged. 6<. 6ti. 
Woollen and Worsted Cloth Manufacture. By Professor 

KobertB Beaumont, The Yorkshire OoUege, IJeeda. 2nd Edition. 78. 6d. 
Silk Dyeing. By Or. H. Hurst, F.C.8. With numerous coloured 

specimenfi. 5a. 
Cotton Weaving. By E. Marsden. IPrepairmg. 

Bookbinding. By 3. W. Zaehnsdorf, with eight plates and many 

illnatrations. 5s. 
Printing. By G. T. Jaoobi, Manager of the Chiswick Press. Ss. 
Plumbing. By S. Stevens Hellyer. 5s. 



BELL'S AGRICULTURAL SERIES. 

The Farm and the Dairy. By Prof. Sheldon. 2s. 6d. 
Soils and their Properties. By Dr. Fream. 2«. Sd. 
The Diseases of Crops. By Dr. Griffiths. 2s. 6d. 
Manures and their Uses. By Dr. Griffiths. 2s. 6d. 
Tillage and Implements. By Prof. W. J. Maiden. 2s. &d. 
Fruit Culture. By J. Cheal, P.E.H.S. 2g. 6d. 
Others in prepwration. 



HISTORY. 

Modern Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 

continued. 5 vols. Demy 8to. 21. 128. 6d. 
The DecUne of the Bomau Bepubllo. By Qt. Long. 5 vols. 

Sto. Sa. each, 

Historloal Maps of England. By 0. H. Pearson, Folio. 3rd 
Edition revised. 31a. 6d. 

England in the Fifteenth Century. By the late Eev. W, 
Denton, M.A. Demy 8vo. 128. 

Feudalism: Its Eise, Progress, and Consequences. By Judge 
Abdy. 7s. 6d. 

History of England, 1800-46. By Harriet Martinean, with new 
and copious Index. 5 vols. Ss. 6d. each. 

A Practical Synopsis of English History. By A. Bowes. 9th 
Bdition, revised. 8vo. Is. 
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Uvea of the Queenti of England. By A, Strickland. Librar; 
Bditioii, 8 Tola. 78. 6<1. each. Oheaper Edition, 6 vols. Ss. eaxsh. Abridged 
Bdltion, 1 vol. 6>. 6il. Mary Qneen of Scots, 2 TOl>, Sa. each. Tudor and 
Stuart FrinceeseB, Si. 

The Elements of Qeneral History. By Fiof. Tytlei, Ne\v 
Edition, bronght dovm to 1874. Small Post 8to, 3s. 6d. 

mstory and Geography Examination Papers. Compiled by 
0. E. Spence, U.A., Clifton College. Crown Sto. 2i, Si, 

The Schoolmaster and the Law. By Williams and Harkwick. 

Is. 6d. 

For otli&y Historical Boolcs, see Catalogue ofBohn's Libfaries, sent free on 
a/pplication. 



DICTIONARIES- 
WEBSTER'S INTERNATIONAL DICTIONARY of the 
Eng-lieh Language. Inclnding Scientific, Teolmical, 
and Biblioal "Words and Terms, with their Signi- 
fications, Prommciations, Etymologies, Alternative ■.•■.« 
Spellings, Derirations, Synonyms, and numerous / ,,_!*^^ - 
illustrative QuotationB, witn various valuable literary | WEBSTER S 
Appendices and 83 extra pages of Illuatrations grouped i INTERNATIONAt J 
and classified, rendering the work a Completb \ nTn^nMAUv > 

LiTEEABT AND SCIEITTIFIO BXFEBEKCE-BOOK. NeW \ "'^^^*JP*AKll / 

Edition (1890). Thoroughly revised and enlarged 

under tlie supervision of Noah Porter, D.D., LL.D. 

1 vol. (2118 pages, 3500 woodcuts), 4to. cloth. Sis. 6d. ; half (salf, 21. 2s. : 

haJt ruBsia, 21, Ss, ; calf, 21. 8s. ; full sheep with patent marginal Index, 

2L 8s. ; or in 2 vols, cloth, II. 14s. ; half russia, 21. 18s. 

Prospectuses, with specimen pages, sent free on applicaUont 

Richardson's Philological Dictionary of the English Language. 
Combining Explanation with Etymology, and copiously iUustrated by 
QuotationB from the best Authoi'ities. With a Supplement. 2 vols. 4to. 
41. lis. 6d. Supplement separately. 4to. 12a. 

Kluge's Etymological Dictionary of the German Language. 
Translated from the 4th German edition by J. F. Davis, D.Lit., M.A. 
(Lond.). Crown 4to. half buckram, 18s. 

Dictionary of the French and English Languages, \7ith more 
than Fifteen Thousand New Words, Senses, &o. By F. E. A. Oasc. With 
New Supplements. 5th Edition, Revised and Enlarged. Demy 8ro. 
10s. 6d. In TI3E AT Habbow, EuaBT, Shbewsbubt, &c. 

Pocket Dictionary of the French and English Languages. 
By F. B. A. Gasc, Containing more than Five Thousand Modem and 
Current Words, Senses, and Idiomatic Phrases and Renderings, not found 
in any other dictionary of the two languages. New edition, with addi- 
tions and corrections. 47th Thousand. 16mo. Clotb, 2s. 6d. 

Argot and Slang. A new French and English Dictionary of the 
Cant Words, Quaint Expressions, S^ng Terms, and Flash Phrases used 
in the high and low life of old and new Paris. By Albert Barr^re, Officier 
de rinstruction Fublique. New and Revised Edition. Large Post 8ro. 
10s. 6d, 
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ENGLISH CLASS-BOOKS. 

OomparatlTe Qrammar and Fhllolog?. By A. 0. Fiioe, M.A., 

Afisistatit Master at Leeds Grammar School. 28. 6d. 

The Elements of the Engliah Language. By E. Adama, Fh.D. 

25tli Edition. Bevised bj J. F. Davis, D.Lit., H.A. FoatSro. 4ra. M. 

The Budlments of English Qranuuar and Analysla, By 

E. Adams, FI1.D. 19tb Thousand. Foap. 8to. li. 
A Concise System of Parsing. By L. E. Adams, B.A. It. 6d, 
ESzamples for Orammatlcal Analysis (Terse and Prose). Se- 
lected, &c., by F, Edwards. New edition, dotli. Is. 
Notes on Shakespeare's Flays. By T, DotE Barnett, B.A. 

MlDauMKBB IfiaHT'S DSBIH, 1>. ; JULIUS OiBBAB, Is. ; HBKBT V., ll. ; 
TXKPEST, Is. ; MA.OBBTH, Is, ; MSBCHAST 07 TBBIOB, Is.; HlHLET, Is. ; 

BiCHABD II., Is. ; KmQ John, 1>. ; Kins Lbab, U, ; OOBiounns, Is. 



GRAMMARS. 

By 0. F. Mason, Fellow of Univ. Coll. London. 

First Notions of Grammar for Tonng Learners. Fcap. 8vo. 

67tli Thousand. Sensed and enlarged, Oloth. li. 

First steps In English Orammar for Junior Olassea. Demy 
ISmo. SMh Thonsand. la. 

OutUnes of English Grammar for the Use of Jnnior Olasses. 

87th Thonsand. Grown 8to. 2s. 

English Grammar, inolnding the Frinoiplea of Grammatieal 

Anidyaia. 33rd Edition. lS7th Thonsand. Grown 8to. 3s. 6d. 
Fraotioe and Help in the Analysis of Sentences. 3>. 
A Shorter English Qrammar, with oopiooa Bzereises. 41tb 

to 19th Thonsand. Grown 8to. 3>. Si. 

English Grammar Fraetloe, being the Ezeroises separately. It, 
Oode Standard Grammars. Farts I. and U., 2d. each, Paris HL, 
IV., and v., Sd. each. 

Notes of Lessons, their Preparation, &o. By Josi Bickard, 
Park Lane Board School, Leeds, and A. H. Taylor, Bodley Board 
School, Leeds. 2nd Bditlon. Grown 8to. 2s. 6d. 

A Syllabic System of Teaching to Bead, combining the advan- 
tages of the ' Phonic' and the ' Look-and-S^' Systems. Grown 8ro. Is. 

Fraetloal Hints on Teaching. By Bev, J. Menet, M.A. 6th Edit. 

revised. Grown 8vo. paper, 2s. 

Test Lessons in Dictation. 4th Edition. Paper cover, It. fid. 

Picture Sohool-Books. With nnmanuB BlustrationB. Boyal 16mo. 

The Infant's Primer. 3d.— School Primer. Sd.— Sobool Beader. By J. 

Tilleard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.— The 

Scripture Parables. By the Bev. J. B. Glarke. Is.- The Beriptnre Kiracles. 

By the Bev. J. B. Clarke, la.— The Bew Testament History. By the Bev. 

J. Gt. Wood, M.A. la.— The Old Testament History. By the Bev. J. G. 

Wood, U.A. la.— The Life of Martin Lnther. By Sarah Grompton. la. 

Helps' Course of Poetry, for Schools. A New Selection from 

the English Poets, carefully compiled and adapted to the several standards 

by B. A. Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 134 pp. small 8vo. 92, 
Book n. Standards III. and IV. 224 pp. crown 8vo. Is. 6d. 
Book III. Standards v., yi., and Til. 35S pp. post 8vo. 2a. 
InPABTS. Infants, 2d.; Stand. L, 2d. i Stand. II., 2d.; Stand.in.,4d. 
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>■ 
BOOKS FOR YOUNG READERS. I 

A Series ofReadmg Sooki deiigned tofacilitttie the acqaitition (^thepowf 
of Reading by very yomtg Children. InllmU. limp cloth, Sd, each 

Those with an asterisk have a Frontispiece or other XUnstrations. 

"The Old Boathouae. Bell and Fan; or, A Oold Dip. 

*Tot and the Cat. A Bit of Cake. The Jay. The 

Black Hen's Nest. Tom and Ned. 21rs. Bee. I Bidtahle 

•The Oat ead the Hen. Sam and hli Dog Bedleg. / tJZu 

Bob and Tom Lee. A Wreck. I '"/'"''=• 

*The New-born Lamb. The Rosewood Box. Poor 

Pan. Sheep Dog. 
*The Two Parrots. A Tale of the Jabilee. By M. E, 

Wintlfi. 9 Illnstrations. 

*The Story of Three Monkeys. 
*Story of a Oat. Told by Herself. 
The Blind Boy. The Mute Girl. A New Tale of 

Babes in a Wood. 
*Queen Bee and Busy Bee. 
'Oull's Orag. 

Syllable Spelling. By C. Barton. In Two Farts. Infants, Sd. 
Standard I., Scl. 

GEOGRAPHICAL READING-BOOKS. 

By M. J. Baebinoion Wabd, M.A. With numerous IHustrationi, 

The Child's Geography. For the Use of Schools and for Home 

Tuition, 6il, 

The Map and the Compass. A Beading-Book of Geography, 

For Standard 1. New Edition, revised. 8d. cloth. 

The Bound World, A Beading-Boob of Geography. For 

Standard n. New Edition, revised and enlarged. lOd. 

About Sngland. A Beading-Book of Geography for Standard 
III. With numerons Illustrations and Coloured Map. Is. 4d. 

The Child's Geography of England. With Introductory Ezer- 

oisee on the British Isles and Empire, with Questions. 2s. 6d. 



for 
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ELEMENTARY MECHANICS. 

By J. C. HoBOBiN, B.A., Principal of Homerton Training College. 

Stage I. With numerous IHiistrationa, Is. 6d. 
Stage II. With uitmerotM lUmtraUons, Is. 6d. 
Stage 111, [Propomj. 



20 George Bell and Sons' Educational Works. 



BELL'S READING-BOOKS. 

rOB SCHOOLS AND PAROCHIAL LIBRARIES. 
Now Beady. Pott9vo, Siroiiglyhoundin cloth, It. each. 
•Adventures of a Donkey. 
<Llfe of Columbus. 
"G-rlmm'B Gl«rmaii Tales. (SeleetecL) 
•Audenen's Danish Tales. ninBtrated, (Selected.) 
* Gl-reat Englishmen. Short Lives for Tonng Children, 

Great Englishwomen. Short Lives of. 

Qreat Scotsmen. Short Lives of. 

Parables f^om Nature. (Selected.) ByMrs, Gatty, 
*£!dgeworth's Tales. (A Selection.) 
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•Scott's Talisman. (Abridged.) 

•Friends In Fur and Feathers. By GKrynfryn. 

•Poor Tack. By Captain Marryat, B.N. Abgd. 

•Dickens's UtUe NeU. Abridged from the ■ The Old 

Curiosity Shop.* 
•Oliver Twist. By Charles Dickens. (Abridged.) 
•Masterman Beady. ByOapt. Marryat, Illus. (Abgd.) 
•Gulliver's Travels. (Abridged.) 
•Arabian Nights. (A Selection Bewritten.) 

•The Vicar of Wakefield. 

Lamb's Tales f^om Shakespeare, 
•Bobhison Crusoe. Blnstrated. 
•Settlers In Canada. By Capt. Marryat, 

Poetry for Boys. Selected by D. Munro. 
•Southey's Life of Nelson. (Abridged.) 
•Life of the Duke of Wellington, withMapg andPlans, 
•Sir Boger de Coverley and other Essays from the 

Tales of the Coast. By J. Etmoiman. Spectator. 

* T%<8e Yohimm ore Uluetraf ed. 
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(Selected.) 

(Abridged,) 



Standards 

7.,Fr.,* 
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Vnijortm with the Series, in limp cloth, 6d, each. 

Shakespeare's Plays. Eemble's Beading Edition. With Ez- 
plaaatory Notes for School Use, 
JULIUS O^SAR. THE MERCHANT OF TENIOE. KING JOHN. 
HENRY THE EIETH. MACBETH. AS YOU LIKE IT. 
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